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Generating functionals of one-particle irreducible f.reen's 
functions play an important role in Quantum Field Theory.They 
contain, in a condensed manner, the essential information on 
the considered theory. In this respect it is quite natural 
that all questions concerning the renormalization procedure ' 
or the proofs of the light-cone 2- s and short distance expan
sions /z.4'' are based on the consideration of such functionals. 
For model field theories asyj' or <£•'.,. a representation of such 
functionals is not difficult. The situation changes drastical
ly if gauge fields are taken into account. Of course also here 
the 1 — p—i functionals can be represented in the usual manner 

xy(xi)...x(xf).v(y1)...v(yp)a/((Zi)...aik(Zk), ( „ 

where a„.X'»Y a r e classical fields corresponding to the gauge 
field A^ and the quark fields <jj,<!i . 

Additionally in most cases ghost fields and their corres
ponding classical fields have to be taken into account in eq. 
(]). The main disadvantage of such representations is that 
their coefficient functions cannot be chosen independently, 
they have to satisfy a complicated set of equations, the so-
called Slavnov-Taylor identities ft' . We try to give other re
presentations of these functions which solve by construction 
the underlying identities and contain therefore independent 
coefficient functions only. These solutions show the diffe
rent role of the gauge field which acts in some respect as an 
ordinary field; on the other hand, the integrated gauge fields 
contained in the exponentials are needed to guarantee gauge 
invariance of the considered expression and have no dimension 
For example, the covariant derivatives in the operators Фущ , 
Djjg...D^n0 in the light-cone expansion of QCD introduce a lot 
of gauge fields which are primarily needed to satisfy Slavnov-
Taylor identities and gauge invariance/6/. For our considera
tions it was very important to use axial gauges / 7 / which lead 
to simple Slavnov-Taylor identities. This underlines the im
portance of such gauges as it is already known from complica
ted calculations'8'. The question remains whether it would be 



possible to get similar results for other gauges. The compli
cated nonlinear structure of the identities in general gauges 
does not allow such simple proofs. 

1. LINEAR SLAVNOV-TAYLOR IDENTITIES 
For definiteness we consider the following non-Abelian 

gauge field theory 
£ =-i-F B F a + ф(& -т)Ф, 

«•JL,-*„*•-***; - g f a c 4 A ' -
D a b = g a b d _ f » c b A c 

Vi6 = V ^ + i g t ° i 3 A M ' 
A = A a t a , [ t a , t b ] = i f a b c t c T t ( t a t b ) = i - 5 a b 

a 
(abc a r e structure constants of the group SU(3). The gene
rating functional for the complete Green functions reads 

W=i./DApD^EHfr expil/dx(n''A aXn vAt)~ + /dx^ + ^ И ' 

Here we have chosen an axial gauge condition with arbitrary 
gauge parameter a,n„ is a given constant vector. As usual 
we consider identities for the functional W.In standard way 
we transform the variables in the functional integral accord
ing to an infinitesimal gauge transform 

A' a=A a-D a bS<u b, ф'=ф + 1&лф8ы.*, ф'=ф ~i&pt&So>&. 
Г" Г" Г" 

The equation for vanishing of the infinitesimal contributions 
to W reads 

= i g£ tb«w__ i g (£«L) t b f . 

This relation is now transformed to an identity for the l -p-i 
functional Г. Using standard expressions 
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. M L . - , . , J S L - f , <•*£-> B - - f . 

e n ; ^ ' «if «if R 

we g e t 

-a JEL-gr"ba«= iC_ _ig(M:) t b x + i g x , b i ^ + i _ M ( n ^ b ) = o . ( 2 ) 
*• Sab *• Sa£ S* R , S X « ** 

The inhomogenous term a_(nd)(na ) can be cancelled by in
troducing the functional Г according to 

Г = Г + i-/dx(n^a»)(nvaa) (3) 
2a С " 

satisfying 

-Db
u
a(a)«L -lg(iL) t\ +ie^tb^-^0. (4) 

This equation states in differential form that the functional 
f is gauge invariant. In this way we have received an impor
tant separation of the functional Г into an explicitly given 
gauge-dependent part and a gauge-invariant part Г. The remain
ing task consists in a description of the gauge-invariant part. 

2. SOLUTIONS OF SLAVNOV-TAYLOR IDENTITIES 
In the following we will derive solutions of equation (4). 

Thereby we restrict ourselves mainly to solutions which con
tain at least two field quantities. In principle, as next step 
we have to add solutions containing at least three field quan
tities and new independent coefficient functions, and so on. 
There appear no principal difficulties in doing this, however, 
with the rising number of field quantities the number of pos
sible SU(3) invariants increases and makes the problem techni
cally more complicated. At first we look for solutions of the 
pure gauge field identity 

E» b£jL_ 0. (5) 
р Sab 

For this purpose we write the functional Г 0 in the form 
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1 ' . . . ^ 1 . I . . . ( i J . J . . . < - - . - - « i " - > ' : . . . , J . J . . . , 1 . l . . . « - « J - » , " > . 

Using the functional equation (5) and the explicit representa
tion given above we derive a set of coupled differential equa
tions for the coefficient functions of this functional 

•I ( 6 ) 

-!—f,,a(z)=0. 
<>z,, l (7) 

For theories without spontaneous symmetry breaking we have 
f ^0, so that the system (6,7) starts with f„a=-0 

f,,,,, (z,z )=0. If only a special solution of this system 
is found, then we denote this solution by M'o'-I f («a,l- Of 
course, it consists of the infinite set of coefficients f'2). 
which are determined by the first nonvanishing coefficient 
function satisfying -i! r (z г.)-0. This gives rise to 

dzr г ^lal 
a solution which contains at least two field quantities. As 
next step we have to consider a solution of our system (6,7) 
starting with f .„ = 0 , f„ . „ „ = 0,-2— f..,„ ., „ „ (z.z,,z„)=0. 

ifi»t 2*'ia.i/i?a2 <jz,, з *''Jai''aa8 ! 2 

We denote this solution by IQ ' because it contains at least 
three field quantities. This procedure can be continued. The 
complete solution reads 

f 0 = 1 + I f 0
( k ) . (8) 

Of course at each step of the solution all possible SU(3) in
variants have to be taken into account. 

Let us consider the first step of this iteration procedure 
explicitly. By geometrical intuition two gauge invariant ex-
pressions(with at least two field quantities) are possible 

j'dZldzaG,,j,i/(2li,(z1.Za)F;i,.i(z1)P(,J
 ( Z lz 2)F,° 4U,. 

P^UJ . Z J , ) -iPexp-ip ii f dx'! ' , 1 J . a„= l u, t 

4 



8 /d8 1 d* 8 C, , l l . l W j j ;B i .« 8 )THP(48 . i ,>F , v , 1 ( « i ) P ( z , , z 2 ) F ^ 1 / 2 ( z a ) | I 

4 
PfZj.ZjjJ^Pexp-ig / a dx**. 

For the minimal number of f i e l d q u a n t i t i e s both e x p r e s s i o n s 
are i d e n t i c a l to fdz^z-jC^ ц^г^г Л 2> ty j i '^ l^ / i j , ! ^ г » , fjb = 

а" „ - a u | i - > s o that only one express ion has to be taken i n t o 
account . Vie choose 

I { ,». , d z 1 d z 2 G ^ l i ^ . a F ; i „ i ( z 1 ) P d ' 1 ( » , . . « e ) F ^ ( « , , ) . (9) 

In comparison with a„ = a* t a the matrix t au is 
substituted by the matrix Oj^if 1™ 0 that obeys the same commu
tation relations and belongs to the adjoint representation.For 
completeness we show that the original expression 

if^HM^iw^y;,with£»,• r £ W e («!•««)-o. 
— — • f« a ii-я (Zi,za) = 0 corresponds to our ansatz (9) for the dz'': г' l al^ a2 
minimal number of field quantities. Indeed using the represen
tation 
fl«> =36 al a2 6 f _£ L _ G (z,,z„) 
(Ч'Й'г /Vi<V' M2"2"2P d z"l d z

a 2 l,\v2 ! 2 

we get 

if partial integration is allowed. This last point will not 
be discussed here. It could be related to possible contribu
tions from different topological sectors. 

At last we have to check that the ansatz (9) satisfies eq. 
(5). With the help of 

D,( (a) =-f 5(x-z, )P (z,,z2)+S(x-z2)P (Zj,z2)f 
and S W 

< <"> 6 F 1 ' ( Z ) -ВГ a c d И-," (x) -aj («))-2 (.«<«) -a° (•))-*- -
йа°(х> dZp '' ^ i)z ,. 

-gf c e* a»a,e|S(x-z) 
this can be easily seen. 

As next step, we have to look for expressions which contain 
3-point functions as the lowest coefficient funrtions. There 
arc two expressions 
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JdZldz2dZ3'G(
(^)(zi)TrlP(Z3,2l)F/JiI/i(z1)P(z1,z^F^I/2(z2)P(z2,z3)Ff43l,|z3)l, 

(10) 
corresponding to different SU(3) invariants, but we will not 
outline this in detail. The integration path in the exponen
tial is completely arbitrary. Variations of this path give 
contributions to higher coefficient functions which can be 
taken into account in the next step of the iteration procedure. 

Turning back to the original identity (4) spinor fields 
have to be taken into account. Also in this case the general 
solution can be discussed in the previous manner. For short
ness we write down the simplest gauge-invariant expression 
containing two spinor fields only 

/dxdyHst(x,y)x (х)Р(х,у)х, (y), H s t . 
With the help of the relation 

Dab fiP0t.y) = i g S ( z _ x ) t
aP(x,y) - igS(z-y) P(x,y) t a 

. Sab(z) 
it is easily seen that this is a solution of eq. (4). Again 
we have to construct gauge-invariant expressions containing 
more than two spinor fields. We will not do this in detail, 
as we think the construction is clear: one has to form SU(3) 
invariants by taking into account that the exponentials con
nect SU(3) transformations Й(х) at different points PQc.y) = 
= Й(х)Й~1(у) (П belongs to the same representation as a ). 

As final result we collect the first terms of the complete 
representation of the functional Г 

Г = 1 + L /di^a a X n " . ^ + Г ( г> + Г ( 3 ) + ..., 

Г < 2 ) =/dz,dz0G (z,,z„)Fd (z ,)P d a (z.,z„)F " (z„) + 

+ /dxdyHrs (х,у)х:г(х)Р(х.У)зсв(У). 

r(8)=;dzdxdyH(x,y,z)ts;ll/ xr(x)P(».z)F^(z)P(z,y)Xs(y) + 

+ ;dz1dzadz3G«'v)(zi)Tr(P(z3,z1)FMiVi(z,)P(z1,Zg)F^2(za)P(za.Z3)F^3(z3H 
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/ t o A * . C ( I . ) r « V ( , i 3 f l d V P ' d b , F v t

( E . ) p 4 ( , . ' 1 « ) r v , ( , - ) 

н _ . zi P(z,,g ) =Pexp(-ig / a d / , P a b (z,.z8) = [Pexp(-ig /afldx'i)l a b 

H,G arbitrary coefficient functions. 

3. WARD IDENTITIES IN QUANTUM ELECTRODYNAMICS 
Here all expressions are simpler as in non-Abelian gauge 

theorie. Without group-theoretical and topological complica
tions it is possible to write down all expressions completely. 
The foregoing results remain valid if we substitute f a b c-»0 ta-»l. 
The Ward identity for the 1-p-i functional takes the form 

~du -f- ~ '^r'Rx +*x ~- + -<W> 0») - о-
f Sa^ Sx

 K Sx

 a 

The complete solution is written in the form 
T ^ r + i p / d z ^ E ^ ^ a ; / ia ( l 2 + J r/dz 1...dz 4E 4^...^a f l i...a / l 4 +... 

+ /dxdyG r s(x,y)x r (x) P(x,y)Xs(y)+ /dxdydz'G^ xr(*)P(x.y) x s(y) a ̂  + ... 

+ /dx t dy,dx 2 dy 8 H r j s i t 2 8 2 x t t ( х р Р С х , ^ ) х , 1 ( у 1 )* , 8 («в)Р(Ч.Ув)х. в (УвН-

+ .... + J_/dx(n' xa Hn^a,,). 2a ^ 

P(x,y) = exp-ig /a dx** E, G, H arbitrary coefficient functions 
У 

0, 
й | " 1 " Г " " ! - " " - ' ^ i C.)I«1...M1...»«I1 

* z i TrHcr.s)^...^...^0-- ViW x i ' y i^ , y * ) = VW I f e ' 5 w* ) > 

Looking at this expression we remark that the gauge field plays 
two different roles. The fields inside the exponential are 
mainly needed to guarantee gauge invariance whereas the phy
sical important fields outside the exponential belong to 
transversal coefficient functions. In principle they can be 
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represented by the field strength tensor. The same expression 
for Г (with changed last term) can be obtained also for other 
gauges in QED. 
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