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The supersymmetrir::. dimensional regularization or regulari­
zation by dimensionai·reduction (RDR) proposed 111 as an inva­
ri~nt regularization for _glob-ally supersymmetric models is 
now known to be inconsistent'21 • However, it works fairly well 
iri practical_calculations, preserving the supersymmetric Ward 
identities (\fi) .to two loops /3,4,5/~In this connection some na­
tural questions arise: 1) Can one reformulate RDR in a con­
sistent fashion? 2) Would it b~ invariant.under the global 
supersymmetry transformations? 3) Are the results of the re­
cent RDR calculations reliable, in particular the nullifica-· 
tion of f3 ~function in the N = 4 · super symmetric gauge mo­
del161 up to three loops 15•11? In this paper we answer yes 
to the first and· third, and no to the s·econd · ques tiori. . 

Inconsistency of RDR discovered in 121 stems from the rela..:. 
tion 
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where r p 
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... f£
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is the totally antisymm~tric tensor and g1w 

is the metric tensor of 4-dimensional Minkowski space. This 
relation turns out to be compatible with the decompisition 

. g pv = g pv + g !LV ' 

where gllv and g 11v are symmetric projection operators with 
the properties 

- - -
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';, only for non-negative integral d::; 4. RDR of ref. llf based on 
the dimensional reduction to d "',4-2t- dimensions relies heavi-

cly·on eqs. (1)-(3) and is therefore inconsistent 121 • 
In the superfield formalism ·one cannot eliminate this dis­

cn~pancy by merely dropping all relations which involve rp:r··JL4 • 

· Really, the supergraph Feynman rules 181 imply. the spinor indi-

--·-- ""----·-- l 
Q5"L:!,l\i:J.t: •.. ;; :.; l:.:O • ..;.~ilJI}'l ~ 
r~~p:m;:.\ un:Jl~,E;;es.:n.;. .. "'!Jl 

cr---~~~ .. J~~tt()-f~i--tA -
-~--~ ... 6-



·ces a and ~ being .necessarily double-valued. This only allows 
reducing products of ·arbitrary number o'f covariant derivatives .. · 
to no more than four. Since.the combination (a,a) ·acts effec­
tively as the 4-:dimensional Lorentz index, one can construct121 
all ingredients of eqs. (1)-(3) out of the.spinor-index quan-
tities. · · . · ·· ' 

Although incurable in terms of superfields, RDR can be 'con­
sistEmtly written in the comp~nent-field iariguage. To achieve 
this ·goal, we must. give up not only eq. (I) with its corolla- I 
ries but also an' ability . to count spinor. indices, a~ if they 
might run. through nonintegral number of values. .~ · '' 

'- . • .... • ' .~ . -- .• ' . • ._ ?t -" . •, • . . ~ 

·The regular1zat1on 1s carr1·ed out'.·1n 'two. steps.· At.f1rst 
we change over ··from Minkowski space with four-component vectors 
~nd Majorima.spinors .·t:o the _quasi-four-dimensional space (Q4S) 
with "nonintegral-valued" vector and spinor. indices and 'without 
E p.1 ••• p. 4 • In ~hi~ formal space we. retain·. the pr;oP,erties g~P..'= 4 

and trl =4 as relics of four dimensions •. Then we. perform the 
dimensional reduction based on (2) and .(3) from Q4s to a d.:..di~. 
mensionat'space. 'Ail ~omenta. and coordinates beconie d . ...:dimen- . 
sional, the differentiation with respect to . (4-d)-dimensional 
coordinates vanishes (J~ = 0), and. the_vecto! fi~ld Ap. splits . 
effective_ly into a d -dimensional vector A,= g;,v Av ,-,and 

) . . - - · I 1 3/ r r a (4-d -d1menswnal scalar ·/:tp. =gp.'J<!A v ~ . . · 
For example, the Lagrangian of the vector multiplet becomes 

' ,·' ' . ., . r'. 

~ =- l..(F a )2 ~ L;j;.ay D tfr a -..L(o p,a )2. + I 
4 p.v_ 2 P.P. 2 P.J.J 

+ 2!L_fabc.T.a- p;b,1, c 
2 ~ >'p. p. ~ . 
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4 p. J.l 

(4) 

with F p.v. arid the covariant derivatives Dp. formed out of !Ap.­
In (4) the matrices Yp. are decomposed into 

Yp.=Yp.+Yp.• Yp.=gp.>v • Yp. =gp.v>'v • (5) 

The only properties of Yp.. and Yp. we may exploit are the com­
mutation relations obtained from' 

[ y p. ' y J.l ] + =. 2g p.v l ( 6) 

with. the use ,of projection operators g p.v and g p.v 

[ y p. ' Yv ] + = .2g p.v 1 '. ( y 11 ' y v ] + = 2g p.v 1 ' [ y p. ' y I, J -+ = 0 . ( 7) 
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Tliese.' relations. (plus g =4. tr l =4,. and acyciic property of .. -
traces} :suffice for compliting ·diagrams. Assuming the noniriteg­
ral-valued spinor .indices, .we may not:use.other properties of 

· the 4-dimensional Dirac matrices; like: Fierz identities. · 
. . .. W~ now. study _invari.ance features ·of RDR under the global 

· -snpersymmetry. transformation written for. brevity i1;1 the Q4S 
form: · · . · 

·a·.-. a a t··a···.· .. 
. oA =lfy · ·'· , •· otfr = -F · y. y · ~ ,. 

•· P. .. ll~ · ·2 p.v fL v"' 
(8) 

f. being a. constant Majorana spinor. The variation of -~ 64) 
under. (8) is· -(up to.- a total derivative) 

8£ ~ Arabc<e "'a H·;; b tfr c L .· 2 ... >'p. ' .-~ >'p. . (9) 

In Mink~wsk{,space o.f = 0 due to an appropriate Fierz .identi~ 
ty. In Q4S this argument fails, and 8~ ·may be nonzero, but 
we cannot· check this directly in the form (9) ., ·since the di­
mensionally regularized momentum i~tegration respects ~11 sym­
metrfes, 8~ =I 0 'only can. cause RDR .to be nonirivariant., Hence. · 
we may call. this. regularization invariant if 0~ (9) does not 
c~ntribute to any·supers:Ymmetric w:i:. However; it does·, as we. 
shall se.e. below, th~s rendering RDR noninvariant. · . . . 

· The .s~persymmetric WI' s are normally derived through the. 
change . (8). of the path integr<ll variables . in the generating 

. furjctional Z(J ll, 11> . foll?wed by differ~ntiating it wi.th 
respect-to sources ·and.f •. Consider. a contributioq of,.O~- to W:J; 
ob~ained by; differenti'!_ting : Z (J ~, 7J) . "':i th respectto . thre7, 
spmo_E sources 11~ (x 1 ),·7J~(x2), .11;· (x 3) and to a. constant .SP1-:-·· 
nor:. ~0 • It. reads 

~<T$a(x )t/Jb(x .),fc(x )fdx f de~Y ¢'d(x. ))tfre{x )y t/Jh(x )ei~. 
2 · a 1 {3 2 y · 3- 4 . fL · 4 o · 4· fL . 4 0 

. . . . . . . ' . - - "' . - ' . ' ( 10) 
L.e~ us multipl~ (JO) by (p 1Ap2 )af3(p3 B)y0 _wit_llp 1,,p 2 , P 8 ,. 

betng the Founer transforms of x 1 ,x2 ,x,3 ,p=Pp.YJlnd A=Yp.rYp., 
B =rv

1
··.•>'vm· .The nonzero result would !mP!-Y that RpR>.breaks, k. 

supersymmetry. In the treeapproximat1on we come (up to an 
. overall factor) to the following quantity: . 

6 (A, B) = tr(Ayfl) tr(By fL)+ tr[ y /A- (-)k A R)y ll B}. (II) 

AR is a product of the: same ·Yp.-_-symbols ·as in ~A but .written 
in the reverse order. For Dirac matrices the relation IJ. M. B)=O · 
is proved with arbitrary~A .. and ·B(91., In Q4S we have to· check 
it. by a ,direct ,calculation .relying ottly on (6}. This is done · 
straightforwardly if .A or B C()nsists of no more than _4 ·Y fL.-
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·symbols~ ·However, choosing A=yfL •• ~-yll, B=·rv ~··Yv yields. 
. ' ' . . ' ' 1 ; 5, 1 5 

MrfL····Y~ •Yv ···Yv ),;48det(pt .. ·fl5•"'t"~"'5). 
J, ' 5 1 . 5 '. . '.. . , .. 

(12) 

Determinant ·{12) ·is the simplest combination-of· gpv -tensors 
which is 'identical zero in the Mirikowski space and nonzero 
in Q4S because of 

g. ... g det(p
1 

... p.,_ ,v
1 

... v.!_ )=-d(d-l)(d.;_2)(d-,3) (d~4) . (13) 
P1"'1 fL5v5 " " . 

The nciri-invariance of RDR is thus shown •. 
Consider now the propagator-type WI studied in /3,41• It. is 

derived by differentiating Z(JP'71) with respect to 7!· and J11 • 
The corresponding diagrams depend on a single momentum p,·carry 
one Lorentz-ind~x 11 and two spinor indices. A contribution of 
8f ·: to this identity is of the form 

W (p) =X(p2)p2y +Y(p2)p p. 
fl · .. p, ' fl. 

(14) 

Wf (p) can be-calculated, for instance, through the evaluation 
o. tr(W 

11 
y) .which l?oks like (I~) wit:~ A and B being deter­

rowed by part7cul~r d1agr<;ms: and mc~udmg ·odd numb:rs of y ~­
symbols <rv 1s·absorbed 1nto B). S1nce the determ1nant (12) 
is annihilated by any contraction with' gil"', it can produce. 
a nonzero· contribution only when contracted with at' least· 8 
momenta ·'(the indices· P, and' v remain free). 'This can occur from 
the 4-loop level on. 'Thus the propag'ator WI is valid without 
fa~l through three loops. In papers /3,4/ its validity has been 
verified explicitly at the one-loop ieveL · 1 

; 

Our next example concerns the non_:abelian •gauge'model with 
the N=4 supersymmetry., obtained by dimensional reduction from 
the 10-dimensional. space 161• It. is quite natural to carry out 
the regularization also by the reduction from the quasi-ten­
dimensional space ·directly' to, d= 4-2c dimensions~ This prog­
ram is accomp_lished in ref. 151, where the symbols y Jl , 'a r ~ f3t 
can be aggregated into rfl -mat~ices ~~th the properties 

[r
11 

,r"'l =2Gw 1, tr J = 32, G ' .,; 10 • 
fLIL 

Formula (II) is to be substituted by 

''6. ~ ~ tr(Ar 
11
hr(Br 

11
) + tr[ rg (A+ A ~)r11 B] 

(15) 

(16) 

Since 11;:, 0 in the tr~e ten-dimensional ·space, the supersym­
metry-breaking effects like (I 2) are controlled by the deter­
minants llxll aridcari display themselves in the propagatorWI 
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from )0 loops ori, and in. theverte:x:WI obtained by differen-. 
tiating Z(J~.~f, .w~t~ ~e~pe~t- to<, ·T] ~ J~" ,an~ Jv '£_rom's loops 
on. , · · · · · 

To conclude, we note that: a detailed investigation of diag­
rams would· probably enlarge .the domains :-of d.nvariance of RDR 
pointed out above.· , . 

lve are grateful' to. D. v~ Shirkov for i~ter~st. in this work 
and to O.V.Tarasov for.helpful remarks. 
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