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1. Within _theoretical 'explanation''of 'the experimental d'ata ' 
on the automodei behaviour of' some 'quantities:' of quantum fie.ld 
theory• at' high energies; arul lar'ge momentum transfers iri par-.' 
ticular farnr-factors for d'eep 'inelastic'· lepton-hadrori scat- ' . 
teririg it was established that this phe-nomenon does not con.:. 
tradict the general p:dnciple's:.of local. quantum field ·theory It~ 
that. it is closely connected with a singular-structure of the 
Fourier-transform· of tbese ·quantities in the neighbourhood . 
of the light cone, that there. are .some restrictions upon pos
sible asymptotics. This problem.has been extensively discus
~ed in literature starting from the Bjorken paper 1

2
1 

1967 (see 
also 13·91, a detailed list. of involving papers up to 19-79 is 
contained in survey:l1°~;in mathematical-aspect-after papers by 
Bogolubov, Vladimirov and Tavkhelidz.e't11 1972 (see also

1
12·141), 

2. Although explicit forms of quantities are unknown some 
information about them follows from the general properties of 
the local quantum field theory 11~So an arbitrary matrix ele-

_ments of the current connnutators , ' · 
. . · X X· iqx 

.F(q) = f<Al[J 1 (2), J 2 (-2nt B> e dx . 

obeys the following properties: o) F_§t~'(R 4 ),· I) F(q)=O,. 
lq o.l< I q I :-i\{1\ >0) (spectrality),. 2) F(x) =0, x

2
<0(local connnuta-

tivity). · 
Here 
q;,(qo,q), q=(qt,q2 ,qs)'' qx=qoxo-(q,x), x2;=x~-txl2. 
Let p(k} be an aut'Omodel (proper varying) function of an 

order cr (for this and dther definitions see 1141
). If .F(q) satis-

fies an asymptotic relations 

F(q) -p{lvllF± (g, n ),. v ... ± oo, (l) 

where. 
(2) 

so we· shall .. say that F(q) has an automodel asymptotics in the 
BjBrken domain with respect•to p (or briefly automodel asym= 
ptotics). The exact meaning of the relations (1) will be 

given later. ~ n.t. .. 
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In this paper we formulate a theorem of the tauberian type 
on one-to-one correspondence.between automodei asymptotics 
of-F(~ satisfying conditions 0)=2) and an asymptoti~ beha
viour of this Fourier-transform.F(~ in the neighbourhood of 
t:he light cone x2-0; we derive also formulas connecting these 
asymptotics in p1;1rticular 11sum rules" for F± ((,n ).Note that 
in paper1141 the authors established these similar results 
under additional assumptions that F(~is odd and rotat'ion 
invariant. Here we _g'et rid. of these assumptions, so our re:
sults can be applied to': the st~dy of many-particles scattering 
at high energies/51. A detailed eJ{position .of the results with 
proofs will be printed i~ one of _the nearest is~ues of the 
journa~ TMP.,. : ' ~· · · · . · · ; ; · · 

3. A cut factor x(f,v) is called admissible if ~x~C""(R 2 ); 
IDax(~;v)J :S ca and . 

·., ·1~1 a2 
(), g < - -4- + -r;:;T ' 

x <e. v > 
1: lv I b

2 
b > 2 ... 1, r,..>-T+r;;r• a>.. ,. 

For F(q) from IS'(R 4) satisfying conditions I)-2)of §2 w:e intro-
duce a distribution j=X(e,v,n) from IS'(R2 )®.li;'(S 2)by Eq. ' 

.• . ', -q2 2Cio . 
j=x<e,v,n)=x<-2ICiol~' -x->-.F(q).. , (3) 

It was proved that if¢~1S(R 1 ), then ~_j=a(.,v,n ~,.p(.))G-C""(R 1 xS2). 

!!£!!!.!!.!:!~!.!-.!.:. We say. that F(!l) has, an automodel asymptotics 
with respect to an· automodel function p along the. direction 
n0 G-82 if for some admissible cut factor x there exists a 
neighbourhood . ucs2 of n 0 such that 

l ,. nCU 
_;...·-5;·((,v,n·)· .· ~.F.±<e •. ·n), ~~~±';,., ·in.IS'.<R1.> 
p(Jvj) . · · ··: . 1 ,-;:n ' · " · •· "' 

(4) 

prov:i.ded(F+,.F_ )~0. If (4) take piace 1fbr'all n~S 2 ,then we 
say that .F(q) has an automodel asymptotics with' respect to 
This ·fact formally will be written, in the f.orm -(2). . -~ 

g~~!~· In fact the limits (4) exist for all admissible cut 
factors and they do not depend on X• 

4. !!~!i!!i.!:i~!! 2. We say that a distribution f(x 0 , x) from , 
IS~s IS'(Rn} has a quasiasymptotics. in x0 at oo (resp •. at 0) with 
respect to. ati .. atitomodel function p of. an order. a if f there 
exist limits respectively /12,14/. · 
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1
. f(kx

0
,x) 

lffi - f k.:..oo p(k) . - a+l ~.xo)xgoo(x) in 
tS' ® tS'(Rn), 

;!; ,· ... .. g ""· iO; 

1
. f(x0 /k,x) 
1m -f k ... oo p(k) : -a+.l (xo) xg o(x) in IS~® IS'(Rn), go io. 

:._~ .1 J 
• ;; ; .3"': 

where fa·. is the canonical kernel of ·fractional differe~tiation 
(integration)~ . _ . 

Let .F ~IS' (V), .Le. FG-IS'(R 4 ) and suppFCV=[x:x 2:<:0l.we 
split F{ x) into odd F a(x) and even F s (x) parts in x 0, F=F a+ F s, 
and introduce distributions <I> j (K, x}, j = a, s from IS.f. e IS'(R3) 
by Eqs.: for any ¢~IS+® I~(R3) · " 

(<I> ,¢)=(F (x),x
0
¢(x2,x)), (<I> ,¢)=(F

8
(x),¢(x2,x)) 

a . a s 

Formally: 

. F(x) = c (x0 ) <I> a (x 2, x) + I x 0 I <I> s (x 2, x ) • 

The transfo~mation F ... (<I>it, <I> s ) is ~n isomorphi~m of IS' (\n 
onto (IS' e IS'(R3 ))eQS' ®I~'( R3)). 

+ + 

(5 ) . 

!!£!i!!i!i2!!_~.:. We say that .F(x) has a quasiasymptotics in aneigh
bourhood. of the li ht cone with res ect to an automodel func
tion p of an order a · if <I> j K, x have a quasiasymptotics 
in K. at 0 with respect to p: 

<l>j(K/k,x) . • , 3 .. 
.,.--.,.---- ... r +t (K)xgj(x), k ... ~ m IS+@ 1S (R ), J=a,s (6) 

pOO· ~ . 
provided (ga,g

8
) ~ 0. Formally we will write (6) so (cf. (5)): 

- p[(x!)-lJ . 2 
F(x)- ..,,. , [c(x 0)ga(x)+!x0 Jg

8
(x)], x -0, (7) 

2 2 2 where x+ =O(x ) x • 

5~ Let a distribution F(q) from IS'(R 4) satisfies the con
ditions 1)-2) of §2 andp be an automodel function of an 
orde.r a. The following results hold. 

Th~2!:~!!!--l.:. ·If F{q) has an automodel' .asymptotics with' respect 
to p · along the directions n 0 and -n 0 then there exists such 
a neighourhood UCS~ Of nQ SUCh that distributiOnS <I> j (K; un), 
j "' a, s, n ~ U, in the variables (K, u) have a qmisiasymptotics in 
K at 0 with respect to K2 p(K) uniformly in n ~ U. 
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Re!!,l~!~.:. Distributions 41_ 1(K,n) from ~S:;_ ®IS'(R 2 ) are entire 
functions in x 1 141 so distributions <llj (K,on} are well defined. 

Theorem. 2 •. F(q) has~ ~n automodel asymptotics (2) ~ith respect 
t~-p(k)-if and only if F(x)has a quasiasimptotics in a· neigh
bourhood Of the light COne With respeCt tO K 2 p(K ), 

( 2 )-2 '[( 2)-1] : X+ p X+ . · . 2 
.F(x) - · [£(x

0
)g (x) +lx.olg (x)], x , - 0. (8) 

n-a- 1) a s • , 

In addition the distributions F + <e.n ), g (X) and g (X) 
are connected by the foll~wing Eqs.:-, a 

8 

1...;a 2 a+2 i~ a+-1 F+(~,n)....:F_(~,n) 
g (.\n) ~-8. · " 4 e 2 (.\- iO) a . 2 

· rra - _ 
gs (.\n) =8.1-a "2 4 a+2 t·2 (.\-iO)a F + (8..\,n) +F_ (8..\,n) (9) 

2 

- I 

where .F + ( t, n) is the Fourier-transform of F+ (~, n ) in e. The 
distributions ·• ,_ 

Fa({,n)=; [(a+1)F+ (cf,n) _{a+1>F_ <.;,n)], 

' 1 (a ) · · · . (a) ·.· · . 
F 

8 
<e. n} = 2[ .F + <e, n) + · F _ <e. n )] 

have -to be even,- F J <e. n') = .F J (-t ,-n ),. and have to satisfy the 
following Eqs. ("sum rules") 

00'. k ·'·(j).f3 . . 
f.Fj(.;,n>e dcf = I a 13 n , k=0,1,.... ,, . (10) 

-oo 0 I /31 =;k . . • • .. , · 
where Ia ~ , l/31 2::_ 0 I · 1s a moment sequence of a d1str1but1on 
~j(~) with a support in the closed unit ball. In ~ar~icular 
from ( 10) the Eqs. follow that· · · · 

. j f ,'FJ'(e,n>t~Pm.('n)dn~=O, m>k, k ~0;,1,.... (II) 

wh~e ~Jx\ is· any harmon{c ~olynomial of deg~~e m ( j =;a, s) .Here 
(a)F is the left (f~ional) derivative (primit1_'ve) of 

(a) A /~ • ~ ~. ~ I:) .( ) F: F = F * f = F *· f =-F , .F(c, = F .,.e · : ' -a· . -a . ' . ,. . . . ,, . 

B-!=:!!.1~!~· Th~ distributions F J <i~n) ~~~ the Radon-tra~sforms .lt5/ 
of the.' distributions ~J (u) resp·. . ·· · 

... 
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6. For proofs of these results the methods developed in'··. 
the paper .'1 4-' as well as a refined version of the Jost-Lehmaim
Dyso~ (J-L-D)_ integ:al ~epre~entation for symmetric-in % 
doma1ns of spectralLty · 14, 18· are used. Let · 

~ (.\, U) = ~ {.\, u ) X o ( 11 O ) + ~ (,\, V ) X 0 • ( U O ) 
. a s 

be a spectral function for F involving in the J-L-0-represen
tation with.weight functiDns ~ and ~ from 1S: 0 'S'(R 3 ). Then 
the following inversion formul~s for 1-L-D-representation 114/ 
hold. . :.) or;; 

~ {,\,u)=-1-F-1{8~-.: [ct>a]), ~-s{.\;u},:,_1_F-l[BK[1Js]). (12) 
a 4 rr2 i . x 4rr 2 x 

. -
and_also the transformation F ... (~P., ~r..) is an isomorphism -of 
'S'(V) onto (!$~ 0 1$'(R 3 J)$('S~01S' tR3JJ • 

. In addition. for any cp G-IS(R 1) satisfying conditions 
- k . 
fcp(.\).\ d.\ = 0, k= O,l, ... ,N 

-oo 

for sufficiently large N which depends only on the order of 
F the following Eqs. hold 

; . 1 · · 1 ) I al 2 _ . . 
(~a(.\, u ), ?>(-.\+(a, u))) = -

1
--(F(q), q 0 ¢(3 2 (- - -q~ +(a·, q ))), 

. ' "3 2 . . 4 (13) 
1 (a/2) Ia ]2 · 

Ns(.\,u),cj>(-:A+(a,u))) =2rr·3/2 (F(q).,P (':""T-q~+(a,q))) 

for all a G- R 3 
• 

We also used essentially the. following Lemma about the 
e~istence of. a quasiasymptotics. This Lemma has. an independent 
significance. 

1~!!.1!!.l!!· :Let p be an auto~del functio~ and let f( x0 , x),be 
fromiS'(T0 ) where T 0 =[(x0 ,x):x0 ~0,IxiS1l an~f(x 0 ,x) pos
sesses the .. following properties: for all cj> :;I~(Rl); ""'sn-1· 

r (kx~ .~) .. · · · ~ : , · . , . ·.·. 
1<---, c/> (-x 0 + <n, x )))I < c,~., k -+ oo 

p(k) - 'f' 

and there exists a limit 

. • (f(kXQ,X) ( (. ))) llm. ----, cj> -x0 + n,x 
k-+oo _p(k) 

/f. 0. 

Then f has a quasiasymptotics in x 0 at "" with respect to p. 

f~.E~!!~.El!. If f ;;IS~' such t~utt for' some even h ~ '(1: '( R 1 ) and 
for all cj> ;; IS (R 1 ) there exists a limit 
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f(k..\) ,, 
lim ( , , h * .p) ~- 0 , . · · 
k-+"" p(k) . . 

then f(X) has a quasiasymptotics ,iri ~ at "" with respect to P•. 
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Bn~HMapos .B.C., 3aBbHJIOB E.II~ ABToMo~enbHhie acaMnTo- E2-2J-375 
THKH H no:Eie.qenae Ha. CBeTOBOM IWiiyce. B KBaHTOBOH TeOpHH IIOJIH · 

PaCCI'fOTpeH BOnpoc ofi . aBTOMOAeJibHOH aCHMIITOTHKe npOH3B,OJibllbix 
MaTpHqHblX,3ne~eHTOB KOMMYTaTOpOB TOKOB H ee·CBH3H c CHHryJIHp:'" 
noii CTPYK~ypoi:i ax ¢ypbe-npeo6pasoBanaii. ~oKa3aua·_.feopeMa .Tay-

• J' . . ' 
6epOBa THIIa, ycTaUaBJIHBa~aH B3aHMHO OAH03UaqHOe COOTBeTCTBHe 
MelK,ll;y aCHMIITOTHqeCKHM IIOBeAeHHeM 06o6~eHHbiX 'I}JyHK~HH CO CBOHC-i-
BaMH cneKTpaJibHOCTH B'o6naCTH Dbep~eHa H _IIOBeAeHHe~ HX l}>ypb~
npeo6pa30BaHHH B OKpeCTHOCTH c'BeTOBOI'O KOHyca. YcTaHOBJieHO COOT 
nomenue MelK,ll;y K03¢1}>uuueHTlibTMH ¢YHKLtHHMH. B qacTHOCTH, Ko31P¢u~u
eaTI~ble i}>yHKLtHH, COOTBeTC.TBYro~e aCHMIITOTHKe B o6naCTH BbepKeHa; 
BblpalKaiOTCH qepe3 npeo6pa3oBanae. PaAOHa o6o6~eHHOH i}>yHKltHH C KOM 
IlaKTllblM HOCHTeneM. 0HH YAOBJieTBOp.!UOT lKeCTKHM YCIIOBHHM, CBH3aH
llblM: c MHoro~1epnoii npo6neMOH MOMeHTOB AJIH o6o6~enui>ci ¢YHK~HH · c 
UOCHTeJieM B eAHHHqUOM mape. 9TO B CBOIO oqepeAb IlpHBOAHT K 6ec
KOHeqHOMY'qHCJiy HHTerpaJihHblX COOTHOmeHHH·- "npaBHII CyMM11 , KOTO
pblM C He06XOAHMOCTbiO AOJl)!(Hbl YJJ.OBJieTBOpHTb 3TH o6o6~eHHble ¢YHKltH 

Pa6oTa BblllOJIUeHaB na6opaTOPUH TeopeTaqecKOH i}>U3HKH OII5III. 

CooOO!eHHe 061oeAHHeHHOrO HHCTHTyTa JIAePHWX l1CCJ1eAOBaHHi1,-,lly6Ha' 1981 
aVl.alov tl,l. Automodel AsyriiptoticsE2::-81-

and Light Cone Behaviour in Qu_~ntum Field Theory · 

Automodel asymptotics of arbitrary matrix elements of.cur
rent colllillutators and its connection with the singular structure 
of ·the corresponding· Fourier-transforms are considered. A 
theorem of the .Tauber type is proved, which establishes one
to-one correspondence between the asymptotic behaviour of dis
tributions with spectrality proper~ies in the Bjorken region 
and the behaviour of their Fourier-transforms around the fight 
cone. Arelatiori between coefficient.functiorts is found. Speci
fic~lly, the coefficient functions corresponding to. the:asym-: 
!toties in the Bjorken region are expressed .through the Radon 

:transformation of the distributions with a 'compact support~ 
ey,cibey dgid conditions connected with the'muiti-dimensional 

roblem of. moments for the distribution's with support in a 
nii:: sphere. This, in turn~ leads to 'an infinite number of in
egral relations- "sum. rules", which should be satisfied by 
hose functions~ · · , . ·· 

Communication of the Joint Institute for.Nuclear Research. Dubna 1981 


