


l. Introduction

This paper is a sequal of paper 1/ that has started a gene-'
‘ralization, to the ocase of arbitrary ooordinate system, of the rela-
tivistio three—diimensional two-partiocle formalism, developed in ref.
/241 for the case of ‘the o.m;s. of two particles forming a*oomposits
system, ’

“In ref./l/ on the basis of the diagram technique arising in
the oovariant Hamiltonian formulation of quantum field theory-

a oovarlant equation is derived of the quasipotential type/6/for the
wave funotion of a system of two partioles with equal masses(nl—n‘ “)
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"In equation (1.1) momenta of all particles are on the upper sheet
of the mass hyperholoid ’ 2 , v
PH. gt ; Kk -w = m*~ (1.2)

and ths spatial oomponent of the 4-vector

(AP4 mar, . (/L:M Fi)r , ‘ (1.3)

where /Lq,, is the matrix of the pure Lorentsz trs.nsformation with
the system 4-veloolity )f' (P/\r_" (K fan@)p“(
(in what follows we use the abbreviation_/\_js, = /\.r) ) coinocides
with the introcduced in /9/ covariant’ .generalization o_f’the momentum
. vector in the 0.m.S., 50 that Ap‘ map = A:, map = Aﬂm.ﬁy
Equation (1 1) 1s a covariant genere.liza.tion of the earlier ob=- -
tained /7 / equation for. the wave function in the c.Ms 8. The quasi-
potential V*’;ﬁi in (1.‘1) 15 constructed out of the matrix elements
of the relativistic elastic scattering amplitude
~This paper i1s aimed at construoting a loocal quasipotential in
terms of variables of the Lopachevsky three-dimensional momentum spa-—
oe in an arbitrary coordins.te system in 2-4/ this was done only for
the c.m.s.) with further using 1t in the covariant equation (1.1).



Since in/I/this prohlem has been. solved for the case of the pseudo-—
scalar-meson ‘exohange, we will, in§2 , concentra.te on a more impor-
tant’ oase, that one of interaction through veotor fields, namely on
amihilation interaction, In §3 ~the spin structure is found for

.- the quasipotential far all types of the two-fermion’interaotion.

2. Three-dimensional covariant form of the interaction kernel
for veotor boaon exoha.nge .

In the oecond approximation in ooupling constant the kernel
of eqe.. (1.1), given by rules of. the "spurion® dlagram teohnique- / /
is defined, far the cholce of the interaction Hamiltonian ) .
W,,,,L = 'F/f)gﬁﬁ’ff )-’/’ /x): . by the diagrams of the Figure and
has theé form / JL ‘30)
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On the "energy" shell 'C= Ty =0 (2.1) transforms into the: Feynman
matrix element, beoause: ,ﬂo-ah and T~ 42; Ty~ J,gb '
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Matrix elements (2.2) and (2.5) have been transformed to the ,thre'e-v
dimensional form in ref, /10/ + Sinoe the method used 1s analgous
to that applied ea:rlier 1n,/3/, we will here #ly qugge ‘the ‘result -
we will need in the followinge So, for ' (1)\/’ 1n 719/ there was
found the representation
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where the ma.trix element remaining a.fter the separa.tion of

Wigner rotations)ha.s the form . G‘ 6. ;
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Vector ';er was introduced in /10/ |
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For deriving (2.9) we used the relations ‘

L5,@(R); AP (R)= (fi)r(Pz)r m{FOPs)s
A (?)(F;); A (?MP (B)= (3)p VT (R)=
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x) Sign (=) denotes the difference of two momenta AN the o
Lobachevsky space realized on the mass hyperboloid (1.2) /447 .

(2.123)

é‘ : In the rest frame-W’ “9) has three components only:

Pums,)J :b e '){’V-/j\. »ciz} |

and the obtained in /2, 3/ i’ormula. :
5 M=-— (k: (o) ) : (2.14)
[p- k) V (p) = P

Here- MI— (P) is the four-vector of the re.lativistic spin of
Pauli—Lubansky—Bargna.n—Shirokov /13 -'pj :

Wip=EF ; Wip)-nds P,,( 5 P Welp)=0
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The expression (2.9)" differs from its a.na.log obtained in the
/ by the change of the momentum vector of a p&rticle

CeMleSe 1n /3
by its cova.riant generalization, vector P - .

in the c m.s.( F’

+~Fzdpmap ¢ ik b
The a?plicition to Vé)ahn and ‘Ta)ahm the Firtz theorem
and transition to the cha.rge—con:jugated bispinors P—-=C u )
- ‘IJ‘ 'M (C) (C *Yera.) allow us to represent them in the
form (cfe / /)
ahmlu 6:45'1.
{.1.) ) ( F" F,,)kik,) 3"1" ‘{Fi)xﬂqr?(f") v ?Kz)lf‘u ?KJ.) -
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where for o(*S.PS v, /q
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The term Uj\r 1s already transformed to.the form-(2. 7) by

relations (2,12) and-(2.9) in A0 in [1/Cseefth §2 )
tra.nsforme.tions which allow the

Tet us now perform in Y3
transition from bispinors to two—component Paull spinors:



Px)fffﬂ Meg)= 7o) S'/F,) 3(P)- 8~ "((P)b';{ ,5(53)
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The application to (2.17a) of the obtained in />’ formula
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allows us to get the relation
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(2.17v)
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AS a result, the term Tjﬂ also ‘takes the form (2.7). The transforma-
tion of f!fl to (2.7) 1s readily achieved.

Thus, the V'“"'“"‘a.nd T,_“Mf‘ : assume the form (2.7) and the
part remalning after separating 6 Wigner rotations has the form
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with P.,,‘ defined P) /Ayp) Inserting (2. 19)—(2 Rzz) into (2 18)
we arrive at the following expression for (-L)V
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In the nonrelativistic 1imit and for J“ =0 =

A

By amug\ - (2.2%)

(3‘_5'5)

2 e

C~m~o0 2.0
and we obtain the: operator used ! in the Breit equa.tion for describing
the positronium and charmonium.

The expressions (2.9) and -(2.24) substituted into (2.1), (2.4)
glve.us the three~dimensional quasipotentlal which describes. the
interaction in e. fermlion—antlifermion system through the exchange by
a vector boson with mass . Since the spin structures of :
expressions (2.2), (2.3) and (2.5), (2.6) coincide, the corresponding
(2.1) quasipotential comes from (2. 4) by the change of propagators

['4 {P ""1)] and [r (P:L“'Pa)] by the spurion propagators,

entries of (2,2) and (2.3).

3. Covariant three~dimenslonal spiln structures in the Lobachevsky
momentum space and their connectlon with standard spin structures

It 18 known (see,ee¢gey /13/. ) that the amplitude of elastic
socattering of spin 1/2 particles can be expanded over 5 independent
spin structures, formed by 4 structures (2,16) added with the

structure X : A . ; .
: -G, : ) =V f‘o 6;
j'J'T‘ =Y 1(”1)6}‘-\) C 4(|ci)- . [\C;L)G,», K L{rz) (3.1)
=1 -
Gl ~z(mfv F )
from (2.17a) to (2 17b). Na.mely, let us first represent the currents
in the form ' S :

u (l’-‘) .r“"u i(lci) = A 6.2
o) ) B £ ) MS[@),S"(@)S& YU o)
o 3 '3(1;3 ;}“’ ;?@) N J‘-@)y \o) &
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x)Off the energy shell one must introduoce a. 6-th structure of the.
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rewrite them in the following way .
‘(pl)e‘ 2 U ‘/lq /A.?)g (Ah)o 7WYo)- > {V(j\h P)}

-1
S /AP““ )G‘,‘ S(APMTAG) S[Amna P"‘J‘a)s)»

i 1 - =4 : : N 2- - y DA
D {V /A'Af,_l mag> Ak_{ mag)} ‘R {V_/Aﬁ’,ki)j ul[”) .
Then we apply to (3. 6) the obtalned earlier in [3]re1ation .

/, maz) " v /S’/A,may)— -im"Z /A/;n.;‘p)
- (37)

Wil [11; /Aﬁm;—»)/ 0, )q; V/“ map ) [ Af,may?,« ]
vwhere the quantity (,D)“‘A’j,”ag, )

= q(f) i, /,,w:,/p) rgrfﬂf /,») j G

is construoted by a.na.logy with &’ 0 with»'the use -of the rela.tivis-
tic spin veotorV ( )(2.14) instead of r " matrioes.
From the co p son of formulae (3.6) and (2.13), (2. 17b) we 4see

; that (3.6) contains the same matrices of Wigner rotations D {V

that allowed us to obtain the representation (2. 7) for the spin

- struotures (2.16), For the part ff’jrp rema.ining after sepa.rating

the Wigner rotations we get with the use of (2.10) (2.12) and (2.14)

the ~expression :
(:1_'] )61?9 R _‘5 Glr;g o{ﬁm [_(Ap,m )—h\_]( _)[6- 'ae)+.

a,,,
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Phusy we are convinced that all the 5 standard spin 1mra.r1ant
structures (2.16), (3.1) can be transformed to the form (2.7) and the
remaining part can be expanded  over the aet of scalar a.nd vector
products of the 3 - vectors Oj AI’”‘“" F’a.nd 587 . Andthe
parts of spin structures (2.19)=(2,29) that have appeared after sepa-

rating the kinematic Wigner rotations have the .ar}lgj;rm as the

spin structures considered earlier 1n the c.m.s. !»but_:vit _1_:’
change of all the momentum variables = PL —Pﬂ. and A i v ) -f—
and :;e by their covariantly genelalizeq analogs: ﬁ"_ 1 =A

1 , § e o =
o P‘v"’)" ) A;)'; el ) tm.l-) a/’{/QEA'

makcing this into account and the fact that earlier 1n "4/ sor

3

.., "—D
the CemMeS. with theuse of the basis of unit vectors[P PJ:-P 2 = k7 IS}

- 'IZ:’("),O‘P - KX /’.

- (3.10)
- = n =- — * h f A h .
£ JEOPp] [[& Al 7 ]
x)k

the P and Teinvariant parametrization of scattering amplitude

T (5 ~) [v ¢ Vo bR +<f~)*W )/6"‘)*

x)On the energy. shellV; =0 ﬁfzg] ‘The index /: in a row with the
polarization 1ndex means "3 eege,for 1?[ that this 1ndex ‘01

"sits" on the momentum ;7 like G' and e' -
o ,b £

10

= PJW‘A? ] PJ.‘ m}_T

3

2t

Dt

Vo EDEE) + Vo (7)) - [(6‘4)@?"‘)*
") (& E « ]
) )]fﬂ&/’ . I{V//L )j’Z) /V//l},n)j
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has been found,we may assume-a new generalization to an arbitrary
coordinate system of another popular basis used for the expa.nsion
of elastic scattering amplitude of two particles in the c,m.s. P— '
_Pi_-P.lexk,:r_-IC’L obtainedin/l/

within the nonrelativis—
tic formalism:

TR =V Yo (5 - ViGN
/6. =) (grg’) /gr,ﬁ)/?ﬁj Ve )& l)/s‘m)*/ j/gf’ _/

with the Euclidean basis (index ° j_: ):

pxr] — i .,. :

Just the covariant expansion of amplitude over si)in stiuctures :
can be deflned 1f all its spin indices are firstdremoved Jon the
same vector P with the help of the formula (2.7) obtained in /10/

and then the separated amplitude 18 represented in the form
s T s
P gl 1B 52

'J.LP zr /F- )
T+ TR )T G fw)ﬁ'&a-w

—? --P

A
- P L _,_. G..L 03 :
+ T, () iF) ;Q[[ ;(e,- m) (a-'m)[m)ﬁ g
with the :toliowing choice of the basis of unit vectprs ) F a
—'& D’ - K’;] LAP map | 'ZK,'"J?J 7'(3.1?.)

,[F"‘ "'1“ 'EA; oo "An MA:}]J
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which is a clear covariant generalization of the basis (3.10), Under

the tra.nsfomations from the Lorentz group /3/. ﬂf!ﬂthe vectors_ 42
A a.ndA transform by the law (e y=%4323)
p,maAp maAp
4, ., =inr g /A/’ ‘2 )l //’/ /V-[AP)\//’J
PmAp 7 p
so that vectors i’/y /7 umdergo.only the W:Lgner rotation.
her separation,;rom the amplitude, of 4 Wigner rotations:

?by'l/‘ /Lg,”;ljz ,67 k/ besides 2 Wigner rotations allowing

for (3,11), the spin rotations connected with the: change of particle
momenta due to interaction, 1s caused by the following faote
In the relativistic theory each polarization spin index "sits"
(in ‘the la.nguage of / ):ion its own momentum, . In particula.r, |
indices 6 of the matrix element of amplitude L ol 1T 6% _(,Ai >
"sit" on momenta z" and "7 on /c, ( see also the discussion
in /3,10/ and, in more detail, our. subsequent ‘paper). Therefore,
1f we would like-to find an adequate. relativistic genera.lizatioo of
the nonrelativistic parametrization (3 12) thourgh the matrices *
and 1’6.,: s we should attach them’ to one 'quantization: a.xis, .e-(
make all in polarization indices "sitting" on one momentumy.
CoBey, },%ma? the covariant momentum vector 4n the CoM.Se before.
interaction. . ) .
In (2.7) twomatrices % 7["@ /;Z/ake 1ndiges ' /c -44,/
sitting on vector , two other matrices %A / M?, ,2}
"transfer indices - “on veotor £ ( see also. 110/ 5 So,
to ocomplete the transition to a’ quantization on one ax%e we. should
further, tre.nefer indioes -3 " from momentum ic . on /‘:’ - what
requ:lree two\moze matrioee 75% {V’ A;c p)] . one for -'\71
and the other for ~z
In peper /15‘-./ it was proposed (_without demonstrating in - -
formulae) tha.t the' expansion of'the relat:lv;l.etio amplitude ‘of’ twm N
spin’ 1/2 pe.rtiolee elastio scattering oan be obtained from the
‘nonreletivietio one by ohangin in (3.].!.) the nonrelativistio: - -
momenta to relatiﬁetg ones and by furtherzn?tipl ing (3.14) by
" Wigner rotations 2 [Vﬂly,,bt)] 4 v /Lp A’:{i/’—!"-}
Due to this w:lgner rotations’ arise under the trenefometion
pi= 5,/, s kj Aj, ki //n =m/ in the' netrix elementggleg”b.1 56/
/T/ci l)KJ ‘l)vl>

.12

1

The expansion, we propose here, .of the two spin 1/2 partioles
elastio scattering amplitude defined by formulae (2.7) -and (3.14)-
(3.16) contains not'4,but'6 Wigner rotations, 1.e.5differs from the
expansion: proposed in by two’furtherﬁigher rotations which
represent the spin rotations ocaused by the cha.nge, due to interaction,
of the particle momenta- in the. o.M.8. from to lg" As a result,
under transformations of the Lorentz group all the spin variables
in (3.14) are transformed by -the samg Wigner rotation defined by
a small group of the chosen vector F s and the expression (3.14) -
w11l not ohange in form. T B

The pe.remetriza.tion of spin structures of: the interaotion -
amplitude on the basis of (3.14) and (2.7) obtained in is-more
suitable for our aim -~ oonstruotion of the interaotion kermel looal
in the Lobaohevekyjspace. As is8 shown in 124/ in the o.m.S. where
4 funotions R /V'//Ly /c‘)j and “/V' f:/lﬁ,lﬁ) (i-l 2) becomes
equal to unity, just the separation of 2 funotions %2 f ¢ K)
transforms one-boson-exohange amplitudes into looal expreseions in the
Lobaochevsky momentum space and makes:effeotive: ‘the transition in' eq.
(1.1) to the relativistic con.figurational representation for solving
this equation, - : . s T

-To 1llustrate this and"to write 1n a more- compact form the spin
struoture of matrix elements in terms. of varia'bles of ‘the Lobachevsky

spaocey we consider -the spin—dependent p /6“ p,ﬂj of . the=
three—dimensional part

ARV t0)= 2B
{epm - zaaVeEn

widely used £ ribing NN—:lntere.otions / W . Off the energy shell,
where {Ppi-m_)/(k,...”.)#_{_(;’a 13) oan be written as.
th_—-«(m/“"““” oty

(3.19)

The rele.tion (3.19) 1is 1mporta.nt in that 1t showe that -upon .
separating- the kineme.tio Wigner rotation of the.spin the -spin part
of ourresnt (3.19) 1is a’ 1local function 1n the Lobachevek space as it
depends on the momentum half-transfer »€ = kK E)F

(<o, J

in. thie space (1 =_(P'-lc.)1' =1-/ifae'7~"£ﬂ-.7) -

Pgi.-r,?-g-[GjP)z) o Gan

I{IF')P;““ C Gas
. [N e )

13



Another merit of the expansion by formulae (2.7),(3.14)
is related to the parametrization of the one-boson-exchange
matrix element (2.16) with x= ES ;€ = 5 .« As 1s shown in
in expanding (2.16) over the basis (3,13) this matrix element
contributes to 3 spin structures, whereas in expanding over our
basis (3.15) the matrix element (2.16), acoording to (2.20),
contributes only to one spin struoture T’q 4/1 ,.-i[/\_ o E)}‘

8inoe the matrices of Wigner rotations {Ty /7)
in the explicit form contain G‘ -matrices, the nonseparation from.
the amplitude of these, pure kinematic in natural matrioes, may leed .
to the increase of spin structures or thelr rearrangement in expanding
the amplitude.

Note also that the parametrization of spin struotures of the
amplitude on the basis of formulae (2.7) and (3.14) was obtained by
applying the transformation of standard invariant epin structures

6).

(21 2)ur parametrization has an easily.traced, through formule.e
(2.7), (2.12), (2,13) and (2.17b), (3.9), oonneotion with the
covariant parametrization of matrix elements in terms o;lthe a:;la—
tivistio spin-4-veotor, given by Shirokov and Cheshkov /18/
developed for the two-particle case namely for deuteron 1in

S0, by using the relatlon. (2.14) that relates the three-d:l.mensio-,
nal formalism, we usey to the four-dimensional oney . the structure
6-78 oan be written as

/F/

>5 .2 ~l W- /”‘) | " L ' (3.20)
et = = ;/f";;_’,,,?' |
| ' 7
The struotur{(::? expressed 1n teme of the veetoz'
by the formula, /“ [k BTN B ) ¢

(?-h ~ [k "/°]— [Akrmap /’x/”-"”/

= YlPtp)t T
A pyfptp) ﬂl//’z */31) .

..

éw-?f /A/}m.;ya&( Y1 / ”’v‘.?)

L /kx MJ.?J,: /A/’.z;r"-""’/é‘ (321)

14

The pa.rametrization of .the struoture’ Fm ._G' [(- xR !

1n terms of vector W'f‘ can reedily be found 1f one represents Elt
“in the form

3 (&*)(EF)-(??)(?"&’) o
B |- -n I
and ma.ke usé of the equa.litiee: : ’ ST
&F WG (B ( o= Pe(ptpy) o
(R T ANy

] I'U : PL(PL*PJ:) . sz_"t/g

A

f’. -3 f;eﬂﬁr +’$éw l;o - ~2e" Pp Y{pLtPpa)*

P TIET it Yiep) -

o
-+
and analogous equalitiee with the change of- F to k
4. Conclusion ) ] . .
The main result ef the paper is the oonstruetion 'of; the covariant
quasipotential looal in the. Lobaohevsky momentum space via me.trix :
elements of the relativistio amplitude of vector-meson. exohs.nge

. betwean two,spin 1/2 partiocles. The obtained quantities- rT'z)

(2.9) and amu (2424) together represent the relativistio .
oove.rie.nt three-dimensiona.l generalization of ‘the Breit-Femi poten—
tial widely, used in t-bt quark model,,but in oontrast to the latter,

anni (2. 24) are obtained

the quantities 'TZV.‘ (2:9) and Tyy
without expanding in powers of v} C.a' ’ i.e.,they keep all the

' relativistio information contained in the matrix elements ‘of quantum

field theory. In§3 it 1s shown that the obtained representeticn of -
matrix elements oan be used to introduce a new relativistic genera-~
lization of the widely used in nuoles.r physics, expansion over spin
structures of NN-interaotion,

The author:expresses his gretitude to V.G .Kadyshevsky, 8. P Kule-
shov and A,V.81dorov for- disc}lssions of - the’ worlf. .
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