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1. Introduction 

This paper is a sequal of paper /l/ that has started a gene-
ralization, to the case of arbitrary coordinate system, of the rela
tivistic three-dimensional two-particle formalism, developed in ref. 
IJI.·It./ for the oass of the o.m. s. of two particles forming a composite 
system. . 

In ref./l/"on the basis of the diagram technique arising in 
the covariant Hamiltonian formulation of quantum field theory1J7, 
a covariant equation is derived of the quasipotential type/6/for the 
wave function of a system of two particles with. equal masses (n:.L-n':· 1 '~ 
~ 0 ( ,c )f\l.t•.,..t62. ( 1(,). ) 
· L}B"').s> M-~ar}IYI~ · ~ lj1n":~ Pt,r.:~. :.1 ,~:rrz:: = 

~ (1.1) 
l '"" r a'~llr. ·vGiG'2. c . I . .i\ 1\/.r~:lJ:. =,'J.~,L- ) u/YIJ.:; /1.J. p.~.,p.a·~"C IC!,"'.2.'):>~l';. :r: ·:s. {\C_i)K':z.l9::l")' 

t lJ ~!i_=.ti 9lll.:P .1. ;.. ./"J ) 5' . 
J £ . . 

. In equation (1.1) momenta of all particles are on the upper sheet 
of the mass hyperboloid' 

p~- p.t= m'- (1.2) 
) 

and the spatial component of the 4-vector 

(A N,m~5'Jf1 . = ( j\.:'~j> Ps.) r / (1. J) 

-L . 
where AJl~ is the matrix of the pure Lorentz transformation with 
the.s;rstem..J4-velocity J"P -='JlYW j (.IL-~§/.P)f"== (Mj a) 
(in what follows we use the abbreviationA.)\:Y :: Ap )7 coincides 
with the introduced in 191 oovariant·.generalization of the momentum 
vector in the o.m. s., so that l;,m.;lJ> = - Lr;._.,...2g> = Ll'""';_ m.:J:p , · 

Equation (1.1) is a covariant generalization of the earlier ob
tained/~ I e~uation for. the wave function in the c.m.s. The quasi
potential ~~1~ in (1.1) is constructed out of the matrix elements 
of the relatiiittio elastic scattering amplitude 1~-31. 

This paper is aimed at constructing a local quasipotential in 
terms of variables of the Lobaohevsky three-dimensional momentum spa
ce in an arbitrary coordinate syatem(in 12-4/ this was done only for 
the c.m. s.) with further using it in the covariant equation (1.1). 



Since in/I/this problem has been solved for the case of the pseudo
scalar-meson exchange, we will, 1n§2 ; concentrate on a more impor
tant' case, that one of interaction through vector fields, namely on 
annihilation interaction. In§J the spin structure is found for 
the quasipotential far all types of the two-fermion interaction. 

2. Three-dimensional covariant form of the interaction kernel 
for_vectpr boson exchange 

. In the second approximation in coupling constant the kernel 
of. eq •. · (1.1), given by rules of. the 11 spt1fion11 diagram technique IS!, 
is defined, far the choice of the interaction Hamiltonian 
'1/,;,f = #: '¥fjJ(jj'J/:(x)~ {X}.'. , by the diagram_~ o! the Fi~e ~d 

has the form , f.?.. :: 'J.gJ) : · · · o 

( )
6lli2, . . ~ca. it. -rrahnifl. (2~ 1) 

~) ..J.:~.Y.z;(fJ.)p.z.j ~7j~e.i,~.Lj ~'t'J.) :::. ~) . - V I~J 
2. -~ ',f -~J.t. .) -V;,~f:. )V ~'EJ v;J. seal/:~ ~ . , .11 a(PL)f ·U !lc:L • 7r l:.t Of 'lf l 0 2. 2) 

- ) . Vf:z.-:-t+f{rr:-rrJ.)~ flrt>TJ.)-~-Vjt;._f._.i {"t'-rr-J..) 

v;, a11n:K. 
C.z.) -= 

. t(· 1. d . (2.3) 

3. r '<;_+ '/$r ''r' ;, + <t-/~t rj.) u .. r,.)(q,). ~~rr ~~) ' 
where · ·. 2. · 

~-: {fi -~t ; ~: (prtf.z.):!J.(/J.~WI;)5't _; sf(.: ("r::J. +lc.z..) • 

On the ."energy" shell "C ~ _"C~ ~o (2.1) triUlsforms into the l!'eynman 
matrix element, because P,p = .?.)C. _and ~-~ == 't" .i - ~ ,S ~ 

... • . ' II 171 4J.111ltl. ' 1"' ~6".2.. U · l .-.-.sco.:H:, · '" ·. , . 
£3J.yi~.1. pt.,p.2.. lc;~.)k,L) =- l<.z..) - 1~).. . . · J . (2.4) 

~..:.·.~--" J:. 

where . , · .. ·.. . ..J . . -~ .. , .... ··6-i .... ··:·!·. 
· .~:. $!"~~- ~ -u6lrr4.) rr'U !(K;L) •·• 1r · rr.~)t .r 'lr ~ u~J _ ·· · -.. · 
~) - ~- . . ~~ ~. {pi~ !C:1.)~ . . (2.5)-

-- '"~ ah~:t -6lt. ) v.ft C'~.r ) --Vo/ ) a: ~J.f. )-
. :,.~ c:z.1 .;:. q:z._ -u 1r~ o 1r ,_( ~- • rzr t t<:.t. {. 1A tlc,i • (2.6) 

. ,, , (} . . . . . . j r ( ~L + f.1.) 
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Matrix elements (2.2) and (2.5) have been transformed to the three
dimensional form in ref. /lO/ • Since the method used is anakgous 
to that applied earlier in tat, we will here only quote the resUlt 

. . ·m :rct~:t+. tlO/ 
we will need in the following. So, for '~v in there was 
found the representation: 

T~:: {pi_,~ I ~!.;ic-2-): .( fi sL ~i6'a) 'T /1c:.i ,)1~ lc.2...J.._) '"'-

. ~ =¥.:z.. -.! ' + J.f:z. 1 -¥_ . '1 =2: · j)e-.~.,fV (iLY>pi)j·1)6!o.·g Vtll:y)>J.)J· 
6i .Ji.= .± x :t :t.r 6.. :J.r . 

J :.z. . ' (2. 7) 
. . iJ:z. j-i 

. <ri6ir j ~ s;.p J T l k:J..vJ.p; tc.,2..!J~;> · :b~J.f .. ~jt.{v (J\. ,foB 
. ' . . . ' ' f!. 

%. 1 -i l1 -r.....~h. . . f -!r 0 )\1~ ~.L f -.i;: ' '1 
-~i~)-vfv- ~}=~J • . JJ~P) ~~.: -l y 11':-~.zl~ 4.~~J;.J.tYtAp .. ~~,, 

. · rp .Sccdt" 
where the matrix element • f;.:JV . ;remaining after the _separation of 

. ' . ' . ' . . . . . Wigner rotations bas the· form . . · A· ·: . ' · · 
' ' '· . it~ .. -~ .. rr riel[ ')5 'F 

zpiOlp; f.t~rJ ~)vl~c~.-i.if; ~e.2.-J,.p>-=$ jfJ ~ roY"· .) en-~ ~:1.;)~; 
, . '· ' ·: . . .. ·, . . . ,·. -. ~ . . , ( B) 

' . . . . . .• . '.• '':J.' ' . 2. 

+.;1*: /t;, ... ~,)= f~ ~ k#~ { ktn' + lt@lffe) (0::,:;) - . 
' . .·. 'f ' ~]+ . • ·-- 0 .:z. - . c 0 . . -:Z. ; ~ - .,_ }C ~ .:..:/icBI~}ge. -+ ~~~;.dr~.,~!P~m ,·t(oJ.+~) L1r.ln'J1 

. (" ):~.(o).z .. o "r~ ~ 
+ g n\~ L1~'"~:P ~ "deo + ~ ArJtn:l.s>. 'deo· t ·ae ·.At~t;t'?-1) -
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lt. . _,_ --~ ~- ~~ ----0 . OJ} 
- h1 + g n., (6! llFJYt'l.:;>) (oL·Je}(s.;~.l1f.."";)Cl){~ 'de .I 

J. )a. "' f -rr-K- = r2-+&'ge2.. (2.9) 

Vector~ J' was introduced in /lO/ : x) 

.fe-.. K~.~P" Vm{9t'A.,. .d~Jr) j ~"-= V m:;.+ £e~' (2.10) 'l 
I 

A . J' r,o .,,J-4 '( . ")fi (- -! ·)Jl [II ('-j 8 JJ'l £1~r-= Lk:.Hfj = Ark. = AA .... ~ A,9,~ ., ~iSIW'.;\s p).,1r (2.11) 
P,rY'""J' 

;I . 
·! 

For deriving (2.9) we used the relations 

A~(PJ{F~.); ~ (P)(tit= (fi);"(P~'f ~ m -( p;.<-\ pJ.)<] 

it.r ('.?Jf?i)u.· AJ (!PJ"W;P(~)-= (rJ.)r · w;_ r (r~}= 
(2.12) 

" ~ ~) a -- ~ .· . 
=- {r )~~· {6',. ~ = ( .1r.~m)a )· (t>;z.. L1r.~01~:Y) -~ 

ll! (P)w;?\(Fl)· A; {P)\{p (p,.)=- w;r(pJ.} t{r(f" }= 

• (
! ·.) ----- ~ ··.; .::- Jl · - • rn<r.: .m· --~ -~" ~ . (p,.)'tl;_ ( fJ.) T = - J.L (s.L 6"~)- f {s:f. f){E{ ~ }J . 

«"Yr<lOrtf'itK,)= (Ap); · t~:<;r{Y-'(.A!i>,P~J • 

.,. i"'LP {~(Ap~,m~!f)~··~o + ~ v~ (Jipi,tn~(j>) [6[&J]5~.ip X 

·. . . "'' . . '(2.1J) 

.. !12. 1 -Lr A L1 ~ -f... :~.. { --it U :b~ .. : 0 y l· 4 . } f'i,tn:>.5' • ,LJ-v. .. ~ -y t.Jt~.sie:L) 
· lp /Jue . . r:..t/fiJ.p . lie~ i . 

II 

I 
! ________ :..:.,_·' 

x) Sign (-) denotes the· difference of two momenta in the ~ 
Lobachevsky space realized on the mass hyperboloid (1.2) /d I • 
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and the obtained in 12 ,_31 formula 

(r-"1-w;. lr) ~. "'· f ( .r~)r) (2.14) • 

Here· \r fi ( p) is the four-vector of the re.lativistic spin of 

Pauli-Luban~y-Bargman-Bhiroko~~~ 
v'Zr) = Er p • '~(p)= me: p ' ~ • of'l(. (p) = 0 

Ll !2.. ' :L pc. +W\ J I I} ' . :I 

In the rest frame 1{ ( p). has three components only: 

v~'(r)= (A.rl vt·J; V[o)=Oj \;f(o)~ m[ 
The expression (2.9) differs from' its a~~g obtained 'in the 

c.m.s. in 13/ by the chang~ of the momentum vector of a particle I . < 

in ~e c~. s.' r ~y its covariant generaliz,ation, vect~r r ._; '. 
-- p :: A ;.J~:l.:P • 'a.nnig: m ~nh-it. - . 

The application to '"V(;;) and l(l) the Fir1zc: theorem 
and transition to the charge-conjugated bispinors ·7r--= c. 1-i 'J' -
- .,. ("')-J. ( )' ' '/r-::. U c: C. , . C =-'(o '(:~. , ' al1ow, us to represent. them in the 
form (cf; I I): · 

t\~t)6jti'.'l. -li'r ) :r "~ ) -oV~ ,r: .V~- . 
(tff;.) ~J. ~J r! p~}tc!IC~:: ~2. 'UrJ. ~. ~ f.ti~'Zr. I~~[ 'U I~'J.), :: 

2.r~j~-t:t1l'$ + ~-tj'jv + f':J1p]~~.;a. - (2.15) 

-- q ' - a .· ·. f.'l.-:-.·(p-1.+ p.iY· ·. . · · 
' ' ' ~ . ' " 

•-, 
where for rJ. -= ;i )~;!., V_, II 

t:I'J ... l;.l~ 11<>trr.'l · V. ~..,_, ·S ;u <:J..r r.) B~'IA~l"~J · (2.16) 

A . ::. ~ - • 1\ - :. . ·- 1\ • • , . 

D.s=l -~- • '0~~ i= 0 5, ;_,0¥ -=Q .r. ~ 011 = osor 
The term t:f'j.., is already transformed to ~the form .(2.7)' by' -~: 
reiauons ·c2.D) and-(2.9) in (l:D.:1~Hn /r/('seeh-' ~:2 ) •. ·: . . . , . ':J"' ) PS . I"'' .:I' , ' 

Let.us now perform- in JP transformations which allow the 
transition from bispinors to two-component Pauli spinors: 

'5 



iisa(p.~.)rs(r'U.:~l.f~el)~ ;utii(o)S-{fl) S{PJ· s-,!tP.J~sor ,S(P)
. s-i f PJ . ,s r Kj.) 1A"~"" r 0 J • 

(2.17a) 

The application to (2.17a) of the obtained in /J/ formula 

~-1(f)ar $(f)-: (AG>); · ~ · fr/i +2~s 1vr{f) J ) 
allows us to get the relation 

6': -J1. r. ( )..J .4-.. ~2. £"- -ir · )) l 
11 y ri)o5rr11 lie!)~-, ~ rr · N6: 6i .. Lv ( lLpJJ>j. 0 · l f> (2.17b) 

. i <i.f f 2 (11 /'i>"'~ );i (Sf 4-) + aQv.. ( ilr,mJ~ ...e. J 5-Jif . 

'/J YJ. { -i( ~( l.fJ. f -7, J 
• ..Jip)-Y.uc v-{ L\.,"'"P' Af~}ti~)J .1J.J~,c~ ~.!. V('\~JicJ) . , 

1:3 a result, the term tj'jB also takes the form (2.7). ThE!_ transforma

tion of 1:1 ,S to ( 2._7) is readil~l achieved. 
Thus, the v;_o..""''~ ·and 1l A""'• · assume the form (2. 7) and the 

part remaining after separating 6 Wigner rotations has the form 

• u ( J.. H -i. r-1 )6"-if ~~ fT£;•m·KJ61rGif =- J. j'j$ - j'JJ! .... r!1..Jv- + :r t:!Jn .Jie ~.zfc2.1a) 
l } .Y~.r ~, 3 r .l. - @r .. y- ) 

where 

(~j )frJr fr.tp lJ 2 • s:., ... ~ " 
. ~ .vJ.f-v:~..p :, ld. (deo) ~r~r ~f":tp (2.19) 

( jj )' .... :ip r).J.f - ~ -- ~ 
p.s .Ji~ -v:J.i ::; - I:J_ (6j_ -::1eJ6"~·v~b • {6"L ~J6:: ".~ o 

I 1 -p I ')./>.) ~- .. 

{:11 )~r {;'~ _ 
n ,J!f .V.z.f -

(2.20) 

rn'- f IL[:L(Ll;,MJ!j'/- h1~(sr~)(~~+ 

.6 

... 
' 

\ i ) 

i 
:· 

t: t· [ ~-- -+) -~ ~- ·u ' + g A • de (6"i1Jr rn~ ){6[ 'de + (6j_ 'de){~ LlO!n;l \ + 
f,l'l!j}S' ~ . J ~ . '~ y-1 

+ ~ (.&~,l't):Jtk-\)[z{{A-;,mJ)· ({ .ti-;,m~J + mll.{ef~)]j Bjp '!i~ 
...?ip·-V'2.j> 

(2.21) 

h:J,_tif~f : -1( 1-t !:1.~-i { 
~if ·i,_r d-v j 

' ' () .., }' !;".if c;_f 

112-)V"(~Jp) 4p {p ... 
. (2.22) 

"' d(,-i) 
with p-, defined (p)=~Pl• Inserting (2.1~)-(2~22) into (2.18) 

0 G ~o-n ""'''"R 
we ~rriv~. at the following expression for '(.1.)'\i f\ '; . 

('T.'Rn:•~}G'lfl;"otf ( • • •ct. " 'T1C\M11~ ~v 
(J..)li '\ . '\ fl p ... J J..'tllcl,~.2., l "'j)-= }::' if'J:: I (2)\!" ~ ~ F "' "' 

""if ·":.~.r ' . > >·"ir r > '"..l.r 
. . (2.23) 

fa.nviik ·-- 2.f. "J._(J.Il" )"rjf~J. rLl,; ):z.- CW\2 . 
{:()1- - ~ tr ~r'f\ ).~ .1 L l• P}"~1 'T 

-.2 " ~ (A() 2.. -.1 A" . c fA -) 
+ 8 m · (~ .. ). ~f'-'"'lS) + 81\1 • L.J p.m-J.j ~v· C ilr,,.,;\7 · ~ + 

- ;L' " 4• -.(s + !Lh1·.t A p,rrt,s-) rs:; ~J(G'; ~ J + ~ h'lll. ( ~ sr) + 

~r'1Ac.> o ~ ~) -- --)· • [-- ~:] 
+ ''~'~ o<.Llbl11:..,·de" +Llr· " ··;;,e L"L+G;. .~.. Ll x ge t 

fJ -J .~ m,.,. Jl P/")7 

t 2~-.Z( i (5i -+~)[~m)J' 1- ~J /' + 

-t 1. · " " -.2. [j ........ ._ ) r.-- ~) (--~)rG: "A ·)1 ~AfM".,.;;e"·~t\ Y.. {~..:iPtrt"' t6'.:t?e + 51-ae l'.2-~oh1:>...,'J+ 
I "':J I> ""'JI IJ J 

+ IJ. {?e~)l.· .,;2. [ (~ £P~~:>.;r) rsr I;,~m~,)j ,. (2.24) 

7 



In the nonrelativistic limit and for r~,.o 

·, . (2.25) 

J,"~~i~. ~ (?_,+6f~) 
I:. ·c::::a 2 c 2. 

and we obtain ·the operator used •in the Breit equation for describing 
the positronium and cha.rmonium. 

The expressions (2.9) and ·(2.24) substituted into (2.1), (2.4) 
give.us the thr~e-dimensional quasipotential which describes the 
interaction in a fermion-antifermion system through the exchange by 
a vector boson with mass f . Since the spin structures of 
expressions (2.2), .(2.J) and (2.5), (2.6) coincide, the corresponding 
(2.1) quasipotential comes from (2.4) by the change of propagators 
rr~- (pi-~e1)j-J cuuA [r:~.- (p:t. +p2,)2-J-i by the spurion propagators, 

entries of (2.2) and (2.J). 

J. Covariant three-dimensional spin structures in the Lobachevsky 
momentum space and their connection with standard spin structures 

It is known (see,e.g., /l3/ ) that the amplitude of elastic 
scattering of spin 1/2 particles can be expanded over 5 independent 
spin structures, formed by 4 structures (2.16) added with the 
structure x) · G' . . ~ · . _ -11 / • ~ b. 

jtJ,. = 1i J.(r.~.)G'_r..> 1.1 iftci)· 'lr ""pc:,l.)G'r 1r '"(r.2.J (J.l) 

b./"~ ~ 1 (orr v - o--1 0 r) 
from (2.17a) to (2.17b). Namely, .let us first r~present_ the currents 
in the form . 

-Gr :J -u trJ.)GJ."~~'U 1(1Ci)-= 0 .2) 

=- iif:J.{o) s-yp~.) S(PJ s-tP) ro.r.Jt,[rs>) ,s:-ycy) S. (~c.i) it ;J~t o) 
and with the use of the equalities 

,s-y~) 6'r:J $ {lJ>) -= ( -"'-~)~ {Ar:r)~ GJQ(. 
(J.J) 

x)Off the energy shell one must introduce a 6-th structure of the 

form KiJlr;i) (pc r.~.)l4. r o':t) + r./i). y:~ o):'(~e! -ic,_)r [ ~3J 

8 

\. 

} 
' 
'~, 
·? 

/f'' J ,, 
rt ' 

,\ 

I 

. l 

S 
1
(1') ~f~J.) ~ S (iJ~cJ.,Wt:>.:r)' 'ZJY~ fv-1(~ .,te)J (J.4) 

·' 
S {diCJ.J""'-~) = j ( /Jfj}Y'tj..r), S { .IL~i ~ rrol.-:. • L1~eJ.,WI ~'l'). 

r. , 'J : .. ' ( ) -!/. . . : ' . -· .· J~5 ? olfv-r A.4r~J,.,)J,A~.i.,MA~) > 
rewrite them in the fol.lowing way , . . . !';i 

.;u 6i(~1.)br~ tt~Lf~) =(Ap);· (ACJJ:· it{o). -D fv=&~)~>}] 
: ·" s-l. f~,J. tyt).J'). sf.A • s ( !J.t}"'"T) . s { !Jic,~YI;)./-) A fj W.:>.J>) . 

J (J.6) 

-v { -J .1 "':J..( -~ j ~ . 1f VlAA l , d~e1 »1.l<O)J • ~ ,-v-t:A!P)ci) 1A 1 {o) 
fJ}'tl J' J OJ . 

Then we apply to (J.6) the obtained earlier in {3]rela~iori. 

,s-}Lt~ *'a.9) · Sf v • ,1 ( ~.~it1:A:;) = -IL Jn -.z E /' v (.&;, IH.;~JJ)-
. (J.7) 

- :l'hi~ rs. [ ~ (IJ fo M:AJ>) {!J ,,;,oj')..) -~ (11 ~ "':AJ>) {A ;J 11147} J 
where the quantity { p!': lJ;ttt-;.5') 

z~~ (f)~ 1 f~ (f)1l:J{f) -~ {fJ1~(fJ] · (JoB) 

~ J ' 

is\onstru~ted by ~ogy with s_f.;> with'the use of the relativis-
tic spin veotorlJ.:.a(p)(2 •. 14) instead of rr matrices.. . 

From the oo~ar!son of formulae (J.6) and (2.1J), (2.17b) we see 
that (J. 6) contains j;he same rna trices of Wigner rotations ;1)V.Z {V-J 
that allowed us to obtain the representation (2.7) for the spin 
structures (2.16). ]for the part '1 Jj'l' remaining after separating 
the Wigner rotations we get with the use of (2.~0), (2.12) and (2.14) · 
the .expression . . ·. · · · · · . . 0 '· " 

·('rJ1.. ,6JF~ : 8 .::':Gll~* --~[~"'~rrA~ ~~~~ ):t~ttlcc;Isrx~~x~ at)+ 
'1'} " .l.:t ,... ? ..J, L! ) !J' ~ . 
~ -.,.. . ..., . . 

. . 

9• 



. -r[(lAf,,..,~~Y-mj{~~~'f~~"'"'~){ST~)(~·~J -t 

-t&~LI A~J..,~; fl'l,·L~[f;' :L ~ x;Ji'1~1 {~ ~) (~-Je )-Y'(I:a.,;e! {(~) 

[
. ~ )2 :11 ---!'"" ( - ·)t ~.. (J.9) 

- fL ~~}n~l' - ty\ J ( G" J.. Ar~~:r) ~ L1 r .. tv''>-~ j S ,.,. S .J.,. p · 

Thus, we are convinced that all the 5 standard spin invariant 
structur.es (2.16), (J.l) can be transfonned to the form (2.7) and the 
remaining part can be expanded over the set of scalar and vector 
products of the 3- vectors S:j i?_ jJ'.,. -...:.=. ~and ·~ • Andthe . " tz.; , ....... .j'-r 
parts of spin structures (2.19)-(2.29.) that have appeared after sepa-
rating the kinematic Wigner rotations have the same form as the 
spin ~tructures considered earlier in the c.m.s. 12

-4/,·but with the ._. ~.--.. ~ . .:.... ~ 

change of all the momentwn variables p -= PJ. :.-J:>.:z. and Ll :: \C (.-). P · 
and ~ by their· covariantly generalized. analogs: ~: ;{". = Jj" :. . r' ~~ ~~ 

~ ~! - ~ ·CI J:J 
L1 • r _ ,~ f-) L1 -.r.l -::::- ,,_ mJ , LLt' ,C - /J 11 ~~~~- 1: ..,.,~., a,r .. • ";}e , 

IZJ ;J-, f1 I I :J' · J . J . 

Trueing this into account and the fact that earlier in 141 for 

the c.m.s. with theme of the basis of unit vectors{f=-ft.=--J{jti=;;=·JS} 

__ [~~pJ. 
n -··~__:_ 

J[!.--..x F}/ ; 
·-- l..- ~J ~n· ~ e )t 11 . .. 

(J.lO) -'P-
j!'"t-)? 

!..-'?""" 1~-)F/ ~ 
the P and T-invariant parametrization of scattering amplitude x) 

r (?;£) :: VL + v~ (£fin- +~tt') ~ t-r6Jnj(r;;-ILJ+ Glb'~ { 

~~ . 

x) On the energy. shell Vi~ 0 fr,ii}. The i:tid ex /' in a row with the 
polarization .index means /l/, e.g. ,for ~,P, that this indeX,:: -:.JJ. 
"sits" on the momentum F like 6i an~ e'.t.. 

lO 

+ ~ f6f(Jc6fe-) + v~rif~]r6Jm-) + Vc [(~i)c~»r):· 

T rs;;;r) (6[.r)]j Gj~ • 1Jii.L {li(.!Lf.ICJj1J.Y.,_. r' 'v-A Jej} 
..JJ.f..J~p ~h y 13~rJ.. - ,..~ :1 . 

·~ '1.. 7 ~ . -'. ' -
(J.ll) . 

has been found1we may assume a new generalization to_ an arbitrary 
coordinate system of another popular basis used for the expansion 

~ 

rof !.lasl:l.c ~at!,;ring_;mplitude of two particles in the c.m.s. f'= 
= f'J.=-piL·; IC :o: J::.1 =- i<:.;L obtained in /l!f/ within the nonrelativis
tic formalism: 

'T(f;iC) = v;_ + ~ (S[Fr ~ ~i"t) + v; [GJ~f~iD.l~) 

i-1( (ft-)(GJt) ·t-·~~~~:;)t~irl} ._VG[t6fl)!s;_J:r.)~r6J.i:YI{§/ 
.,, 

with the Euclidean basis (index ' ~ ): ,, - ~ ~ 1e -e 
~ :.1~-p{ 

- [pxK"} 
J 1!€ jy-,.q/ .J 

_,.. r·-- -J M(i =- L t' ;< n~ . (J.lJ) 

Just· the covariant expansion of amplitude over spin structures 
Jl 

can be defined if all its spin indices are first4Temoved on the 
same vector j: with the help of the formula (2.7) obtained in /IO/ 

and then the separated amplitude is represented in the form 

I'"T1 s;gr:;:.2 " I -r..,. /," __ , -~ - 'T ~ ·-.JlP.~r l ~ ~ J == Z/'1'¥) f:l. ~~ /ICJ~i .i ~ --?t1 > = 

~{'ll + T. rs;_ir + ~ ~ J .. T. (tf~{s;k)+T,tGJ6fl~'·'•) 
rr r-~ - " ,...., ~ ~ - .:. " ~ 7' bi.f fi P 

-r Is 16j_ m)(~ Wi) + lc{GJf)(s;_ m)-r{~~{~l).u " o 
..;)4-f ~..tp 

with the following choice of the basis of unit vectors 

o rat- .. 
h=u"'iCl 
.··· · J[fx t]J -

[A,._.IM~;jl ;l .ZIC,)M~!j>J 

)[$;~ ... ~1 -~ A-:_, ... ~:7]) J 
(J.11) 
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·~. ~· u 

= A.t;~h{-) LJ.p,~-t.:v· ~ 
-;,&~ -. =-~ 

k_,ln;l,yl-JA/'.;Jn:J:pj j5// 

. .o 
c .... 

.J:. k~)f' 

!. =-;;t~;/'1 
~ [. .f,. ~7 ,.. = e x~..J ..J. 

(3.16) 

which is a clear covariant generalization of the basis (J.lo). Under 

the transfonnations from the Lorentz group tJ.=/6/'~the vecto.r~ 
LJ.,u .., and.Lf jf transform by the law ( '~J =-/._:Z,3) 
I' J IJ1 '"'":P '):, m:::l.!7' . 

.1:~k~d' = t'n-zr ..; fLJ!>J '"_,..,, Jt" = /,P~· = ,JC,y[vYi.,?J}/.i 
o . ,r. .~ -$ or 

so that vectors t:~ 11,1n und~rgo .only the Wigner rotation. 
~ Furlher separation,_Jrom the amplitude, of 4 Wigner rotations 

'/;) o/Y-pt :p.;>)}·1lfVf1;,kjbesides 2 Wigner rotations allowing 

for (J.ll), the spin rotations connected .with the .change of particle 
momenta due to interaction, is caused by the following fact. 

In the relativistic theory each polar~zation spin index "sits" 
( iri ·the .language of IJ..R/ ) on its own momentum •. In particular, . ; ; 
indices 6£ of the matrix element of amplitude L;76JJ'jt5,;./7'/~~~) 
"sit" on momenta ;tJ and ...Y/ on .it! ( see also the discussion . . 
in /.3,lO/ and, in more detail, our. subsequ~nt paper). Therefore, 
if we WOUld like·tO find an adequate relativistic generalization Of 
the nonrelativistic parametrization (J.12) thourgh the matrices · 
and~~, we should attach them•to' one ·quantization.B.xis,· i.e.~ 

> make all ~in polarization indices "sitting" on one momentum,. 
e.~.~r=.~nt:A!i' the covariant rnomentll!ll vector in the c.m.s •. before. 

interaction. -0./r -:t . Jl , ' . 
In (2.7). t\VOmatrices ~ 1 fr~_,~Jmake~ind~~es · Ge·(t =,J,:Jj 

sitting on vector ~ , two other matrices ~ jv- Y-/L!Y.~ Jc,)j 
transfer indices ~- on vector r ( see also/lO/ j. so,. 
to complete .. he. 'transition to ~· ~tiant.ization ono (me ax~~ we should 
furthez.'. trap.sfer ind.ioes ~,·. · fro'!' momentum iC . on p what . 
requireEI·t~o.mo,re, inatrioe~· "t:t·~;{V-:.1.(A;.)})}, , , ;·one for ~.t· 
and the other for ~.z. • ·· '· · · · · · ' 

.. ' /l!i'/ ,In l?~pe~ . it_ was proposed (witho.ut .demonstrating in 
fo:z:mulae) that' the· expansion· of • th~ r~nativ~stio ~plitude 'of' two• 
spin',l(2. parti~les eiastio scattering oan be obtained f~in the . 
nonrelativistio one by .ohangin in (:).11.) the nonrelativistio*· 
momenta to relativisty one_~. and by further~u).tiP2'9'ing (J.l£) by 

ngner rotations 'J) {VIA9'~A·J} .; h>·. t v-y ~ ... ~.'Jj t~~~.z) 
~ue, to./l.'3/ this ~igner rotations' arise under ;tha tra:D.siormation:, 

pf :;;A.9> j>/ ·; k/:. AJ', ~i (~n,· ;~~'~} in. the -.;~7;,.1x element:tji~};f&/ 
rr 1 ~ -).!.) ~. "'~> . · · · · · · · · · 
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The expansion, we propose here, of the two spin 1/2 particles 
elastic scattering amplitude defined by formulae (2.7) and (J.l~)
(J.l~ contains not 4,but 6 Wigner rotations, i.e.,differs from the 
expansion proposed in /l5/ by two further·Wigner rotations which 
represent the spin rotations caused by the change, due to interaction, 

-2. .,.t/!.Jr ' 
of the particle momenta in the o.m.s. from p· to ~- • As a res~t, 
under transformations of the Lorentz group all the spin variables 
in (J.l4) are tmnsformed by the same Wigner rotation defined by 

~ 
a small group of the choeen vector p ; and the expression (J.l4) 
~ill not change in form. 

The parametrization of spin structures of the interaction 
amplitude on the basis of (J.l() and (2.7) obtained in /lO/ is-more 
suitable for our aim - construction of the interaction kernel local 
in the Lobaohevs_k~_tpace. As is show~ in ~-~lin. ~he o.m.s. where 
4 funotions1:J'i{v-~/C,J} and 7::> :.L{v- Uh;..:JjCi;l,2) _!>ecomes 
equal to unity, just the separation of 2 functions 7JV.Z.fVfA/.~IC!} 
transforms one-boson-exchange amplitudes into .local expressions in the 
Lobaohevsky momentum space and makes·effeotive the transition in eq. 
(1.1) -to the relativistic configurational representation for solving 
this equation. 

·To illustrate this and· to write in a more· compact form the spin: 
structure of matrix elements in terms of variables of the Lobachevsky 
space, we consider the spin-depe~ent par_;...j,.(Gj r-: K:.*) of the' 

three-dimensional part 1161 ( ~· =- ¥" r J · 
1A(t) Y'U{~)= :zy ~e."~ ~r .~. J,.. (6" P> ~) ().17) r- .. ~ . J 

-="i: -+ .. ~ ~ - .....-) \, ~ ~ zr t r)v ~· jt~r))C)-= ~ (J.. ~c Ytc.,+~ .. r:J+"" (3.18) 
) 

wideiy used for despribing N·N,;.inter~otions il'l/ • Off the' energy shell, 

where V(po+W>.)/(~+th)#J..(J,l~) .oan be wri.tten as 
1
4.. -1. . , 

rrr~ ''e--+tv~'_ Z(~p){t::~ =2~rr~-:b jv-fAP-~i.. 
· f~T~ r tJ'• 

(3.19) 

The relation (J.l9) is important in that u· shows that ·Upon . 
separating the kinematic ,Wigner rotation of the. spin the spin part 
of current (J.l9) is a 'local function in the Lobachevsky snaoa as it 

- ,... -.? .--
depends on the momentum half-transfer ·;>e -= \c: <:-) r 
in this space { }l.::.cr-te"J~--Ji~.til/tl) 

13 



Anothe~ merit of the expansion by formulae (2.7),(J.l4) 
is related to the parametrization of ~he one-boson-exchange 
matrix element ( 2.16) with ,{: E ,$ ; OPS -=- 0 5" • As is shown 1n /1-/ 
in expanding (2.16) over the basis (J.lJ) this matrix element 
contributes to ) spin structures, whereas in expanding over our 
basis (J.l5) the matrix element (2.16), according to (2.20), 
contributes only to one spin structure ~~ • -!2{ -i/ A. <> . o'J' 2 

Since the matrices of Wig!!i! rotations 'f:J lr (J '-j>JJ: U 
in the explicit foi'IIl contain 6' -matrices, the nonseparation from 
the amplitude of these, pure kinematic in natural matrices, may lead. 
to the increase of spin structures or their rearrangement in expanding 

the amplitude. 
Note also that the parametrization of spin structures of the 

amplitude on the basis of formulae (2.7) and (J.l4) was .obtained .by 
applying the transformation of standard invariant spin structures 
(2.16). . 

Our parametrization has an easily .traced, through formulae 
(2.7), (2.12), (2.lJ) and (2.17b), (J.,9), connection with the 
covariant parametrization of matrix elements 1n terms of the rela
tivistic spin-4-veotor, given by Shirokov and Cheshkov /l~ and 
developed for the two-particle case namely for deuteron in /l&/ • 
So, by .using the relation (2.14.) that relates the three.-dimensio
nal-!i>formalism, we use, to the four-dimensional one, the structure 
iT e oan be wrUten as ' . 

~ft r.r /~J 
~ Jc J. • v .r {</',t;.l 

--L) = .P. S' G Jl/iifiP·-,..~ 

(,3.20} 

The ~tructur/~_ n. ~} can ~.$. eXP.ressed. i~ te-rms of the veci~or· fj-ft . 
by the fo:nnl4a. (if:[k xJt/IJC JZ'xji'J/}: 

"' 0 ' - ~ ' ' _, ,· f '.,. ' ~ .l 

Glh ~ ~.[ff'x;:>J= Gf{i;i~lh~.9~~~~~J: 
. . . \ 

~ ~ . . 
e' f./', fd~:J~m:JJ'} • T{; ?tJF~,mJ..7) \• = IIP.t.+Jil I . . 

.. Jl/11 /'.J./;£rf.z} ~ 
. ' ', 

.t ·: ·f.ci,M:J,pJ.,.~ (A~h,;.~j:: (.3.;21) 

-}4. 

.,-' ~~ 
The parametrization of. the structure 6{nr ::.~ [ t >'h.; J 

.in terms of vector~f can readily ~e found if one repr~sents it 
in the form 

0 Q 10 Q D~- CJ 

lGi~>cTF)- c6fr>ce~J 
.. _,- I[ lfx pJI 

- 0 

-~ GJ. tn :: 

and make use of the eqUalitfess 
c . 

Gi? _ vr .r (Pt) · I PP-)t~ 
7: - { pJ.)o 

( <>J. ) ~ P.L( r1. + P~) 
J ~ 0 v ( PL + p.a.)'- I 

" " c; ff., <~. "' ·r---= ~ae P.t;,._+'deo· Po 
f . 1-ael 

o lip" + Pi(pJ.+ P.z.) i/ ':l. ·t.,1, 
-:: ·-;)e. 'J' f{P.L. HzJ""' • J tn - !J. 

'm-i.. Y {K-p):z.- m Jj . 

0 

and analogous eqUalities w1 th the change of 

4. Conclusion 

~ p· to ~. 

(3.22) 

·.) 

.) 

The main result of the paper is the construction of. the covariant 
quasipotential J.ocal in the Lobachevsky_momentum space via matrix 
eJ.ements ,of the relativistic_ amplitude of ,vector-meson ex9..h~~tt· 
between twoj;spin, l/2 particles. The obtained quantities> '1(.2)\f' 

( ) l)ru"C. ( 
2.9 and ... v . , 2. 24) together represent the .relativistic 

covariant three-dimensional generalization o~ the Breit-Fermi poten
tial wid_ely; .u~_ed"i~cl~t quark mqdel,"bu~ .. ~i_ contrast to the latter, 
the quantities 'k'v- ... (2.,9) .an.,_d 'T'.tv , ~2.24) are _obtained 
without expanding in powers of 'lij c.3. , i.e. ,they keep all the 
relativistic information contained in the matrix elements ·of quantum 
field theo:cy-. In§ J it is shown that the obtained representation of 
matrix elements oan_be used to introduce a new relativistic genera
J.ization of the widely used in nuclear physics, expansion over spin 
structures of NN-interaction. 

The author expresses his gratitude to V.G.Xadyshevsky, S.P.Xule
shov aDd A.V.Sidorov for discussions of the'work. 
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CKa4KOB H.5. KoaapHaHTHOe TpexMepHoe ypaeHeHHe AllR c)lepMHOH
·aHTHc)lepMHOHHOH CHCTeMbl. II. npeo6pa3oeaH~e aMnllHTYA e3aHMOAeHCTBHR 
.K llOKallbHOH c)lopMe B HMnyllbCHOM npOCTpaHCTBe Jlo6a4eBCKOrO 

·~ 

EZ-Bl-:-308 

HCCileAYeTCR cnHHOBaR CTPYKTypa KBa3HnOTeH~Hana, BXOAR~ero B KOBapHaHTHOe 
KBa3HnOTeH~HallbHOe ypaBHeHHe. H3 MaTpH4HOro 31leMeHTa 06MeHa BeKTOPHbiM 6030HOM 
nOCTpOeH KOeapHaHTHbiH.KBa3HnOTeH~Han; npeACTaBilR~~HH co6o~ llOKallbHy~ c)lyHK~H~ B 
H.MnyllbCHOM npOCTpaHCTBe Jlo6a4eBCKOrO. 

Pa60Ta BblnOilHeHa B Jla6opaTOPHH TeOpeTH4eCKOH $H3HKH 911~11. 

npenpHHT OC5i.e.QHHeHHOro HHCTHTYT8 ~epHWX HCCI1eAC)B8HMil. ,Qy6H.a 1981 

skachkov N.B. Covariant-Three-Dimensiona·l Equation for Fermion
Antifermion System. II .• Transformation of Interaction Arllpl itudes 
to a Local Form in the Lobachevsky Momentum Space 

E2;.81-308 

The spin structure of a q·uasipoten.tiaj 'is s.tudied, 1~hich enters into~ 
covari~nt quasipotential equation. A cov~riant three-dimensional quasipoten
tial, local in the Lobachevsky space, is constructed out of matrix elements of 
the vector-boson. exchange. 

I 
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