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1. Introduction 

In papers of Lehmann and Honerkamp et al. 1-2 the elastic 

scattering amplitude has been found for maseless pions in the 

low-energy range ( ..J;f"' L:. 1 GeV) within the chiral quantum field 

theory. Since at the threshold energies it is rather important 

to take account of the finite pion mass,the problem has naturally 

emerged of extension of the previous results to the case of 

massive pions. This problem has been solved in our paper 3 

The expression we have obtained i'or the pion-pion ocatte-

ring amplitude has turned out to be rather suitable for calcu-

lating scatterin" lengths and el'fective-range parameters for 

partial waves. In the energy region 0;{,_s',cf!1f'these partial waves 
!r 

satiety all rigorous inequalities obtained from crosaing symmetry 

and positivity properties due to unitarity 4 • That these cene-

ral requirements on the ~~-scattering amplitude are fulfilled 

innirecty, proves the fact that at low energies ( fi' <<~'iff;, 
=92 J.!e V) the first orders or our perturbation theory 
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expansion in powers of the parameter i/f:. do contain the 
T 

basic information on the Sf»" -scattering process. 

To start our consideration we briei'ly recall the most im

portant principles of chiral quantum f'ield theory 1-3 : 1) The 

base of the theory is the chiral-invariant Lagrangians, therefore 

the theory in the Born approximation satisfies the low-energy 

theorems of current algebra. 2) In this theory the use is made of 

the perturbation theory expansion in the dimensional parameter 

~; at energies considerably smaller than 't'ii 1-; ::-J,2f/ev, where 

f;, is the pion-decay constant. This energy scale arises natu

rally in the chiral theories 1-3,5 • 3) In calculating higher or

ders of the perturbation series expansion the superpropagator 

(SP) method is used i'or regularization of the divergent diagrams. 

By this method, for removing the ultraviolet divergences of the 

diagrams it suffices to exploit the nonlinearity of chiral 

Lagrangian. 'l'he SP regularization is achieved through considering 

the whole set of two-particle diagrams 6 • 4) In constructing 

the superpropagator a chiral-invariant method is employed for 

summing all the two-vertex diagrams. The method is founded on 

allowing for all possible reductions of matrix elements correspond

ing to contractions of some lines on diagrams and decrease of the 

number of vertices. This occurs due to the presence of deriva

tives in the interaction Lagrangian. Taking into account of all 

possible reductions allows one to obtain the results independent 

of choice of a form of the chiral Lagrangian (in the limit Jn,-=0 )•}. 

~> A detailed analysis of this technique can be found in 
papers by D.V.Volkov 1 , J.IIonerkamp 8 and V.N.Pervushin 9 • 
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2. The y;-w- -scattering amplitude 

Here the necessary results of paper 3 are listed briefly. 

The scattering amplitude is defined in the standard way 

. 'JC'f . I ·; Jitrfi;J; <1111 tJ t3 t;,) :=: fl('J'ii (J lj1Ji-jJ.z-jJ:;-jJ~t)X 

[
I \ /i . r '\ . . ' \ t1 . (1) 

x "t ·vi, n'(,S:t,t~J +at·· i tJc. • /l(/.~ti) .-t),,· Pi i fi(tl, t,.r) 7 , 
J',z .l 9 J J Ll~ 'J f .l 3 ~ 

where ,..J' = (jJ; t-jJ.z):/.
1 

f =(frf's)~ u ={A-f'"J{ I the unit matrix, ~j _ 
the Kronecker symbol. 

In the one-loop approximation (i.e., all the baryon and 

pion loops are considered to the 1 I F.~ order of' perturbation 
1T 

eerie s expansion) the function /1 (j', f, il) has the form 3 : 

/1/);l,u) = lEot. (3 r;--i) -f X ,z rr/~ f ii) (2) 
3.1'ilr ;l c r' .Z OC" II ( I" 1 1 

17()', i, tl) = ./1 ~-e '"13( i-<~iF') + C'7 -r JJ - .:f( ,J)(3,~- :t).t-
()) 

- J( t1 )j3(il-.t}(tl-lfu J- :1]- J( i)/3 !1-.t)(i- /i) rS t-1 ], 

where 0m-t ,. r~ (f = ~ t, tl) 

/1 = 0. c 3 .· ;3 .= .Ul S · {' = 3 · 2 = - .I ·-, I I 1 / 1 -...J (4) 
.J/x) = l - i. E(ix)lz /'(~tJIYJutJ 

~ t /Y~h~~J 

f 
!:f t1'U lj j'-t 

::: ~ /--t?i -rfit £4.} 
.I-!:I 

3;,; t~t ff_ d 
_!:f-1. 

(Relation (5) has been derived in Appendix of paper 
I 

0 <X < i ; __'I== ( 7_x - t /12 
,X:>t . 

; !J::::(t- ~f/z 
X <0 

(5) 

10 ) • 

The i'irst term in eq. (2) is the Born term 11 , the second 

one is the loop-diagram contribution. At energies much smaller 

than It r;;-1; formula (2) represents good expansion of the 

~s;- elastic scattering amplitude in the small parameter o(: 
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.i (.l:!!YL ) t - _L 
de ;:;:. 3 2ffP, - .1.03 (6) 

). Scattering lengths 

Following paper 12 let us introduce the nota~ion 

/I(n) == /) I?Z .i... '?'t hI/ <T) {7) cx..e £' Mt ,.., -n e I~" ,s·-.. t "Z .,r 
()('Z/uj= a- I . ot'ro>= !I . d If~)= C.T {B) 

e e' e e 1 e e· 
where L 

lt/f,f)= -£-e ft~x?elxJ7'r(,sr,xJ. (9) 
T .2(;1'-.1.) tit.. I I 

Here a' e are scattering lengths, !e and {'e effective-range 

parameters, TIthe amplitude in the channel with isospin I, f'etx) 
the Legendre polynomials: 

/T = !£,(. /..I + y o(.t./li 
.zca :t" · 

(10) 

~·· = -f(..J,f-f). 7 1 = 3(i7 -1)X 13 r ~ 

2 
~ = - ( Jff -1) . { 11) 

/7 ° = (l !J r 3/l)jZ f (t,~ r./lf,j-1)2(ff,t2) fj' ('ji f (' rs-2)- <f(.!,f-1)~ :/(,.f)-./.t tJ.Wh), 

/11 = (J3 -..17)()'- i)",t r ('(j-.t),t - 3(,f-.1.l )' J(,i) r .(' (;! ff'!.K); 

!l1 = .LB,F +(8 ... /l}f,f-.tf(i•x-t;_ t,i' .,.(' 1.<:0- (3,"§-J):ft:s'J -CC1:.rfxf.12> 
2 

C'txJ=J(t/-tl'tjfo;;--IJ1sf~'t!f- t;1 ~ri-tJ/s(t;/t-1}, 
c(jkt; =.1f-fi'-t/~'1ft·JJ1t!~dl 3 ~-J~.s/J'-JJ/ j;:( ·J' J- :1 J, 
C11

(t)= :/ffj,·/f;~)/J1·!Jf?!~1~ t;? ~(,ftJ/J 1;x ~t} r 11. 

{13) 

Making use of the formula . 

..t. f.; P;·;(X+~)f = ~//" {14) 
2 ,} ' X e X :Z / (.2 ~.-j)! 

we obtain the-~alues for scattering 1engths and effective-range 
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.~ 

parameters presented in Table I • 

For f ~ 3 the above given formulae allow one to derive the 

following simple expressions for scattering lengths 

a/ =(zt~t)(1tlr1)Ze 

a/= .t.r~tt't-,t!-J)Zt 
3 ' 

a;= (itf~r3frg)zt 
? 

:Zrt-1) 3 
Ze =3fld/ .Z /'if'nJI'/t-.zJ<15) 

The values we have calculated for scattering lengths(given 

in Table I) are in rather good agreement with known experimental 

data 12,13 and with the results of phenomenological approach of 

Palou and Yndurain 12 • Their model uses the Froissart-Gribov 

representation. Table I also lists the calculation results cor

responding to the choice of parameters of their model which gives 

the value ct; =0.15 (see Table II in 12 ). 

All the scattering lengths for /!>:. 3 obey the inequality: 

a r £ ar (1--tJ(t..tJ (16) 
C"r.Z - e If (2('13)(;('.,-.~-) 

obtained from unitarity and analyticity of ecattering amplitude 

in papers 4,14 • 

4. The ff 0 f7 6
...,. Yi' f:"' amplitude in the interval 0 ~ S.: 1 

For the ?i"Yiq~~·li• S-wave 

;:·(,?) = l":fifJ.x[Jl!;;l,u);./?(tJ,u) r/i(uJ;S')j {17) 
7 -t 

in the interval 0 ~- ~ ~ 1 A. Martin in paper 4 has found various 

rigorous inequalities ~rom unitarity and crossing symmetry. To 

recall, let us write down these inequalities: 
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1) ja''Jr~:; J < }: <>-' (l) , cH ,r· £ 1 

2) clf/,rJ'J . O!J-s :I£' 1 
d, - /' () . ,-

. ·.• JS' 1 , 
3) j""u) ~ .2 r f/( ,f)c/,i; 
4) .,., ,.,.4~ j."( 3 J.!J) 

jo (t>J .>j, (~·(f•~'T}} ~ • '"'-;{ ' 
5) cl~::·i} < 0 . (} ~ ;;; ~ f,.l!f,/f 

6) c!j.,"'(;iJ 1,7/ ..-. ;:y .c f, 7tr ~-- > (J. /f - /j - /f 
d,f' ' 

7 > J/-'r , .. h') :> ;/-'('1;'1) .> ;;.····e 3£>) 
¥ 

( 18) 

The direct calculations show that amplitude (2) obeys all the 

above inequalities. Our subsequent consideration makes it easy 

to see this. 

Our amplitude in the range 0.!' ,s" :( f is well described by the 

approximate formula: 

Jlr>J v) = {.x;.lif-1) + J.x; j/1)'2r/5(fL+il.l) + {' § ~ 2J J. ( 19) 

Hence, 

j.,oo(,JY} ~ f.x/[O!JI-/l}{j-~~-l;j1r.Z}+J2J r{'j (20) 

It is quite easy to check that the parabolic function 

j..''~(,J;:;) = j3(S,?~-~j' r.Z) +J"' (21) 

obeys conditions (18) for arbitrary )3 ;.0 and { • Thus, to ful

fil the !.!art in inequalities ( 18) it is sufficient to require that 

the inequality 

holdR. 
1i3r..f1 >0 (22) 

Since the condition(22)~fulfilled (see ~ormula (4))the Mar

tin inequalities (18) are satisfied. 

5. Conclusion 

The performed here analysis o~ the ~9.r scattering amplitude 

calculated in 3 completely proves the validity of perturbation 

theory even for strong interactions in the chiral quantum field 

theory at energies much smaller than the energy scale If~ 1; - ~2C!I!'V. 
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The information on the scattering amplitude contained in the two 

first orders of perturbation theory ( Yr.t and 
1/;;,'t } quite cor-rw lO 

rectly reflects all properties of the amplitude resulting from 

the very general assumptions 4 • The values for scattering 

lengths and effective-range parameters calculated in this appro

ximation are also well consistent both with tha known experimen

tal data and with the results of phenomemlogi.cal description of 

the ~9.r -scattering amplitude, 

Ne would remind here that the value for the pion form factor 

we have obtained in the same approach 5a is in good agreement 

with experiment in the threshold energy range, as well. Besides, 

the pion radius 

v< '( 2 >y;' "- o, 6.!" fin (23) 

is rather consistent with recent experimental data 15 • Correct 

results have been found for the pion photoproduction and their 

polarizabilities 5b 

In conclusion the authors thank D.I.Blokhintsev, V.A.Meshche

ryakov, Yu.V.Parfenov, V.V.Serebryakov and D.V.Shirkov for 

fruitful discussions. 
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Table I. 

oti~ Experiment Our values Values of paper 12 
e 

a/ [o,iO; (1.60J o,ts O,ftf r o, o.z 

a:~. c [· OJO, -01 03] - 0, Olt2 - ~06'5'" t 0, 0,2!! 

af ro.O.JZ; 0,0¢0] 0,0:31 0;03't.ft 0;0036' 

8/ f,f't·!0- 3 (t,07 t o.:n)· ;o·· 3 

C('! 
" 

[1_ 't 1tF~1,8 ,o-3
] f,S'S ;cr3 (f/it'z{/,08') ·10- 3 

a~ 
~ 

[- 2 !0-'t/ 3 ;tJ ·it} 2,E·~trtt (- 3 t: 2) ;trS' 

g; - i,OZ · ttr If (3,Ft t,i) · ;o-s 

Bf -.s; 1 · 10 -s (-'t,'t! 1,1) · ;0 -s 

ct .2. ;o-s (1,13!: 0, 36}' j(} -r-> 

cz i,O'f· 10-s (i,Z7t0,36) ,o-s 
I 2 

a; 1,33. 10 -s (s_g t o,~o. !0-~ 
I 
! 

do 

" 
5 · IC -6" (-t;8i0,8') ,o-6 

J. 
ct" 

1. !0- (; (1,1 NJ,2) · /tJ - 6 
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