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I. For scalar field theory it has been shown/ 1/ that the 
usual light-cone expansion 

RT(j(x) j(0)S) ="' 1 Fn102 (x 2,/)R(T0
0 

nS), 
n1,n2 I 2 

~ n1 ~ n2 -I On1 n; f dq 1dq2(xq 1) (xq 2) (n 11 n2 ! ) : ¢(q 1) ¢(q 2) : (I) 

F 2 2 1 a n l a n2 x-prop 
n1n2(x,µ) = N(Tx~) (diii;") Fz (x2,xqi,qiqj) I 

xq i =-0, qiq j =µij 
(Fe are the coefficient functions of the renormalized product 
of two local operators j(x) : RT (j(x) j(0) S) = 1+ 1 _L fdq 1 ... dq 0 x - e, L 

xFf(X2,qi,qiqj):¢(q1) ... d>(qp): ; R,R denote R- opera-
ti9ns/· S , S - matrix; x light-like vector corresponding to 

/12 2 b . . ) . d x ' ; µ , µ ij are su traction points exists on a ense set 
of the Fock space only. This means it is not a true operator 
identity as it should be. There may exist states for which 
this identity is not valid. On the other hand, the so-called 
nonlocal light-cone expansion - proved by S.A.Anikin and 
O.I.Zavialov[2,3]-exists as an operator identity and is there
fore a more fundamental quantity from a theoretical point of 
view. The simplest form of such an expansion reads 

I I 
RT(i(x)j(0)S) "'fdlqfdK2F (x 2,K 1,K2) RT (O(K1,K2)S). 

0 0 ~ _ 
.O(KI ,K2) =fdq1dq2e iK1 xq1+iK2xq2: ¢(ql) ¢(q2): (2) 

2 1 - ~ -i( Kl ;'q +K -;q ) 2 ~ 
F(x ,Ki ,Kz) = Srr2 fdxq1dxq2e I 2 2 Fz(x ,xqi,qiqj)! 

qi qi "'/lij 

Here as new inter~sting objects the nonlocal (light-ray) ope
rators :¢ (K1 x) ¢(K2X):are introduced. It is important 
that these operators are very similar to local operators. They 
need special subtractions and have nontrivial anomalous dimen
sions which can be related to the anomalous dimensions of the 
operators :1xa)n~¢(xa)n2 ¢: /B/. This is in contrast to the 
operators </, (x1) ¢ (x2 ) which are well defined operator distri
butions (without additional subtractions) as long as(x 1-x2)
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2. In gauge field theories there exists up to now no proof 
of the light-cone expansion of operator products. Nevertheless, 
N.I.Kartchev has derived a local light-cone expansion and with 
the help of Slavnov-Taylor identities he was able to sum up 
this local expansion to get a nonlocal light-cone expansion/4/. 
The same result can be obtained easier if we use the following 
representation of gauge-invariant operator products (for 
axial gauge conditions) 

x-prop. . _ y 

RT(j(x) j(0)S) = fdyl dy2lrs(X.Y1 ,y 2): t/J r (y 1) P exp(-ig f A.µdxf) rj,s (y2): + 
. YI Y2 (3) 

+ fdz1dz 2IIµ,,,(x,z 1, z2 ): F µp<z1) P exp(gf A; f adif) Fv/zJ : + higher tErms 
Y2 

( Irs, Ilµv are arbitrary coefficient functions fa,. (f bac), struc
ture constants of SU(3) ; t a, matrices of the fundamental re
presentation; 'Pr,Aµ=A~ta, Fµ,,,are fields of QCD). For simpli
city we choose a straight-line integration path. As subtrac
tion operator we use the light-cone subtraction operator ma 
( a:;£), integer) 12, 31: 

a 00 

m e~ [,dy~ .. :.dyf Fe (x,yl , .. :,:Ye): cf,(yl) ... :¢(Yf ): 

00 a-f+ s -4f+s X . Y· 
'"'

0
I M · u· f dy1 . .-.~y n F,, (-2,-...!.,): cf,(y1).;;cfX_yn): s>0 integer L=2 ' L L U· U· l. -• 

d d 1 a k x for u..o I I 
Mu· f(u) = I -{-) f (u) I , Xcr=-· I • , see ref. :2,3 • 

k-0 kl au· u:O x for uzl . 
By an application. of ma to objects of the type (3) this opera
tor acts in fact on the input-coefficient functions Irs, IIµv,•·.-: 
only 

- YJ 
,ua f dyl dy2lrs (x,yl ,Y2): 'Pr (y I) p exp(igf Aµ~xµ) rf, s(y2): • 

a-2d +s s-8 x y. Y2 YI 
= Ma· f dy1 dy2u· I rs</··,~-): if(Y1) Pexp(-ig f Aµdif) ¢s (y2 ): 

Y2 

( dr,(,"'i;-is the canonical dimension of the spinor field). This 
can be seen easily by expanding the exponentials and by an 
explicit treatment of each operator expression. To avoid 
infrared difficulties we use this subtraction operator direct
ly in momentum space at shifted subtraction points 

fd d -Hq1Y1+ q2y 2l M a-2d.,.+s s-8~ ( Xu. Yi ) 
Y1 Y2 e 'I' u· .:., - • --· '"' . u· rs u· u· 

~ ~ X M a-2dy,,+ su'!'l (~ .• uq.) ➔ M a-2drf,+ s u·sl ( ..=2'.:,, uq.) 1 · 
u· rs u· 1 u· rs a· 1 

2 2 u· q.q. ➔ u (q.q.-µ .. )+µ .. 
I J l J IJ lj 
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This can be done without complications because the Slavnov
Taylor identities have been taken into account from the very 
beginning and the coefficient functions Irs• Ilµv are really 
not restricted by such conditions. Using the well-known tech
niquel2/ the following nonlocal light-cone expansion can be 
obtained (.o,,='I) 

RT (j(x)j(0)S)-::1.I /.dK 1<k2 Fi(x 2,Kj ,µ 2 , RT(0i(Kj)S) 
1-1, 

KI 

0
1 

(K;) = : if (K 1X) P exp (-ig f A if dr)t/r. (K 2x): 
I r µ S 

K2 

- KI a a -µ -
0 2 (Kj)=:Fµp(K 1x)Pexp(gfAµf x dr)Fvp(K2 x): 

whereby the light-cone ci~fficients are determined by the 
coefficient functions of the functional (3) 

F = 1 fd- d- -HK1i"q1+K2XCJ2)M4-3i c2fz;.. uq.)I 
I ~ xq I xq 2 e a· rs u· • 1 

u2qi qj= µij 
1 - - -i(xq1 K 1 +iq2 K 2l 4-4 Xu . 

F2 .. ~fdxq1 dxq2e Mu ITµv<-;-, uqi11 
u q iq i"' µij 

(4) 

(5) 

(6) 

The corresponding local light-cone expansion takes the expec
ted form. It contains the operators: (xD*) n 1 rli'(xD) n2rf,: , .. : .. 

3. As fundamental operators there apper generalized non
local operators of the type (5,6). They have to be understood 
in the sense 

QI(KI •~) 

00 KI r1 r l n- a I a 2 a 
-I f dq fdr2 .. .-f dr t t ... t n . 

n..O · n aa 1 a1a2 a 1a 
K2 K2 K2 n- n 

x: ¢a' (K1 x)(-ig A8µ1 iµl) ( Tl x) ... (-igA a xµ)(r. x) rf, (K 2X): 
I µ· n an 

This means the P-ordering acts on the variables and the group
theoretical factors only. The quantum field operators are 
orderd by the Wick product. Of course vacuum expectation values 
of such operators are zero by definition (This is very dif
ferent for Wilson-type operators which have not the character 
of external operators). These operators can be directly rela
ted to the usual local operators 

- n1 -· - n 2 d n1 d n2 - - KJ ~ - -: (xD*) tjJ(xD) tjJ: •(-) (-) :tjJ(K 1x)Pexp(-igfAµxµdr)t/J(1<2 x):I, 

D ,; Dµ;,o a!µ + igAµ.: 
<k1 dK2 K2 

Ki= 0 

They are direct generalizations of the nonlocal operators of 
the scalar case, they have nontrivial renormalization proper
ties and have additional anomalous dimensions. 
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4. Light-cone 
scattering. Here 
ly/8/ 

expansions are primarily applied to forward 
all expressions are simplified considerab-

<p I RT (j(x) j(O) S) Ip>,,,_ f <k_!, <; (x2,K_) <p I RT(Oi (K 1,K 2)S) Ii»·, 
1 (7) 

C; (x 2,K_) "'2f<k+F (x2,K 1 ,K 2
). K± =K 1 ±K

2
, 

Because of translation-invariance the matrix elements 
<p !RTO,i,(K1,K2 )S!p>. do not depend onK+ so that this inte
gration can be performed separately. Correspondingly in local 
light-cone expansion it is sufficient to take into account 
operators with n1 =O, n 21'0. If we consider the light-cone 
expansion of the product of two electromagnetic currents, then 
the expansions given above are kinematically more involved 
and a~ opE;_ra;ors_ there a~pear _Eor exampl..:: ip Aa y µ xµ (xD )n-l y: 
or: ifj (K 1 x)A Yµ xµ Pexp(-1g f A xµdr) r/J (K2 x) : , A a flavour 
matrix. The anomalous dimensions of the local operators are 
well known for forward scattering/6 / flavour octet fermion 

I 
operator: 

F g2 .:! l a a 
Yn,. -g-2'CN (1- ( r;+ 4.:£2 ..,..), ors CN,. I, t t .. 

TT n n+ 1= J a (8) 

We want to calculate the anomalous dimensions of the nonlocal 
operators O i (Ki) using standard methods o_f QFT. For simplici
ty we substitute the correct action of the operators ma and 
~- in the course of the renormalization procedure by the 
treatment of the divergent quantities only. This means we ap
ply dimensional regularization and look for the pole terms 
only. Furthermore our calculation is performed in the Feynman 
gauge whereas the important representation (3) is proved for 
the axial gauge. For the leading operators this brings no 
complications. If nonleading operators are taken into account 
one must be more carefully. For the explicit calculation of 
the Feynman graphs, we have to take into account the operator 
vertices (Fermion octet operator) 

~p 

-p+\,.2 

a~ 

d 'a - igt /\ y µ 
-i(p-k2l ;K2_e-Hp-k:/vq -ik1 ;Kl +ipK2; ~µ e ___________ e 

X --- -
(k2-P)X 

xµy Aae-ik(K1-K2l ;+iqKI-; 
µ 

additionally to the usual Feynman rules. Then we get expres
sions of the type fdq e -iK_ xq [ q 2 +M2 J-2 q xµ , .... · Because of 
the light-like character of x such integfals can be calculated 
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using dimensional regularization. In this way we get the fol
lowing result for the anomalous dimension of the flavour octet 
Fermion operator (for forward scattering) 

~F ~ g 1 + Z 2 3 F 1 ~ K , y (Z)=----[ ---+-o(z-1)], y (K_,<)---yF(-=). 
4772 (1-z) + 2 K_ K_ 

(9) 

The anomalous dimensions of nonlocal operators are defined 
quite similar to the corresponding definitions in the local 

-1 := ren,IPJ = unlPJ 
case Z2 fdK_:Z(K_,<)(r/J(p)O(Ki)r/J(p))(K_J =(rfa(p)O(Ki)r/J(p) (K_), 
fdK'Z(K,K') y(K',r )=-11 t- Z(K,r). Eq. (9) coincides 

with the expression given by G.A.Altarelli and G.Pari
sin~ Their results are obtained by physical intuition 
about transition processes mainly. Here it comes out that 
these anomalous dimensions belong to nonlocal operators. In 
fact all results of ref. / 7/ can be understood clearly on the 
basis of nonlocal light-cone expansions. Explicitly this has 
been shown for scalar field theories/a/. 

For important remarks and connnents we thank E.Wieczorek 
and V.A.Matveev. 
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