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l. Introduction · 

In _two pre'Y'ious papers /l/ a covariant three-dimensional 
formalism was developed in.the moment~ space to.desoribe. a s;rstem 
of ·two spin-l/2 particles• It is based on the obtained in /l/ rela-' 
tivistio.three-dimensional quasipotential 121 equation 

JL10 w .u~ ,. ) '1t 61B;i t.' ,j"~ . .. ) i "'J· ' it!JJ-
'f';"'~ l' - ~~? ':lm l!llr~ "'(.ii;p ~ · · -':.~ • (l.l) 
. . _ · · '. ':! ' . ~}l=tt o2A~hf~ 

• v:Gis.Z~~ ·tJ- .p-2\,.'1/.~-V,z /~ ' 
.Vl-.?z_ ( Ll~#l~,.~ /Sit!~ "· ' "} ~ ~ht1 'd JC,.h1~) 

that is a covariant generalization of the .. equation /J/ obtained 
earlier for the-wave function of-a s;rstem·of·two fe:rmions With equal 
masaes hiL-= m,i ~ m • An analogous covariant ·equation was derived 
·in the momentum space / 4/ for a oovariantl;r defined single-time 

:wave function arising ·in the Logunov-Tavkhel:t.dze quasipotential 
. appr~~~ /21. . . . . 

As is mentioned in / 5/ for the particles of spin' l/2 two-part-:
iole .e,uations derived in the single;_time Logunov-Tavkhelidze appro:.. 

· aoh/2 . ·and 'in .the diag~am technique of Kad;rshevsk;r /'J/ coincide ~
·Therefore methods we present below oan be used in:both the approa-
ches (ue aiso 161 .). . _,.. . -· 

. In equation (i.l). T.~otors . .dp,m:l9 . and_ .d~eJm:l,p are covariant 
generalizations of veot'ors of the particle momenta in the o.m. s •. 

~ -:-1"' ·;:r- . .....,. . - ;::!- ' before h .• -~ : r . . and after. scattering IC;t -= -~ -= tC: • 

· introduc~d eaz:uer 1n n,a( with the_ help of the relations (/Lgl~;}= 
- '9 tT) ; ' J~ : {Pf4j v0J3) . ' . ' 
- (~ " ~ / J :; .. . ' : ' . . . (l. 2) 

't'; J;m~_,-:: (A-;,J.t) -- / /t:fpf3.}: ~Ll;;m~? -> 
,, ,-I . f, I . 

· F: ~=.d-; m:l .. ~ (A:;... /;) = . /A-,;.~;,) -= - .d-; 
' :J. '.1' ;;r ~.c ( ~ .;r ;t, h1.:J,? • 

I . . 
&0 bEDJ1HEH:·fbi 1~ ;;;.;sn1PJ.T 
"li< . 

:'-T!)''I,f'!'l,~.::, ··;\H1C:i ? :.J.- I !_~o. .• #" .~' ~· . 



Tille components are defined by ... ~ .. LJ, 

A:ti;n.~i' = Vm~+ f/J-;:;,3J')oz.' ;~aLf~m.l_, = Y m:l.+(.1:;111~):L· , (1 • .3) 

fte a1lll of this paper is to transform the spin equation (1.1) 
into a covariant equation in the relativistic configurational 
representation (introduced earlier for the c.m.s. case in /9/ ). A 
similar transfo:rmation was made for spinless covariant equations 
derived within the Hamiltonian fo:rmulation of quantum fidd theory 
/lo/ and in the single-time approach /ll/ • · · 

In /l/ ;Jhe wave :fUnction of the system with mass M , total 
·momentum ,7> and total moment !/ (ln.:~ is the projection of !1 on.tc 
axi.s l ) , c'omposed of a fe:rmion and antifermion with momenta /.l 

·and ,P.z_ ( 0'" and 6i are their polarizati!Jn, indices), was defined . 
as a matrix element of the operator /lf:;lrr:) , that off ·energy shell 
obeys an evolution equation obtailled in /l2/ and en e~ergy shel.l it. 
coincides with' the scatter~8111plitude (;.s' = :J. +t'R./o)) : 

<-At&l~P.z~ I R. (.?.or) I 5)~M~':1_, mJ > -= (!l.7iJ" J1~h-jj~rr} 
oZ-.dp.,....:;a, {H -:l.tJP,m.J.,5J -c'.s) ·. 

• :J. . • • . (1.4) 

• (ll~ ·£p~.o 't2AoT 11~ t!f~;.1 r />J..~lUJ:. :Arr:) 
,. ' 

:lJ ;,1112.9 : ~ -= v (~ +,bJ j I 

. . . ··y&i6l 
. The qua.sipctential.. -:J~,.;.~.., is constructed out. of matrix el.e-

ments of the. two-particle elastic scattering amplitude, i.e.,out of 
matrix elements L.fFiij_J ;:~/ R{;).'l!)}_t;~ ~ ~ .Y.z.) of the operator 
JZ.l~-r). 6j~ ·. ·, ·. . . 

l"or Y.v.J.~ corresponding to the one-pion exchange the following 
representation ~as found /l,lJ/ a 

v~~ (rJ.~f.zj'J."C ~~~-~.~IC3.j;'t:~ = ~P.t61jp;,~ I Vbvt,.aT1\K-,t.J~~~>:: 
- 2:: 1/·I:J. . { -! . , } , f/1.2. . . .;.J . . 
-ro,;Ji=±tiJ. 6i'lr Y(A!P,Pi) . ~~r tY (A!J>,p,l.)} • 

~ Vi"£, ' I I 4t.t £ -t ' . ··~(1' 5) <rJ.GiFi~~ I tU~}~cr) ~ ~r.> \C.z.-\>.1~>. 1:5_'\ . Y ~D .r~ ) . 
. I 'Y~~~ lei.) :1. 

-~~~JvtJ\p,~~J-'){~f~~{v~ ••. ~)J. ~ ~ {v {Jt.:p,~<..)j 
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(summation :rUns over all repeated indices), ·where matrices _ .. 
,rl.,'~~ { -.1. f11 I~ . . . f -.¥, -
J.Jft•t>: V \'Lp.~!c)I' d':_~cribe Wigner rotations of 1/2 spins R. V /Ap}C'~ 
:. tAJI:i k:. )- .A:,. ll~c. . (.Jlp is the matrix of the pure 

Lorentz trabsformation- &aosi. : Ap (h'l. 0) : [ \> .. ,. j:t') ). , _ 
. As has been shown ~ /l,lJ/, when as V~~~ the one-meson~ 

ex9hange matrix dement · is taken "V(.z.> the matrix elemen~ 

L.~t5!r.; r.a~,l Vb.) &.'t'~;\rc~l~v.if ~ ~ -D:~.r>. obtained after separa

tion by fomula (1.5) iS a 1ooa1 ·function in the thre.e-dimensional 
Lobachevslcy momentum space· realized on the upper mass hyperboloid 

b:z. . --.2. r"- ~· =h\2 . 
.) 

'rC.,'- - iC"" .:t -= \'\-\ 2. • 
(1.6) 

Our further task is to.transform equation (1.1) so that it 
would contain only .the local part of the interaction' kernel (§ 2 ) 
and then to transform. the obtained equation (§ .3) from .the momentum 
to relativistic coil.figurational representation /l9/ that is the 
analog of 'the.'coordillate representation used in nonrelativistio 
quantum mechanics. 

2. :tesfo:rmation gt th! eguation to the 'local form in the. 
l!~~!Q: m'om!,!!!~J!!.2! and covariant summation of spins 

As is mentioned in the Introduction, after separating 6 Wigner 
rotations in (i.5). the remaining part of the matrix element of the . 
~teraction kernel is a local function in the Lobachevslcy space. 

!he role of these rotations in (1.5) is the same as of the 
Wigner rotations entering into the transformat.ion law of the state 
vector j[tt\,~] .. it"s-> • The.latter is an eigenvalue of two Casimir. 
operators of the Poincare group,.(~ (1c:} is the relativistic 'spin, 
vector of Pauli-Lubansky-&rgman..Shirokov, see,e.g.· /7,14/ )1 

k..zl [»..~sJ,~"> ~ ~i. l [.m_,s]) ;:~>> 

vt~)l [~)s])~s).:- -m2. .3($·d.) I [m .. $] ~ ~b') 
(2.1) 

(2.2) 

and 18 Laren~z-transformed by the low 

'UfA;)Jrm.~~l,~5> =E t>!,{v-/A5';~)] 1 ~mJsJ k:b> 
• .· . ~~±~ ' 

(2.3) 

!he. origin of Wigner rotations is that the ·projeotiaa of the 
spin of .a particle ~ onto axis :I." is defilted in its rest .frame 
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as an eigenvalue of the third component of the sp1ri operator /~4/ x) 

~i. : ..;i ~' r ~e) ~ v;: (~e) = 'U (A. ~c.) w; (~ )z-t~ tA;c.) . . (2.4} 

~ . . -
$3 l[m:.sJ.~t;:)~ o'l[w.,~ tc.(i">;_,. 

lk.=o . J.e :o 

--· The state with momentum K is given by 

~ ::. :!,:2.. 3. (2.,) 
.) 

lt.m.>~])~s-> ~ 1A{A") jtm .. tJ'"d"G"") · 
(2.6) 

However, since to each momentum,· in general, its own rest frame corres
ponds; the quantization axis for different momenta do not coincide. 
By termino~ogy of autho~s of 17 ,1'1~ where this question is studied, 
sp~ ~ndioe~~sit" on their momenta so that the .Wigner rotation· . 
:t:>~' {V £~Ire)} realizes in (2.3) "the remo.Y.e• of ~in index 
b' from. moment~ K. onto the transformed momentum A"tr k:. • . · 

Analogous Wigner rotations enter into the obtained. in /7,16/ 
transfo:rmation (which we shall. use below) from the wave function . · 
of two free particles '}i'~~_:{pJ.,l'~)Cwith ~omenta J>t and P:~-, spins SJ 
and ~Land their projections) to the wave ~netic~ of the whole 
system characterized by· the mass M:. V61.+p;;i ; total' momentum ·· 
g:>:.)l!.~PJ.,totalspin j and its projection W>!j • The spin 

"t. S.s.~J. I . .. 
funoti~n . · :1.· 11~6'.2. L PJ., pl.} depends on JL vari_ables pi> P.L > ?'.L "~ ~.t. 
Therefore the set of 6. "(&riab.les 11/f..~ .7; "'::t should be oompJ.etetl 
by two··varuib.les; as the latter it is_coJlV'enient.to·t&ke the sum,of 
spins and ~rbital moment in the·o.m.s •. For this, according to 171, 
it. is first necessary to trans'!jyt both sp._ins to the.S::o.m.os_L with.. the , 
use of tranafo:rmations:b.s'·tf'V "{.4p.J-,h.)} 8.nd ~ 11{V '(jt..p,J f'.:zJ} 
th~to pass aver fr?m~omenta p-; ~d .h. to the to.tal. momentum 

.f/J and vector ~=- L1 &,""~.9 (1. 3) which is a oavar~t general.iz&
tion of the .. Particl.-omentum vector in the o.m.s. xx),. The aotioa 

x)'l'h~ components of the spin vector ~~ are related to the oo•po- . 
nenta of the r~!;visti~spia nctor1lf(~ by "W;,'(/1:.)=- {A-;)!. \l"(lr:h 
where 1(,(ic)=6"!e. ~ 'W(~)= W~67 + (\Co-t:.~r1 ~(~6"). _.,. J 

xx)In what follows we shall den~te by maal.l zeros at top the values 
that have the meaning of covariant geD&ralizations of .. their analog in 
c.m.s. 1n a sense of (1.2) transformation. 

4 ··l 
! 

of the total angular momentum of the system 

j~e==-.1e"'~'if2 . Ll : #.u;t3>Tr~ + ;rr.LJ. r.:z.) 
,;z. em .J '71~n ~111 - - . ~ Ne,...., (2.7) 

( ~-J are generators. of the Lorentz group,f~...) .:q.t:,.:Z-!,' ..t;,~.m .. _t;.2J) 
. . ) 

( 

11)t]Jr~~ / {· · r..~ el]. -r~ tl-1} 7~~s;, .. · • /J . ~61 f/tP:~.)= -'-t !ft. x ~ -t Lfo ~-;:J, £?i 6j_ (D~h) 
. .. - (2.8) 

can be represented as a sum of actions of the orbital momentum ·of the 
whole system as a unique object and orbital momenta of the relat~ve 
motion /l6/ of two particles . . . . 

( £)~'-4_11 tp.lJ={ii§Jx ~}-t/?.!J.>ti_llj_'Jf~~J? ,2.9) 
. . ~6.1~~-'r L' tl::r- elpt-JJ ~a:zc•...;,.O). 
Since under the Lorentz transformations the relative orbital , 

moment ~s transformed only by the Wigner rotations, its modulus ~-~ 
. I ~. and eigenvalues · .. " · . ~ . -4 · 

/.2 ~-~·rfx..~~]~,;,z,- . t;.; !:(,...., (;$;1 )= ft'f'~-9:{£-iJ.lo) 
ret Li &tf> .J · 1~ · . ~1 

are invariants. After the transfo:rmation to the o.m. ~· of spins ,sL 
and ;f.z_ they can be summed with the orbital momentiun of the relative 
motion to give the total spiu of the system . 

!! ::. (~ + ~) + l;.e/. = ,s + t';.ef. 
(2.11) 

As a resUlt, the transformation from the wave function of two 
particles to the wave fUnction of the system as a whole has. the . 
fo:rm l7rl

6
/ ( in our case SL = ~.;... '2 "'.t.j ""L:. »1~-= l-YI) 

~L "f'J.( .· . . · It/~ .. · .. } 4-._/t:z. [ '/, 
~ I5J. 6'~ Pi>r.l.) = ~<:!-=-1:Y~ 'b~!(j,fv { .LLI,))J pi) ·li;;.~plvt!Hr.P.z>} 

l'• "'!' if ~ lt:z. !fJ.. (~ 0) (2.12) 

. ~r~f .) P 
where 

<'\.!: ~ if:z. ·c~ h' = 'E 21.· z: . L. ~ t. Gi8 ~r \ ,S~rn s) • 
GA&b.. .., rJ <I I , :a.r . .->,m~ e,mt ';1/H:l . 

,m t:J e ~ <2.1J) 

.(t~hltm.slj.)"'~)·"d (BJ'S) • '::1: ..... (~ IB-\) e111e ... !:t ... ' 
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' ~ ..$./...!S-
and & and .!/ - are spherical angles of. the vector e_..r ::. P// p f.:. 
={st'n & ,it'n !/, St'n & Ce:>.s'~. co$ P) • - -

Coming after these remarks. back to~· (1.1) and expression 
(1.5) for th!).~uasipo~Jntial kernel, w~ conc1ude that in (1.5) Wigner 
rotations 15S'i.6'I»{Y ( A.!j>:J j>~)J ; = t.;z_ •remove" the spin . 

...... 4ol" - ) - . !if: <> ihdioes '?.J. > 6".2..- from_ momenta h~ . anl;;:z:. onto momenta .• ::: R> 

and/J.z.=-p and ?;>-.2 .! v- rA,., ., , ~d r.J,'.l.. -v. v-~t.:, ~c' :4- ,:~,. . v.z f -L[ n. ~ i . r ?} 
,._.~ .r~I'CUJ __,. ~~ ~ ~;; '"J....I 

•remove• .,?.:L and ~4 -.k onto momenta ·~e3.-= ~ An.of ~= -~~ . 
Therefore, indices --?t I! and -,a,:· ."sit • on momentum 1c ; and indices 

. 0 G.tp and 62,&, on momentum p 
0 

• Now, s_ince as _a result of t~ ..., 
boson exchange the momentum p transforms to the momentum Jc; ';;!:- )( 

then Wignar rotations ~~.z. .. -~ ., {V-~ •. ,4Jfnil ~ .... ~~ • /'~r?A .,_D., )Z 
r.L.f•>"~~LIC .tj rr- "Y"'>.-:zc Z 1 

• • 'Af.~r-z!J 
realise a further •rem_ove" of spin indices on the momentum if . 

·. Vt!tPt>:i~ r..,. -As a result, we arrive at the matrix elements .;J.J.fi·J]ii = q.J.Gip..),b.z~~J 
iV?~'t",:J.'r')I,C:"?t;;k!..O.t;>whose spin indices are all sitting on the 'f 
same momentum. p • Just this "separated" of the kinematic Wigner 
rotations amplitude is local in the Lobaohevs)Q" momentum space, 

' . . ~ 0 
i~e., 4epends on the differen~ of two vectors IC · and r in the 
Lobaohevs)Qr•space ~ "-; ~f-)t ( see /1,1J/ ) • 

• r rl..tt.2.. . 
So, we have seen that 4 ·/.J.. matrices with Wigner rotations in 

(1.5) to the right from 

V~~~ (f~ ~(->fi') ~~p~Blfj P.z.s-4\V(l~~lrt:')\K=i ~f; le:.t. .J.tp > 
provide autom~tically the transfe~ of entering into (1.5)'under 

0 
the summation sign dummy spin indices onto the momentum p • 
Consequently, if nOll' in the l.h.s. of eq. (1.1), using the 
transformation inverse to (2.12) 

Slf '¥ ~ -h.. 1!2.. f -ir )1. ~ . (!P b)=~ ;..l.Jr:; o~ V A~~Pj lJ' lj ~j J I - ,... . tp .\. . 
) ":il "~ 

.Lf . -~ . bi~ 
· :D ~rGl tv- (ll!i', Pot)] ~ !l) Yl\:sr pi .. P.t:) 

(2.l.4) 

0 - ) we transfer indices G".s. ~~ 6".1. onto the momentum r&- L\ p.m;)e 
and llllike the same transformation with the r.h.s. integral part of 
(l..l.),.i.e., 11remove• indice_s G'L ·and 6"':~.. ~~f ~)=>L 6'L P.:a.GA. \ 
IV\ ki.:Jip) ~.a. ~A.f) onto the momentum ~ , then eq. (l..l) 
oan be represented in the form 

6 

,, 
I 

,. 

Jl.po {M -:J. po) 0j:~~~ {~) ~ ~ _';' . , 
. 'j ~o r. (:Z.7i'P L...... 

. . .) . . _.,_ .. _') 0 + 4[.., (2.15) 
' ':l.t" ::t' w:z..p = - .... 

J 
13.+ bj_o b. o ; ~ • -v- : .1.~. (~; ~t-)f)!Yt~L~-0.1-p (~) , 

:t.(tc)., ~r ..?.:z.r tr _ . '1~ ~!I . . , ~ 
. 0 

. --where all spin indices "sit • on the same momentum ? . Ail a re-
sult, under the L0 rentr. transformations all spin indices b7: f 
and --1r in eq. ( 215) will be transformed by the same matrix 
of the Slllall Lorentr. group. 

After that we have transferred all the spill indices in (2.l.5): · 
to the same momentum, we can, according to /7 •16/ swn up spins and 
define.the wave function with the total. spin 

~ f!./!>t ~ ! J.. · n lrb".J.P~ ( 2.16) 
':1Jrnj (p) ;~~ .. =~"~~l>;;-~GirG;fl ~s-r> ~ !!) m 1 rtJ. 

Consequentl.y, forrwaTe functions with the transferred spins 
spin combinations take the form: of quantum-mechanical relations 

oo .\-if""t-:1/.z. .. -:Y.1J :1.4_ u J 
$=o:. Gf=o · "k dm (f)=(vrJ -~ 'j (f)-~ '1M (;r) · 
· 1 !I ,..m!J 1 t:1 (2.17) 

~ J ,._. · (\ 1, i~O · o -.i{ AI -Y. .. )f.2.> !Q_ ~~ 
t:>=~) or=o -~ . ' c--'=(fi) l1J:-7.2J "'(....:.)· ~ {p) 

!lJW!!:I tJ . 'j;mtlr + ~)n.t::~·· 

cf_J S'.u:-1 P- :l. J f' 

$:,1 G"u: i 
' r"' 

. .i -J. - il.t_ - ¥.t, 0 ) 

~;Jm:~rfJ== l\f'" ~)~m::1 (F 
. !J -!.J 11d[i,1. ... ..::.. . - f\1" 1;1.., ~' 

':1, Wl"j (~ ) - lj J tn ~ [f") 

(2.18) 

(2.19) 

(2.20) 

Note that sometimes relations (2.16)~2.20) are used for 
describing composite systems without transferring the spin indices 
on the same relative momentum. This approXimati~n is val.id for 
systems With the.nonrelativistio relative motion of constituents 
(e.g., in positronium) when the matrices of Wigner rotations 
desorib_ing, under Lorentz transformations, different rotations 
of spin indices which are sitting on different momenta differ 
slightly from unit·matri~es! HoweTer, in describing the l.ight 
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vector and pseudosoaJ.ar mesons ( J0J J t.rJ !/' ), where it· 
is certainl.;r known that the motion of constituent vaJ.ence quarks 
is ralativistic, a correct separation of spin projections aan be 
performed oDl;r after the operation (2.~4) of transfer of spin-indices 
on the same momentum. OtherWise, the neglect of ~aws of the relati
vistic spin kiriema.tics may result in "entangling" of different spin 
components of the wave function of a two-quark s;rstem whlle passing 
over to another reference frame (just this operation is used for 
describing the meson form factor defined as a matrix alement of the 
current sandwiched between wave functions with momenta SD 
and-.J)+a.. 

I 
ay using the relations for Clebsoh-Gordon coefficients 

'<:;'""7 /l.i I cf/~1>/il:..o.'G::'I d'G'')=- s.: !• $; I 
L- <....--6! 6J. ~ t) '":;"" J.. ~ ~ GJ.Sj, ~G;i. ;!/ '0'/. :1. . :J. ..... ..... . 

" ./ :L.!.. ~ ~ \ ~ s-)> (i h Sj, s;_ \ $'6--') :: '%$~1 .$"l>~1 
'Of;e;.;. = ± ?t :J..'- ;z. .1 .:L :1.- ' 

we rewrite equation (2.15) as 0 0 • $ 1 

:l.J>"" !M -£p:J ry::~c:t rp-) =E. ? ~ . ; . .5 j,!'. : . ~r-== q i ep-= -~ ( 20 21) 
• d. (X/c . ,Ji'().o 0 . ~ . ~ ,S"G';·>" 0 

r.1:rrJ3 tZ(i!Jo · .v,5' 6"; /P; 1e ~J~) _11: If; :,:t ~~) 
where we have defined . 

v .s'o;.:r ~ ;~JtJ = r: · - · .z: 
;S ~ j> . 611., ~p = t ~ : .v.~~ .... ~l = ;t Vot (2. 22) 

L.t i ;Oiff!.t;l t o;:>Y~~~ ft~?G-~p~)~j,J;-V.tf~ ~;I~~ oJ > 
. It is known~ that for some processes the s;yDIIDetr;r properties 

of a two- particle s;rstem ~ead to the observation. of the totaJ. spin• 
In particular; in the scattering of identical particles singlet-. ' 
-tripl.et transitions are forbidden b;r the Pauli principle. In other 
s;rstem, like, e.g., the neut~o~proton ~;rstem, this takes place 
due to the 1sotop1o --inTarianoe of strong interactions or CP-1nva
r1anoe of 8l.eotromagnet1o 1nteraotions, 11ke in the pos1tronium. 
For such s;rstems we may take the kernel of sq. (2.21) to be .d1ago
nal in the total spin of a s;rstam 

dl I s:. ~6"'0 0 0 0 v ~:: ft~· ~f-J,P) = ;s',s'' 
I' . . . 

v: ,s . /,_~ ~~\ ~ J . 
S:.u r;:! {J> ..J ,1: ·. Jj'j • 
-;> "J> . . . 

(2e23) 
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J.·lr-!D-!!~~~e equation ~nto the relativ1stio, 
! .~ 2!!!!figurationaJ. r!!LI'!J!!nt~ 
. In ref. 191 1t is proposed to transform to the ooDfigurationaJ. 

representation with the use of·functions composing a complete set 
·in the Lobachevsk,y space, 1.e. ,on the mass h;rperboloid (1-.6). Such 
fUnctions have been found in ref. /lS/ on the bas1s of work /~ 71· 
and have the form (notation,of ref. 191 ): 

1; rr-- ';-) ~ [(Ll,Jm:>.:r y n..r J·-t;-O:ri'Y' ~ (i. r:) (J.l) 
? PJM~~' ' M . . . ~- n.J" j J 

. ~2. . .--:-- ~ 

- n... : :i ::. \""' :. .• \"'. n.. • 
The1r re1at1ons of'oompletenesa and orthogonal1ty are as follows 

! r ~(" --) ~ ..... \,~ ~i ., 3~'r~ ~J (.:t1i)~ J S p > r ~ ( \<: > r -'"\--:: M po . . f -)C (J. 2a) 

:i. r ll- ., . ') :;o "(3) ~ -') 
(~):!> .) :s (f) r)> { r ~r ~if; ':: 0 ·. ( r -'\ . (J.2b) 

• . . ' ttl pp 
The functions (J.l) real1.ze the principal series, of un:Ltar;r irredu
cible. representations of the Lorentz ~cup- group of motions of. 
the Lobailhevsk;r apace and correspond to the fol~wing eigenvalues., 
0~ the Casimir operator of the Lorentz gioup c4 ='~ Mr"' M~ 
(M .;, = b ~ - b 2 are generators of ~0 {'?>.1)) : r r.rol'~ ~~~ p~'~ . . 

C '/= (~ r) : ( ~~ +riJ;. rtJ i!") JO~Y'Loa,(J.J) 
. A;> I) - . ~ 

'p,...r 
. .· ~ --) l 

In the nonrelat1v.1.st1o Um1t 5 ( p > r · ~ e. \ • 
The group parameter r was proposed in 191 to consider as a rela
_tiv1st1o.gener~1zation of the re~ative~oeoruinate modulus. 

: P'_or the ralatiT1st1o plane waves (J~l)..,in 191 there was 
defined the free Hamil ton1an Gp erator ,.. ·. ': 

H{)·.? rt) r) -=· c~ )o 5 rt;r-} (J.4) ' 

which has the form of .the. d1fferent1al.-d~ference operator 
" • I' ,. (,) ). · · ~ ( t 0 ) .de~ · ri O\ · H0,=m on. l·~ ~ . + ~ ~ Q'r ~ .!2~~2. e.>'ptMrc>r,O·') . . . . 

cL1 9 ..... :t.s the Laplao~ operator on ~ sphere,' & 
).::1 -- -spherical angles of the unit vector ~ ). ' 
· tJIIder Lorent11 transfomat1ons of the vector 

oDl;r 1ta spatial part (1.2) is transformed 

9 

and § - are 

'..& .fr . . 
p, ~;)..!P. 



Ao Llo ,., 
./.J /'; WI'J:pl '= f>, m;). .J> ::. f'.r .A .9> 

. 1 . 
j p':. ~? ; !?'= .L. 0 

(J.6) 

{ Lll'>,:;~rrrJ = ,(?,.'./ /v""YL ::t :P/1 tLl /71?V1.?)f ; i'r~~~3 (Jo7) 
;.u _.J .J 

which undergoes the Wigner rotation only. Due .to the Lorentz 
invaria.nOe of the scalar product (Ap~~,p~ ft1,#Vl!ntering into 
(J. ~), this means that under the Lorentz transformations _.G the 
unit vector ii: , which plays the role of the direction veot:or of a -- -relativistic analeg of the relative coordinate r·= ,... n.. , transfoms 
by the iaw: 

"-
1

~· = 12;/ [v (L~i. !P)j ~z.J· ; <l= L,:Z~ 3 
.) 

(3.8) 

The modulus of the "relativistic relative coordinate" Y' =I~~ 
conjugated in (J.l) to the oovariantly defined vector of a particle 
momentwn in the o.m.s. ..a;,h'l~3> (1.2~,(1.3), is a Lorentz· invari.
ant as it (of •. 3. 3 ) numbers ei;.sanvalues of the Casimir invariant 
operator of the Lorente group · ~ • · 

As is shown in /l7/ , owing to the ill'rari&noe of the modulus of 
the relativistic relative coordinate r the operator iJttroduoed 
in 119/ 11 ' 

A -- A /" t;} A = rr )( L1 ]~ .4 . • e ,XA t -!- - } L' . p,m:A:J' - llvnrel. r m ~r (~.9) 
II 

(where the operator i 11 ,m.rd. in spherical coord1nates has the 
same components as the moment operntor in nonrelativistio quantum 
meohanios and ..8;Hf:.lg is the momentwn operator 1201: .£';,1#7~ ~ 
· '§ fi';,m:;.S', F7-= ~ht.lJ> • J ( 11;,"'~J'> P} transforms lv the same law as 
the oovariantly defined operator of· the relative (internal) orbital 
moment (2.10). For this reason·the operator 

II 

.IlL .· ( • (?) 
A = -Ll 61.) V' · ~,P /.. C?r (J.l.O) 

in //, (3.5) is a relativistic inVariant what~'l with the invariance 
of 't. , makes ill'rariant the whole operater of Hu • · . 

After making in eq. (2.15) the tr8.11.Bformation with functions 

J. el-- " c 

(.3.1) J g-o ' . 

'Y:Iit.r;;. fy) =r:lliP. i#J; ·! (i~r-') ·1i61.r;;.. (J~) c,.n> 
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it takas the .form X)( with allowing for (3.4) )-: 
nJ2 f . ."' }. n/_ '"16.i ( ~) I <;::"'"1 

"' o 1 1'1- :ZJ.Io . ~·'f. m r .I = 'r:i.ii.P L..:. (.3.12) 

fi 
J ::1 . .Y.Y,-.ci;:; . 

~ . -'a'~ .. v· s:tGi r·-;-- ~ J ·'liJ.J. ~'J., ;2...,. • ;z 
"' r :L .y .J - ~"';, r.~, . r ~ L (~} where 'J.. L ?1, #I:J :L _ . 

~ .. 1 Jd3~ d J# . 0 . 06; . ., ., .,(.3:]3) 

1S:;~rr;r:J=t'.rn>' ~.: ;2{1!;.; ;grp:?J ~-J.J.rp-:~~PJ,sr~~ 
The part of qua.sipotential. v- that depends only on· the mo

mentum transfer veotor squared-in the Lobachevsky sP&oe 
~;~~ [(~~)frY·J x:z:J transformed into the relativistic oonfigu....; ,..,.,j. .1. - • 
rational representation _ · · 

~~ r, ~ o)~l \ -~ .?.. -)·'rG'J.G.i(i . ..,) •3-(.3.~4) 
~ ~~ L(~~)r ~:: J ~ (~c t-.'lJ=> :> r . Va.)JJ..;. II- I 0\ r 

depends only on the modUlus of vector r= \ P'l • Therefore, for 
it W8 may apply il1 (.3o12) the integral form of the addition theorUI 
of "r~J.~tivistio plane waves" /9/ (d i.r~·= sin61 d61 ol ~) 

jJw-~5(~t->f,~) -~ sc~~~ J (~)r) s~({r.rr) (.3.1') 

and allowttng :for (3.2) we may .take it out of the integral sign 1ri -
(.3.12) in the local. form 

"' ·( " . ) n I ""6'~ Ei · ~) · ~ ·v:.· ej, 6L (·. f'll" .O.t ..?2-
,ZHo •M -~Ho ·~ JjJ~:l { r = ~;t. . C!)..?L.O.t. r) :r f}.lylj {~}+ 

' . } ' . ' . 

+ ~ ..:!._ r clt ·v· ~6i --- "''J'o"':i1.. r~ -) ft (.:t'ii)~ j ~ -J:~.~..z. (r.J r,L} ':::r: 1,rna r"" •. 
. ) 

. (.3.16) 

x) In what ~allows we omit in (2.1') the symbol. p for polariz~ 
tion indioes, which indioates that. all spin indices are quantiiaad 

-~ 
on the same axis given by vector f • _ IJldeed the praeenoe in Si.j: 
polarization iltdioes ef s;yabol. f is pure conventional 
sinoe .the q1W1t1ties 0:.; and .Ji.f aasUIIe the ntllllerioal values 

ro:; ) -J~; = :t -~ • . 

) . \r ~G;i. 
xx lf,e denote the remainiq part by , . y ~ ~ .J · • 

""':L ~ 

II 



The remaining part of the potential. Vca) after the trans-
formation (3.14) becomes dependent not only on the modulus '~~I 
but also on the direction ii:":!. · defined by the spin structure o:t 
v;:L)• . ./ 

Let us apply to (3.13) the equality 

(~--) fi~ 0 I _ ) ~r....::. _, 
~ Jc) r . = 5 1c €-) V., r · n-.IL,. • ;> F J r• 1 

(3.17) 

which contains the unit veoto::_. ~ ~/..S. ..!t-)J/.. J 
~o = (,P.,-fr"it)-.t.fon:-1' +-Prf YL.JJ/Po+m~ (3.18) 

. ., . . ef3.S/,.,/.'!I. 
and taking advantage o:t the invarianoe of the TOlume element lc/,;qlt:./u=-
= ell(Jt'?-;fr)/:Z(/Cr-Jj)o j (k't-Jj!~-=tJt;;;J;.. perfem integration 
over t:/3 /Fl-J fr) / r2 (!Cc-;p} .,. 

As a result, for ·v. Bl~ (;t:" i{) we obtain from (3.13) the 
~ .... ..yJ."V~ J / expression ,...,.... _ . 'jj/. ,!0. ·if ~D..z. o ) · 61~-- _ ~. ~- · ,;.~ 1r .-. -r.ii _ o rt 3.19) ~N~.J.2. f;;;rf.)=r.zl!J3 :l.{jf}u f() Jrj Y.z.)'1.,.2.!).) I. .A_c }~ I} 

<> . 

The par!,.. ~) depends upon j1' through its spin structure 
and vector nAp . • In the first case is readil~ eliminated 
from integrat~n over.~ in (3.19) by chang1~ p to the momen..; 
tum operator f' ( for the explicit form see / 6 )s 

f J(,P; ;r) = .ft .Su~ r) (3.20) 
•.;sj . 

what ·a11ews us.to localize the -;6 -dependent orbital terms of the 
potential Y • . . 

As is shown in a pr8vious paperfiJ~the inte~action kernel 
1' constructed out of matrix elements of the one-boson-exchange 

amplitude in an arbitrary reference frame does not differ in form 
from the expression found earlier in the c.m. s~ 1201. This makes 
it possible to apply here a-method proposed in /2l/ by which one can 

't'l~~ . completely localize in r -space the kernel part vc~J..V.z.. which · · · 
contains the structures with spin-orbital coupling and partially 
localize the tensor forces. . 

4. £!!!!~ 

We have obtained main equations for _the wave function of a 
system o:t two spin 1/2 particles transfor;ned into a conve_nient fom 
for the practical use• These are the equation 1n the momentum" 
representation (2.15) with the kernel V,!~~::t.. {?'J ~(-)~ J. 
local in the'Lobachevsk;r space and equa~ion (3~16) in the r~ativistio 
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configurational representation. In a subsequent publication we shail 
consider in detail the problem of diagonalization of the equation in 
2-spaoe (3.16) and also_ the transition to 'invariant partial equations 
containing invariant eigenvalues of the relative orbital moment and 
relativistic spin. 

. The author is 'grateful .to V.G.Kadyshevsk7_t S.P.Kuleshov, A.V.Si
dorov and M.P.Chavleishvili for useful discussions and interest in_ 
the work. 
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CKa4KOB H.6. KoaapHaHTHOe TpexMepHoe ypaaHeHHe 
AnA ~epMHoH-aHTH~epMHOHHOH CHCTeM~. III. ~pMynHpoaKa 
B penATHBHCTCKOM KOH~Hrypa4HOHHOM npeACTaeneHHH 

£2-1 j -395 

PenATHBHCTCKoe ypaeHeHHe AflA CHCTeM~ ABYX 4aCTH4 co cnHHaMH 1/2 npec 
pa30BaHO K noKanbHOH ~OpMe B HMnynbCHOM npOCTpaHCTBe no6a4eBCKOro. 3aTeM, 
C noMO~bO pa3nomeHHA no·yHHTapH~M HenpHBOAHM~M npeACTaeneHHAM rpynn~ nope 
ypaeHeHHe npeo6pa3oeaHo K BHAY AH~~epeH4HanbHO-pa3HOCTHOro ypaeHeHHA. 

Pa6oTa B~non_HeHa B na6opaTOpHH TeopeTI14eCKOH ~11311~11 OHRH. 

OpenpMHT 06~eAMHeHHoro MHCTHTyTa RAePHWX HccneAOBaHHA. AY6Ha 1981 

Skachkov N.B. Covariant Three-Dimensional Equation 
for Fermlon-Antifermion System. III. Formulation 
In Relativistic Configurational _Representation 

£2-11-399 

The relativistic .equation for a system of two particles with spin 1/: 
Is transformed to a local form In the Lobachevsky momentum space. With.th' 
help of the expansion over unitary Irreducible representations of the Lor' 
group the equation Is transformed to a differential-difference equation. 

The Investigation has been performed at the Laboratory of Theoretica 
Physics, JINR. 

Preprlnt of the Joint Institute for Nucl~ar Research. Dubna 1981 


