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Phase space representations (PSR's)x) translate quantum theory 
into a language, close to the classical theory one: c-number coordi
nate and momentum variables x and p (e.g., such as the coherent state 
expectation values of the coordinate and momentum operators) partici
pate simultaneously. Further uniformity is achieved by using as an 
equation of motiop the Liouville equation (a linear partial differen
tial equation) for a phase space diatribution function instead of the 
Newton (or Hamilton) equations in the classical theory and the SchrO
dinger equation in the quantum one. This equation is of the first 
order in the classical mechanics, and, in the quantum one (in PSR's) 
it includes~ in addition, higher derivatives multiplied by the Planck 
constant 11. ( 1\. enters like a "coupling constant 11). The quantum PSR-2 
(Wigner representation) Liouville equation, proposed by Wigner /l/, 
looks as the most immediate generalization of the classical Liouville 
equation. 

In the classics a general solution of the Cauchy problem ~f the 
Liouville equation is expressible in terms of Characteristics(tn fact, 
its partiCular sOlutions). The Rani.lton equati.o-ns appear as equations 
for them, which hence are trajectories. In the quantum case characte
ristic mani.folds are more complex. In the classical mechanics the 
phase space d16tr:1.bution function g is positive defim.te,. and in 
the quantum mechanics it may be posi.tive definite too (as. in PSR-lxx)) 
or not (as in PSR-2). In any case these PSR distribution functions 
contain however the same total information as the wave function does. · 

In what follows we expose evolution laws of quantum mechanics 
in terms of the PSR's using a fo.rmalism of .nonoperator and left and 
right operator representatives. Besides the quantum Liouville 
equation and its classical limit (li-.o), other forms of qu~tum 
equations of motion are considered in the SchrOdinger, Heisenberg and 
interaction pictures in terms of PSR•s. For many other aspects of the 
Liouville equation see refs.!.l-6/ •. We use terms of ref/7 I,: where 
some other references in.ai be found. 

x) There are many ways ·to define PSR t s in quantum ·theory unlike 
the classics. 

xx)Reoa.l.l that it results from the coherent state representation 
if one keeps only diagonal matrix elements. 
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Further 1t is shown that the PSR distribution function carries 
the same total information ~s the wave functiou does. In Appendix 
multiplication rules for nonoperator representatives are derived 
in some PSR•s. 

~YQlu~iog_!g_ihg_£chrOging~~g_~~ggQgrg_g~Qi~~~ Starting 
with the usual quantum evolution laws of a density operator( 11 matrix") 
~(t) in the SohrOdinger pictur~ and any operator fi5Ct), which does 

not depend explicitly ~n time, in the ~eisenberg picture 

~I ) -~t.-'HCt-t.:J fA( \ ;.t;1H{t-t.,) Oct "'e t,1e , J ' A 

lF~ ) iJ.::'H(t-t,);,( , -i.k1H(t-t-.) 
(t =e 1e t,1e , 

(1) 

(2) 
we translate them into PSR•s. We shall imply mainly two of them: 
PSR-1 (based on the coherent state representation) 

j',(xpt) = T.,_(IY,p)(xplf(t))=<xr19(t)lxp), (J) 
and PSR-2 (the Wigner representation) 

ft(~pt)= T "t(/\-1 ix~) <x PI? (t)) = /\-1<Jo:p 15'lt)lx f>)"' c4.a) 

=h"-~d"e~.. e.-ipC~..<x+ \ e~..j§(t)IJ(.-~o..)= (4. b) 

=t.."-Jd"e e."J({l<p+ ~«I f(t)\p-\8). (4.c) 
In the same fashion we define f1 (l<~t) and f'2lxpt). See ref/ 71 for 
det'inition of the coherent states )xp> and the inverse Gauss trans-· 
fo~ation operat?r A-i • The ~tate vectors \x± ~ <l,) and jp ±1t~) in 
(4.6) and ~.c) are eigenvectors of the standard coordinate and mo
mentum operators, respectively. Any number n of degrees of freedom 
is implied (any. number of particles and dimensions of spaCe). For 
identical particles symmetrization (antisymmetrization) must be 
taken into account. 

If we insert ~q. (1) into eqs. (J) or (4) and do analogously 
with F(t) and use the Dirac representation theory x), we obtain the 
SchrOding~r picture evolution law of the density matrix and the 

x) Somewhat extend~d: a) both the left and right representatives 
of operators participate simultaneously, b) either expectation 
val~es (of. eq. (J)) or transformed ones (cf.eq. (4)) are taken as 
nonoperator representatives, so that the operators act simultane
ously on two state vectors (unlike the situation in the x- or p
representations). The off-diagonal matrix elements constitute a re
dundant information (due to overcompleteness of the coherent state 
set). They are deducible from the diagonal ones. 
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Heisenberg picture evoluti~n law of ~ nperator, which does not 

depend exp~icitly on time, in PSR 

~(x\'t)= ~i.t' (Hl_l-f<)(t.-t.) j>(~ ~t:i)= e. -L(t-~ S'(l\~t.J (') 

lFQ<.~t)=eik'(HCHt)(t-t,)f' (x pta)= e'L (t-t~lr(llpt~. (6) 

These forms of evolution laws are valid not only for all PSR•s,but 

for al2 representations in general x)(e.g., for x- _or P-representa

t:l.ons); onl.;,: variables x and p 1n f (,.pt) and P(xpt) must be substi

tuted by the correspond-ing ones. The left and right representa.t1ves 

of the Hamiltonian He. and at- (wh1.ch are differential. operators acting 

H
• • • 

on x and p) are obtained by substituting in the operators x and p 

by their corresponding left and right representatives ;, l·· and xi ptt. 

The left representatives are multiplied 1.n the same order,. as the 

or1g1.nal operators, wh1.le the right ones 1n the inverse order. Note 

that the right representatives· are complex eonj.ugate to the left ones. 

The left representatives commute with the right ones a), and opera. ... 

tors of one ·kind satisfy the usual commutation relations (except for 

the sign for r-representatives) 
e e t e e e 

[><~, x..'::J=O, [l\~, p~1= ±it.Sic...._, [pc ,P~]=O. (7) 

HA A A~ 

The Hamiltonian may be any function of x and p , however, we usual-

ly shall exploit the Ham1.ltoni.an of the spec1.al fom 

• .... .-.:~. i t!l. . f 

H:2.Ji..+V~) H ... =" .L+V(x"-). (8) 
t~1 ... m., ' t..... ~m. 

1 1 r r 
Various representations differ in form of th~ operators x:,p,x,p • 

In PSR-2 

t i.l\. --a t 1.-li. 'a (9) 
xk =x,± T~' ~1<. = ~1<.+ T~xk. · 

For thB representatives ~ PSR-l and in some ether oases s-ee in 

ref.l?/xxx~ For the 'evolut1.on generator in eqs. (5) and (6) we get 

x)That is, with other bases instead of ll'p) {>C.pl or fC11X\i> ~PI· 
xx)This is a general rule for all as-sociative theories, 1.-e., · 

when products of operators are associative. In nonassoc1.ative cases 

left and right r~presentatives become noncommutative with each 

other (see ref .• / 8/). 
xxx)In the x-representat:Lon, 1.e., for 

Y (x J<'t)= 'T\_(\1<')~1 ~(t))= <!<-l~(t)h<.') , l!lxx't):<xiF(t)lll!), 
we have the familiar representat~ves 

t e .... ~ ... ' "- ·t• 
l<_=l< 7 \' =-'"'».' l< =X' 1' => ox1 • 
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l>'- t.1M--I-l'l:)=t +L .. c1o) .. , • l:?t 

t.=i~\H~-H!}=t-k1~~ -L t::-)= 
_-,-1,(?-if.?xf _;_\[1 '(\'+~{&-)'- -.;;-- Lb , . 
-1.1\ L- ~1>1.. . t- ~ln. L 111. oX. (11) 

X,1i -t;:1(Hi- H~~= ;_.~;_-1 [ \1\r-e)-V(x''-)]= 
- fi \J,_ it\ '0 \1 . = •k 18(H~?rJ:-Y(x--,:-.x:lJ . . c12) 

The operators:L,Lo and L 1 may be. called the generalized· total, free 
and interaction L:i.ouvillians (by analog;v with the ola:ssics, see be~ 
low) .• Last expressions (11) and (12) a2;e written down for a Hamil
toltl~an of the· form .(8) in PSR-2. Note, that the Planck constant. falls 
out from the free PSR-2 Liouvillian and the latter turns out to be 
the sSme as in the classics. 

If initial and final states are described_ equally by operators 
" I " 5'1;.= lC.oi'•><.Xo\'ol , S'1t= (11\'><xrl 1 in PSR-1 (13) 
" - -1 " -1 ~,_;_-!\o (l(o\'~(Xo\'o\, 'j,_t=f\ \X\')</<('\, in PSR-2 (14) 

and, therefore, ~1 .and s>t. are chosen to satisfy the initial condi-
tions . 

s>1 (x l't.,X.p.t;)= '1' 't(§1~§1\):o l<x l'lx .p~1'= e-~t.r\A(x-x$'+1\\1>-~~) 
(15) 

f<z.(x pt.,x. \'.t.:')= 'r'l,(f,.t ftt)=A- 1 ~-~ l4.\'ll(•l'•>l2.=. 
=(tll''h V"S ~-x~ S (r-P<>) "l C16) 

(17 .a) 

(17. b) 

(17. c) 
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In eq. (17.c), (18.d) and (18.e) the Hamiltonian A is converted 
into the operators Hf. and H"L, acting on the variables x ,p ,what 
is indicated by the sign o of (He-H~)~ He and l·fl-· in th~ v~riables 
x

0
,p

0 
have the old structure (only t-t 0~ t 0- t in eqs. (17.c) and 

(18.d), (18. e)). 
The density g1 (xpt) (~1 (x~t ,x,p,t,)) is positive definite and can 

be considered as a probability density (however, for transitions inW 
(between) the nonorthogonal states (lJ)). As to the expressions (14), 
they cannot be considered as true density matrices, since their dia
gonal matriX elements are not p_ositive definite (this is easily seen, 
using an oscillator basis,see ref(1 • 24•flxJ Appendix c), and hence the 
phase space density g._(cpt) (j',._(xpt ,x,p,t.)) has the same defect. 
However, despite this fact q~ permits us to obtain all the usual po
sitive definite probabilities of the quantum mechan:Lcs (see PP• .17, 
.18 below ) • In particular, one can, in principle, transform f'1.. into s>1 
as follows 

1'1 (ll.pt)"" 1\l't(xrt), (19) 

~1(xpt,l<.~oto)=i\f\oS'._(xrt,l<o~oto), (20) 

i.e.,using the Gauss transformation, or, in other words, by a convo~u
tion w1.th a given normal distribution.Let us stress that both ~1 andYt. 
contain the same comprehensive information as the wave function does. 
f~ is more convenient for obtaining some transition probabilities 

(e.g., for transitions x0~ x,p
0

.-;.. P, x0 ---..p,p
0
_,.x) and ~1 for 

some others (e.g., for transitions between o.scillator states, and, 
therefore, in quantum field theory), see PP• 1~18 below. 

l!.~il&!!!!..!1.:L!!!ill!l.!!!. Expressions (1),(2),(5),(6),(17), and (18) can 
be considered as solutions of the following equations of motion: the 
von Neumann equation for evolution of the density matrix (in the 
SchrOdinger picture) and Hei~enberg-Born-Jordan-Dirac equation for 
evolution for any operator lP(t), which does not depend on time expli
citly, (in the Heisenberg picture) 

J .\ A 

<ltS'(t)=-i.k1[H,y(t)], (21) 

~ f(t)-= i ~-1 lA, JP(t)J , (22) 

and their eQuivalents in PSR•sxx) 

x)The reference in the list of references of Part I (ref./71). 

xx)And in any other representations, if suitable variables are used 
instead of x and p. 
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~t s>lx rt) =- ;.J;.-•(Ht- H't) p(xrt) , 

~~()( pt,x.p.t~= i 1;_-1. (He- Ht)• f(x )>t ,x. l'o t.) 
7 ;t f(" pt) = i t.-1(Ht- 1-ft)f(x tt) . 

With the special ~iltonian (8) t~ese became 

(23.a} · 

(2J.b) 

(24) 

"3 • -1.( pt~ . . u \\ "'btS'~rt),-d;: L.~,. +\}( ... 9-Z::.,i;, --V(x.'l)Jf(:i.pt), (25.a) 

• . " -1(' rtl V t ~ :-. . ~ ~(1.~t,flo\>oto)=it. L...lr + (x.)-L 2.m- \}(xJ};~lJ<.I't,1(0pc4), 

;t!P(:t.tt) =H(\L. i: +V(xe)-L ~: -V(xt»f'(xpt) g:;b) 
and in PSR-2 explicitly 

~t s> .. txrt)=~i~t1 { Lc~>t~)~" (l(+*{r~~Cr~!l)~Y(Yr~~1Y .. Cl-rt)= 
--5" 1... o i.l\1[ it.o u1. :,.1;. 'll\11 'a . - 1Lm.~+ V~+T'Of~~\x--,:-~JS~2lxrt), c21.e.) 

if9iV<rt,"-t• t.)= . 

=1.1i1{L: <~>·;:!k)\vcJ<..+~~r~~ (p.~!~.J-\(x.-'i';tjft<xrt,x,p.t.)= 
-{i.~~r.o +'-t•[v(~+\.:;~~-W--if~PJ1}~,_(1.rt,J<op.~, c21. b) 

.l.Jr.(/(ht)=U;-15 I (\'-~.&->~v("+ i.t.. ~-I.(r+1f.k'f~vrx_t1\'<~\1~.~\... ot 9. r 1 i.m. ~ '01' 2ttt ~ :!. ~5''2-'<'r'T 

. =i I -lit~)( +it>1[V(H~~-V(x- ;.;. ~~]~Jii(x}'t). (28) 
Equation (2~.a) 1~ the W1gner equation /l/ (in a somewhat diffe

rent form: Wigner has not used terms of the left and right represen
tatives). Equations (2J), .(25)1 and (27) generalize the Liouville 
equation of classical mechairlcs to the quantum case. Equations· (24), 
(26), and (28) also generalize classical equations of motion for 
dynamical variables. 

~~!!Q!'ID._.Q£~~~ll9.B easily follows from the Liouville equation, 

l~t.)"~J.xJ~ ~k.Q<.r-1:) = ciwt.)"~~xJI'~Ic.~l>t.;,='1'"C.(.9 (t.,)) x) (29.a) 

(bl or 2).For densities (17) and (18) we have 

(t:W \ad~ S\.(x~t,x.r.t.)~~~ii)"~,hh.~l<.(xl'tl•P·q=1. c29 • b) 

However, it is easily to obtain both (29.a) and (29.b) without the 
Liouville equation, but using definitions (J),(4.a),(l7),and (18) and 
the completeness relations /?/ 

x) Here and in what follows dx and dp stand for dnx and dnp. 
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note, that -integrating the Liouville equatlon· onl:,.· ~v!!r :: 1 one c::t.n 

deduce the usual continuity equations both in cla~SiQal- ~nti i~ 

~uantum cases. 
!£-!!8~~!!§ (equations of motion for coordinates are linea~ 

and hence the Hamiltonian is at most bilinear) the Planck constant 
1t falls out from the total Liouvillian ;;t.-<(H£-Ht) in PSR-2 

completely and equation (27.a) exactly coincides with the classical 
Liouville equation (the same is true for equation {28~ We give 

some examples. A "t 

£:!:~~rt1c~. Hamiltonian: H=L ~ , 
Liouv1111an: X., =it.-'(H~-H't)=2:-k~x 1 

(Jl) 

equation: 't s>,txpt)=-L ~~x y~~t)=2:"~~~strt), o2) 

\ -~L.-l<~x 
solution: S'!.(Xpt,Xofot.,= e (1-rrt,'f' S (X.-)( 0)~(~-\>o)= 

~z:.E!:o 
= e "'~('btl.)"-& (X-)(o) ~(I'"I'•F~tf~(x-x..-p.~-t.))~ (p-1'~, (JJ) 

subjected to initial condition (16), 't: =·i::-t0 - II. pi. 
M2!1Qn_~er a_£Qn§_tantJ:9.!.2!· Hamiltonian: H=L(im.- f X), 

Liouvillian: L = L(~;)( H' ~pJ 1 (J4) 

equation: ~ ~.(xyt)=-L:(~~+ ~ ;f)~._(xrt), . (J5) 

solution: 'j1(xpt,x_~.t.)=('mt)"S{x-&(H~+.{'..,ll-t,;t-x.)~(r-l'(t-t.)-l'~= 
=~1-)"'b (li.-Xo- i!.~-t.)-£.. (t.-t.1)b( ~-1'·-"P(t-t;)\ 

"'- '-"' cJ6S 
with the same initial condition (16). 

~nnonic osc:illators (isotropic or no~sotrou.:;_c, ro\ation, 

any Lissajous curves, eto,), l!s.m1lton1an:. H=Il~+mto) ~'l.), 

Liouvillia.n: l=i.l\-1 (Ht- H't)=.[" ( k~l(- 11'tt.l'l.X~Pt' (J7) 

equation: 1t~Nt)=-~{~~X- 111.tU'l.l(~l') _\'}:Xpt), (JB) 

solution: y._(l<.pt ')(0 ~· t.;} = 

=(~t,)n!) lx-"o~- !~w-.w~ S(p-~.c.~w~+m<..lxosi.tuil-0= 

=~.,.tV'S (x. ~'·Yt- !ws\.n,.:n:-x~'i; (~<~t.l't+i1'twxs<ttw't-p~. (J9) 

. Here again the initial solution (16) was assumed. 
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Thus,in nll linear cases the Liouville equation in the Wigner re
presentation (PSR-2) and its- so-lution subjected to initial con.di. tion 
(16) coincide with their classical limits. IIowev-er, the above phase 
spac-e densities 92..0:rt;~ap0t~ permit us to get all the usue~ quan
tum-mechani-cal probabilities and other quanti ties (see pp.16-U below). 

jih!t_ cla§_§ical_limi t_ 1t _.::Q.i.n gene:ral _case gives the. usual 
c.lassica1 LioUvillian 

L =L =ilr1(1-1t-H"L) -I~H E.__<.H o\sfrL<iVo \ <4 o) 
c. lii=o lt,=o- \"ap "3x ox ofF-\m~x ox ~rJ 

(the last expression for the Hamiltonian of form (B)) and the ·Usual 
classical Liouville equation 

~s(xrt)=-=tt-1 (He-H't)lt.-oYft-~t)=-L:(~ ~x- ~~ ~p)S'<l(~t) (4l • .a) 
or 

~~(x~t,x, ~.t.)= it.-1 (H L H~~=J'(xrt,.:.y,t~Lij~~~ -~~~r.) g((rt,x.p.t.). 
(4l.b) 

Last expressions (42.a) and (42ob) ar~ obtained from the preceding 
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ones by the following procedure. Let S' (x, t', t 0 ) be an arbitrary 

initial function of x and p, then the general Cauchy problem soh'

tion of the Liouville equation (4l.a) is given by x) 

~ (l<pt)= e-<t-L~~(x rt.;')·i=e'"t\(xl't~e'tl,, = 
r ~1.. 1:L -d.,., -t:L \ ( \ 

=~\e ){.e \ ~ pe ; t.r=-~ :ll.()<.,p,t,t),p(l(,\',t•-t)~to1• (47) 

Because tc. is a f'irst order part!al differential operator.J the 
- '1:: Lc l(" ~ 'C l.~ -'t.L.,0 1:L, 

exp:ressi.ons 
1
e y "'>·}'Je.. and, in particular,e >t.e 

and e-"t"Lc.p e't: c.are functions (not operators), unlike general 

situation in quantum mechanics. This is clear from series expansi

ons in t:"""t.-to, e.g., 

X(x,p,t.-t)= x -<t-[L(:W ~"'-*~},x] +t LLJL"'x]]+... (4a) 

(each commutator is the ~oisaon bracket) xx) • 
Let us differentiate the last but one expressions (4J) and 

(44) with respect to t, and once place the operator ~~ on the left 
1:: x,o .... 

of e c._ and then on the right of it. The first way shows that 

~(X 0 7 f 0 1 "l ~to ) and f' (Xo 'Ji'x) t-to) are particular solutions of 

the Liouville eouation (41.0) 

~t~()'..,\'.,t-to)= :L"._:4(J(.o,\'o 7t-to), X-0<-.,t>.,O)=l\o, (49) 

'::Q._b(x.,p.,t-t.) = L"e.t(x.,~.,t-t.), lf'("'.,~.,O)=l'•· (5o) 
at~-

solutions (42,b), (4J),and (44) of eq, (4l,b) differ only in initial 

values. The same -is true for solutions (.4-2.a),(45)1 and (46) of eq. 

(41.a), the general solution (47) being ·constructed in terms of 

particular ones (45) and (46). The second way demonstrates that 

%(1..0 ,r0 ,t-to) and 'f(X.o,~0 ,t-t.,) are th-e general solution of 

the Hamilton equations 

l-~(x. p t-t ~ ¢1-\(J'.,\P) 'l..l'~ r, t-t~=- oH(:ll-,1\') (51) 
ot '., • ar<x..,p.,t-t.)' ot ., ., • ()~~.,l'.,t-t.) 

--;c;tor -;~. (41. b) with ~(x~t.)=t(X-'l<~O(p-p~ e "t"'C'q;(x-x~O(~-l'o)o: 

= .;tL"c. o(x.....;)S(y-~.)e:"12~= 0'(11.- e10 C"~.<i11"c.) S{p-~1·r.e-'tl'.\ 
and vte get the last expression (42.b). 

xx)This way gives easily the above densities (J6) and (J9). · 

xxx) Analogously for ll!. (X ,p,t0-t) and p(x,p, t
0
-t). 
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(and hence ~(xo,pa-,t-to) is the general sdlution of the Newton 
equations). 

The Liouville equation is a linear partial differential equa
tion both in the classical -.and quantum mechanics. The' classical 
Liouville equation is only of the first order. The integration prob-
1 em of such an equation is well known to ~be red.uced to integration 
of a set of ord:1.nary first order dif·ferent:l.~ equations (equations 
for characteristics of the Liouville equation. and also of the Hamil
ton......Jacobi one), 1. e., Hamil ton equat:tonf3 (51), the character1·st1cs 
being the trajectories (45),(46). Eq. (47) for the general solution 
of the cauchy problem of eq. (4l.a) gives a constructive proof of 
this theorem. Its usual proof in analysis is given in t"erms o£ impli
cit functions. 

In quantum.mechanics in nonlinear cases the PSR-2 Liouville 
equations contain, in addition to the first derivatives, the third 
derivatives with respect to p (and to x for general H's) as for the 
anharmonic oscillator ( V (~)= "'J"'l<~ + tJ<3 + 'P4

) 
o ~ • t • '(. n t,.'!'O:; \ fJ. 1>o t.._ a> ~1 ot ~0<\'t,l'o\'oto)=riii·n.-mw """" -,. ~)(··~·- 11 'O~.iT~\:'~"b~.- Xo~}j ~ 

(52) 
higher odd derivatives for other polynomial casest and derivatives of 
all odd orders for noripolynomial cases, e.g., ~or the Coulomb 

':;:',~"{ ~~ •• +i ... r1t i, n(f : )Jf. (5J) l~ Xo+ 2.. ~ Xo----:::;-Jj . .. . ·~ . ~~~ . 

A transformation into the x-representatiort reduces these equations 
to second 'order ones;) In any case chara~teristic manifolds are more 
complex than in the classicS. 

Determinism in the classics is explicitly demonstrated by the~ -
functioD.s o-f :Phase_ space trajectories (eqs~-- (42."a),(42.b). and (51)). 
In quantum mechanics in PSR-2 for the linear cases (see above) also 
formally there are trajectories (see above eqs. (JJ),(J6) and (J9)), 
howeve~, the variables x and p have meaning expectation values. 
Other cases (i.e. ,nonlinear· ones) in -psR-2 suffer ··train indeterminism 
(nonuniqueness of predictions): _.the initial phase space 0 -function 
(16) spreads out instantaneously, afid loses the· b -function form 
and positivity. Note that in classical mec·hanics the Laplace deter
minism (the phase space b -function remains a b -function al
ways) is also n·ot rea11.Zed·1n general. 

XT~~t y(?<~'") ~ -i:l.-' [-1;.2 A +T-2 .t{ + V (x)-V(•')] ~(.,'t). 
10 



Nonoperator reP.resentatives of the coordinate and momentum 
operators undergo the evolution similar to the above classical one:x) 

1 " f't :C't . -t't ~(xo,Po,t-to)=i\~«.,~ol'l>(t)i'l.o\>•> =<e Y-0·i=e Y: 0 € ·1 (54.a) 

-1 " . r r-.:- -r:-r: IP(x.,p.,t-to)= /1;0 (Xo\>oi!Plt)b<.o\>o)=e 'L Po ·i=e p. e ·1 (54. b) 

~~. ) 1 • -l"t" -X:t 1'<" . .... ,x,p,t.-t =1\-i(xplll-lt.-c)ixp)= e ~;i=e. x e. .1 (54.c) 

i~(x ,p ,t .-t )=1\\xrlht.-'l:)\xp)= e -l't p ·1 = e-1 't 1> e1 -c-. 1 (54.d) 
and also are the solution of the. Liouville equation 

~tll'(X.,p.,t-to)= t' ~(x.,p.,t-t0)•1= [t', ~].1, ~(X0,)'0,0)=X0 (55.a) 

~ 1)'\x..,p.,t-t.)= X: p(x.,r.;t-t~·i. = [t' ,IP l1, !i><x.,r.,O)=\'• (55. b) 

~t '%(li.,l', t.-t) = Lll>(x,\',to-t} i= LL,xli ' ~Q<.,\',O)=X (55. c) 

;& lp(x, ~' t.-t)= L p(x '" ,t.-t)·1 = tL, I' li, wtx,\',O)=p (55. d) 
although we cannot omit th·e units in last expr.essions (54) and (55). 
However, except for the l·inear cases the Hamilton equations are no 
longer satisfied. Incidentally, with tbe special_ Hamiltonian (8) due 
to the bilinearity of the kine'tic energy one can· write the first 
set of Hamilton equations =) ''( ~ 

o G \ -1 ( \ 'Qn~ 7 \l'1 lit" x.,~.,t-t. 1 = 1>1. IP x.,\'.,t-t.1 Ci\l'(x..,p.,t-t.) (56) 

in general (beyond the line~r case) not ~e secOnd one. 
One can suppose some meaning for the phase space density 

S (x- )\( (x., \'o , t-te))~(\>-li'(x.,\'.,H.~=l)(lt(()c,p,t.-t)-x~ o(\l'(_x,p,t;tH.) ,(57) 

however, it does not longer satisfy'·the L·ioUvi.lle equation. 
The functions ll'.(x.,p.,t-t0) and I'CXo,~o,t-t.) do not 

define 'J("j..ft,Xop0 t 0 ) So simply· as in classics, ?ecause characteris
tic manifolds of 'the quantum Liouville equation are of a more comp
lex nature .. 

~!~~~~-~f_±h~lef~~~!ah!_2E~~1Q!-t~E~!§~g!at~~~ 
!h~_£Q.Q!:di.~ te _2.E~~!~_in_ th~.Ji~~nb~g_:g!ct~e-~~ .. be wri. tten 
down as follows ·t,-1He -if.-iH{'l': 

~~(t)=e.' "tlY>.f(t.)e. = 

-=el<t r..e(t;;,eh = 

= uHc~,t~xe(t)Ut(t,t:)= 
· ='W-\t,t.)"e(-1:) W&,t;) 

---x~~-(54.a) and (54.b) are special cases of eq. 
also x and p are more appropriate than x and p ). 

(58. a) 

(58. b) 

·.(58. c) 

(58.d) 
(6) (where 

xx) o o 
The usual connection between momentum and velocity. 
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where 

ll-'\t)=-€'t;1H~ ~t.Ct.)e.tk1H't't=
= et't ':l't(t.) e-L'l:,. 

t

= u"tlt,t.):~-\-~:) u't-1Ct,t.)"' 

=\-r\-~:,t~:r-"t&.)W(t,t.), 

(5~.a) 

(59.b) 

(59.c) 

(59,d) 

~~t) are l~ft and right operator representatives of the 

Last expressions ~60),(61), and (64) are given in PSR-2. Defi~tions 
o£ x(t) and £(t) I I will be recalled below, ~qs, (58) and (59) 
are sol.-utions of the equations of type (2) 

" e t e. e £ e (\ c:lt~'t(t)=-±i.k1 [H"'-,"-'L(-t)], (1-r'-=H(,.t.(t),l\'t.tt~J (66) 

or of ones 
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(a simple cons~quence of eq. (66)); similarly, for eq. (60). From 
eq. ( 67) one can easily see how oonlmutato:rs turn into Poisson· bracl!etE 
as k ~ 0 (the transition .fs especially simple in PSR-2). 

Let us stress that e1uations of evolution (58),(59),(60),(66)1 
and (67) are valid for any Heisenberg operator, which does not e 
de[end expl.ioitly on time, i.e., one can substitute :t:.. e,t..(t)~f' 1\t), 
X ,'t (t) _, F t,~(t) there • • 

~tarting .w:t th eqs. (58) ,(59) or (66) one can wrHe equations 
of motion for ~t,-'L(t) also in Newton's form 

•• £ t :'1 
ttt.~"'-(t)=- f()ll. 'llt)J (68) 

or in Hamilton's one 

I £ .-, \-\( t "~) I £ 1-1( {_ 1nt) 3.,..0.'-(t)- u ~ ,.- _a l'"-(t)=- 'C \, r (69) 
<it 11>''-(t) . ' clt 0 ~"-(!:) 

with the nonusual in classics operatorvalued initial conditions 

~~ ) ±. ;_t. '0 lht( ) _i.t- '0 . '*- ,t. = "'• ~ 'll~o , .- t. =~· + Tox. (for PSR-2). (70) 
One can convert eqs. (68) with 1nit1al conditions (70) into the 

integral equation (of Yang-Feldman•s form )x) 
e t e 

14\t) ==.): '~-(t)+~Jt'G-~(t,t')V(~\t•)), (n) 
e t. 

where 'f.,. 'L(t) are interaction-picture op-erators, i.e., solutions 
o£ free equations (68) (or any other linear equations instead, e.g., 
the oscillator ones, proVided fJ in eq. (71) is modified according
ly). In particular, in PSR-2 

e 
~ t.lt) =xtt) ± i; ;Ht; + ~ Jt' (r"'-~(t,t•)"P('l-~(t.')), (72) 

t. 
where x(t) is the general solution of the free (or other linear) . XX) 
Newton equations in the classics 

x)See ref. /I. 24.c,e/ for another course o£ derivation. 

xx)The derivative S"jSt(t) in eq. (72) is only an abbreviation for 

~tlt) =(~t!D(t,t') -D(t,t')~v)~Ht') · 
However, when applying to funotionals of x(t), it is legitimate 
to take it literally. 
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x(t) = ~t_Dlt,t.;)x(t0)-D(t,to)x(t.,)=-)c:1t'D(t;~)j(t•). C7J) 

t 
For x.'L(t) in FSR-1 see 171, eq, (106), 

In PSR-2- the constant it enters in an especially simpl.e wa,y: 
£or equations (68) or (69) only in initial conditions (70); in eq, 
(72)' only as a coe££icient of 'bh 4(t). 

In the linear oases equation (72) (and (71) too) may be readily 
reduced t6 the classical one, e.g., for the oscillator 
p"'e,.._(t))= 'i\- ,_;e,'t.(t), According to the general rule, any (left or 
right) operator representative, being applied to unity, passes 
into its nonoperator representative: 

1\le,'t. i=lF , so that ~e,'I.Ct)·i:o)\((t), xe•\t)·i=xCt), (74) 

eq, (72)(and (71) too) reduces to its classical analog 

)\(lt) = Xlt) +'} ~dt1 C,..~(t,t')l\(t'). (75) 
to 

When ~(t)a"-~o.,po,t) in PSR-2 is found, then, if one l1kes, 
the op'erator :itself can easily be reconstructed as 

A. A A '\ 
jl. (t) = !'>'aM ~ (ll , \' > t J (76) 

and expressed in any representations (including PSR-2). This is 
true for any operator. (see Appendix, eqs~ (112)). 

One can obtain a solution o£ eq, (72) (and (71) too) by infini
tely.iterating it (seerefs.l1• 24• 0 •e/for a field theoretical example 
oorrespond:tng to an ~armonio asolllator), al~ the Neumann series 
being written down symbolically by eqs. (5B,c) or (59.o), 

Let us return to the phase space density, and point out its 
evolution in the interaction picture 

~~n.t(x~t)= /\1<.:>:- I' I~ "'''\t)lxp)=/\1*~>1 lJct,t.)~ (t.) u-1(t,t~\x\?= 
= vt(t,t.;w't-\t, t.)f\\x"lr tt.)\x~>=V-J(t,t~f,_cx.rt~ (77) 

Ut +i.t-
1
[ H£xltH.if ~5(t))- HrCll(t)-i.~ ~t(l))J1s~"\xp~=o (78) 

(see ref. /4/ for another treatment of this picture). 

Let us note that the Liouville equation (2J.a) (inclu
ding eq. (27.a)) may be written via the classical Hamiltonian 
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H (x, ~ );;;(\-\::_x~lsot"'- H(R ,p)lxt>) as follows /2/ 

1t s>,_lxl't)= -i;li.-1 
[ H(x.,p), S'i,<.x~t)]M, (79) 

where T ] M- i.s a, Moyal·· bracket 121 ( a genera.liz ed Po1.sson bracket) 
using some com.plioated nonassociative multiplication rule (see 
APpendix, eq., (114.a)), inherent to all the quantum mechanios/!. 221. 
However, the above Operator fO:rmalism '(of 'the left and· right repre
sentatives), seems more compact and flexible. 

~perator re_presentatives of the density matrix~ can also be ,useful 

Selt) =e:-i:t,-1Ht~ ~-e(t.) ~t.-1H~= e -h </Ct.) ~LT:, 
_ S'i.rtt \t )= :ue(t,i<>)elt.) ut-\t;~= w Ct,i<>)~fc.t.l W-1ct,t.) 

7 
~"-Lt) = e;.t,-1 H't.c f"'-(t.)'e -ik1H't.c =e.-!.:<: ~"-(t.)e:t'l:" ' 

(eo) 

(81) 

(82) 

l';.,t"'-(t)= 1Y"--1Ct,t.)\Jt.lt. Ylr'{t,t.) = WCt;to) g<t-(t.)W-1(t;t.;l, 
.t t ~ t. 

(SJ) 

(84) If "'-(t) =+ it.-1 [H ""7 f "-(t)]=- [L ,fr.Ct)], 
• . t . t . e. ' ± ' tt J flU: '!.(t) = + i.t.:-~ [ H~M '!.(t),I'Vlt '!.(t)] =- ce; (t),~OI; 't(t!J cas) 

and < 
)'(X~t) = 'J "- (t) •i. (86) 

The PSR d~stribution functionS y1 and·. 9 6 c~ritB.in total infor
mation. Expression (17) is, on the one hand, a squared modulus of 
t1>e amplitude OL(xpt,xoroto)=.()(pl ~~(:-ik1 ~'t") lx.p.) and, 
on the other hand, it may be considered as expectation values of 
the operators A 

i.t-t H't . i.;l,-t Ht . "'A '\• 
e.- ll\opo)<Xo \'ole. = · S'l•· pt,Xo\'otor 

A A 

e u,-tH-c I-Ap)<.xrle.-ik11-h: =: S'1(x.pt,x rt.): 

(87 .a) 

(87. b) 

in the coherent states \><\') . and \Xo )'o) , respeotil.vel;r. S:tmilarl.;r 

~-t.t.-1 Ht Ko1\ll.obo)<.xo\'ol ~l;'1 A<t-=S ~.., '?!!.(~rt,Xo\'oto)' (ee.a) 
~ ' A ' 

e.i.k1H't ~~.-11'A)>)<.xpl i'";.t;-1H't = S'.t"' ~!!.(K~t,x rt~. (88ob) 

When the fun~tion ~1 (,'ll \'t,xo poto)Cl. 7) (or ~!I. Q<.pt,Xo\'oto)Cl.S)) is 
known, we oan reconstr1:1ct these operators. :tn the .. above N-or?ered 
(symmetrized) forms. Furth~rmore using the completeness relations 
of ref,/7/(eq. (1)) we have, e.g,, 
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A A 

II e.-1.k1H i!® H e.>;k1 H-e-ll= A 

. lb\)tl<.~Jx~1~Y.tl>~t>1)~1!\x.~*"t.\U t\ 1(\~ \Q<~\€it,-1 H't' I~ . 
~!l(lr.l't,Xo~ot.,) (89) 

Henoe we can obtain a product of independent amplitudes (a •density 
matrix•) in any representation, e.g., in the coherent state represen-

tatio-n "' "' 
· :k1 H<t . · 1,-11-h: 1 (J q l~ 

<x~l'~le.-'- \x:;~"')<.x!l.~,._le"- \x1 r1)=~J x:r x."l'o 

-1 -i.l.-1H'tl .. ,,t 
ki.('l<t,tt,~\'">*\'\~fV f\~(xi\',.\~)Q<c\'o\'t.:»f;>(\1 t\o \Qq>le. Kolo/1,. 

S'9.\X~Xol'oto) (90) 
Other important formulas for density matrioes in terms of f~ and S'1 

A A 

ar(x I e.-"-~-1 H~ lx )<.x9.1 e.iJ,-il-{<t' lx,): A 

4 3 A ·t,-11-h· 
,.. <'1+ ~ ct(e -t.t.1

H'tl'l'-i_oc)<'l'+\a!l e.'- 1~-\-<l)= 
= 1 g.,.~J ~e.i.~cL~~ r'C1..'-r'a.'.A-1~-1I<'\tl~"-"k11-1t:l'l'r'>\~ 

(~:rrt.) S',.('lvt,'l'l''t.) (n) 

(similarly in the p-representation, see eq. (86) in ref./7/) and 
A A 

<t.le.-i:k1H't lt><w.le'i.t.-1 1-\'t"lwt.)==-
o .... A (92) 

• ~-11-!'t !1. 
r_?J ::-,f. (ro \M.f_ ra \wr.r:L '\eo I«'-I> I e.-\ IX.~ \ _ *-

= \.'bc1."/ 'OcL} \.'00.:1 \.'l~/ ~~~\0)\2. l(l\o~o\0)\!1 ~:_;~• 
where 1e.), lt'>,IM'), I WI} are the oscillator states, and directly 
the :function y1 ll\l't ,xo~oto) (17) is used. These formulas mean, 
in faot, that we can return from the densities y1 (17) and 5'~ (18) 
to the level of ampl~tudes (i.e., they carry total information). 
On the contrary, when constructing the densities ~A 

~(!<.t, X
0
1o) = 1*1 e.""'tt.-1 H<t- l)(o)]1 

, y (mt,l'l.~= ~lci'"tt.-lttlm~l~ 
S ()<. t,Xo\'oto)=Kx I Q.-U,-

1 H't b<o~.;)l2. 
<.x~ le-ik1t\t: \)(o)(x.\e.i.'k1Ht:(x1) or 

we lose some 1·nformation irreversibly. This is because a complete 
matrix basis is formed by lx><.x'l or im)(m'l , but not by IX)(X\ 
or lm><.m.\ (unlike IX!>><I<rl or A.- 1 \lt!>)<xrl). 

We can express the usual quantum-mechanical densities directly 
in terms of s> 1 and 92. without any reference to amplitudes, and 
that is demonstrated by the next formulas. We give the general defini-
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tions and then final results, obtained_viith eq_s• (JJ) and (J9) fo·r, 
the particular cases of the free particles (a) and the oscillators (b) 

·tc1A~ 1!2. ~l><t,x.v.t.)E\(xl~' "\x.r.::> ~ 
~(2~"/\.~dr~~(xyt,x.r.t.)=(h\A .II' f\1y1 Gtpt,x.p. t.)= . (9J) 

={ (:dr:[J~tCC't)]~:e~. rtii:"1 1:\t:)(Y.-)(0-~<t)~ ( ((..,)~\~~) C9J.a) 

(:r..1.f~ [J•tC(t:)] ~~"l'[-iit-\t:)(x-l(0<osi.Vc- J~ SLI'lW'l:J}, (9J. b) ., 
f( ~t ,x.~.t.:J"'-1 <rl i"u;-

1 
He lx.p.)\!1.= 

-=~~t)""·~ Jx ~2 ~pt,x.p. t.)= (~t;)" ~ clx f'(J1 (x I'V•I'• t.) = (94) 

-{0ttr~[JetA]-t e.J(r[-x-1A-\r-r•)!!.] (94.a) 

- (Tcl;yt (Je.tl\('t))-f €.1(~[-t1K\'d(p-~0CDS<V't+WmX.,SLI'lW't:)~, (94. b) 
~ 

~0<~t ,x.t.) ""l~rl e:-'t.-1 H't lx,)l!!. = 

~(2~~ti\}Jp.f2.(x~~,x.p.t.);~t)"~Jp.A~\'1 (xtt ~.y.t.;-,~ . (95) 

={(:itt.) 9. [..let((··dli exp[-tc1C\"t")(x-x.-.f.'t)9.j '~ . (95.a) 

. ('itj;).,:i [J~tt \i)r k Hp [-t,_-1 (- 1(:t)(_xcObW~-..\:._ sUot_w't -)1.~~](95. b) 
A ~w ' 

~0<rt, I'· t.!:::: l<l<rl e.-\.t-1 H 'l:" I p.)!2. = 

= l~t_"'-1\~ J~.~ 2. <•r ,y,. l'•t,) '\~t.l" ~ Jx. A -.,
1?1.(x r t,x .\',to)= (96) 

(96.a) = {<"-~;y: [ AetP..r2: e.~~[- t._-1 k1(r-r.Y'-] . 
('Jt t,p. [de.tA.l~ )lf exp F 1.:'11\~1(1:-)( pcosi.V't:+mwxsi.tt(<)'t-p~t (9'6. b) 

. -1i') 1'0-t,x.t.)"' !(xi e.-•t: n't'lx,)li= 

=l~~[~d~d~, ~2.Cxrt,x.r.t.)=(tr.~)2" ~J\' Jr. k 1 f\~1~1 ~\'t,x.r,t-0 (97) 

- [ m/ bl;(t-t~ r (97.a) - ]~ [111.w/ 2.:Jd;.s\.,.wlt-t.) . , (97. b) 
x Equation (9J.b) corresponds to the Kennard nonspr.eading wave 

packets with the oscillating dispersion C(~ ) (99) urilike infinitely 
growing one in eq. (9J.a). 
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" ~(j>t,~oto) = 14\e.-ii;.-11-J:'t-1~.:.>\2. 
"'~~Jx~~rt,"•llilo)""'(,l)tn~J"'Axoi\\"~~J:"-~t,'A.\>o~-= (98) 

,J ~Yhs{t>-~~ -1\. ( V ""' \<k.=V"' =oo") 
~ [21ttMWSil>I.U(to-t~1 , 

(98,a) 

(98.1>) 

where, e.g., c-1x2 = cc-2)ijx1xj, and in expressions (b) 

~h-) ., J,. c.os\.lt:+ k'1 .,.<LJ-w."-r.u<t , (('t )=kto~NA h1:; · (99) 
The densities (97). and (98) are calculated in tems o~ .f'L(ll.pt,ll.o\>oto) 
as if we calculated them in classics, i.e., s±mply integrating over 
variables of no interest. In the same way one can calculate 

l<xle.)(p(.-it.-1 Ht:) I ~·>1 1 and I <rl e.xr (-1.};-t At:) \Xo)\2.. 
The quantum-mechanical densities (93)-(96) were calculated by apply
ing the Gauss transf'orm.ations 1\ or Ao to the densities 
~ 1 r 
~ ll<.t,X.,I'oto)•('l:~tl;'l"}Jr ~t()<.\'t,x.p.-t..,)= l>()l-x.~ -~st"W't), (loo) 

Y (l't •"'•l'o t,),..~!t.)"}Jx y,_ (1.\'t,X.\'oto)-=-'b(\'- p.<os~'t+WH.vXo Si.hc.!e), ( 101) 

Y"l"'rt,x.t.)• {t.!t.Y"\ J~. y._(l.rtr•r•to)= ~(xe0w't- ~s.~l<)t"-~' c1o2) 

~~" t, ~·to) ""Ct~)" \.1 x.S~ .. ll<.rt,r•to )= b'(rc:.osw't + 111wx~~t<1t- 'r~ c1oJ) 
the latter expres.s1ons corresponding to the oscillators (with w = o 
we get the free case). 

In addition to examp~es o~ S''L{)<tt,X.~o"lo)on P• 7 we give examp~es 
of S'1{X~t,Xototo) (17) and Ustr1but1on functions in mixed repre
sentat.ions: the initial density matrix ,~;:;,1 \x,~;)(x.pJ( IXoto)(XotoP and 
the ~inal one lx~)<l<tl ( l\-1 1r.r><x~l ), i.e., nth the initial condition 

K1\<.x~lx.t.>\t = f\~1 l<.x~lx. ~~lt.=:t' e -t.-1{1\Cx-x.t+.l\
1
{1'-t>·r) c1o4) 

Free particles. y1(1<pt,x.t.t.) ={ .kt ((k1+f>.~~~A]r2: · 
. ""r{-(ii\Y"~[Ck-1+A,:.J\x-Y..-~'t)'-+k1 (~-t.Y1! , c1o5) 

i\-1.1' il-\>t,Xo\'o~=A·o ~,_txpt1X.\>ot.)=k 1j <x 1> I e.-it>•lh: lx, ~.)\ 2. = 
=2."- E.xl"{-1i-1 [A.(x-~'t-x,) .. +k-'(l>-l'o)'1-J3, (106) 

"~1~1~t,X.l'ot.)=l\y,_(1.\'t,X.~oto) = /\;,1j<x!> I<!. -il;~l At- \Xopo)\'"= 
~::t.""e."~<r\-t,-1 [k(,._x.-*t:~'"+A- 1 (r-r~'L11. Clo?) 
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