


I. INTRODUCTION

The intensive development of the inverse scattering method
(1sM)’1-8/ has led to the discovery of a number of integrable
Hamiltonian systems/7—12/, For many physically important nonli-

near evolution equations (NLEE),such as the Korteweg-de Vries
eq./1.7/, the non-linear Schrddinger eq./ 289/ the sine-
Gordon eq. 3,10/, there have been found and investigated the
classes of soliton solutions, the infinite number of conserva-
tion laws, the Bicklund transformations 4/,the explicit form
of the action-angle variables (see the review papers/35.12/ ),

The study of a class of NLEE related to the one-dimensional

Dirac system

0 aq(x)
| ¢' (x,A): '\'l’(xv)‘)

. d
st r(x) 0 (1.1

revealed the importance of the integro-differential operators

At (see refs./2.4 ) and their eigenfunction expansions/&13J44
. d (q) oo
=i [g. - ) d - .
Ay 5 Lo, a +24, e xf y(r.—q)(y)] .2
/18/

The spectral theory of the operators A+ constructed in ref’
enables one to justify the interpretation,suggested in ref./3/,
of the ISM as a generalized Fourier transform, which
linearizes the NLEE /18/, Another important feature

of the operators A+ is that they generate the
hierarchy of Hamiltonian structures for the NLEE /18,17,18/,

There also exist, besides the NLEE, a number of physically
important difference nonlinear evolution equations (DEE). An
important example of a completely integrable DEE is provided
by the Toda chain/1V/, Some other important DEE are related to
the discrete analogs of the Dirac system (1.1) (see refs/19-22/
and the review paper/5/ ). These papers contain the discrete
analogs of the non-linear Schr8dinger eq., the Korteweg-de
Vries eq., the sine-Gordon eq. and other interesting DEE, and
discuss Backlund transformations, conservation laws and
soliton solutions.



The main result of the present paper is the proof of com-
plete integrability and the construction of the hierarchy
of symplectic structures for the DEE, related to the simp-—
lest discrete analog of the Dirac system,
E a(n)
v(n+l1,2)= Y (@2, r(n),q(n) ~eee0."
. 1 (1.3)
tm {n]sw

In sections 2 and 3 we give the necessary formulae from the
spectral theory for the system (1.3) and for the discrete
analog of the operator A; related to (1.3)
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h(m) = 1-q(n)r(m), 2: =% , 3. = X . (1.4)
k=n
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N 5q(n) . . . \~r@
variation ggdw(n)= sr(n) in the eigenfunctions of the ope-
rators As, which allow us to obtain the description of the
DEE in a somewhat more general form (section 4). In section 5
we prove the complete integrability of the DEE related to the
system (1.3); we construct the hierarchy of symplectic struc-
tures and calculate the action-angle variables explicitly. We
also briefly discuss the possibilities of the quan}ization
of these systems with the help of the quantum ISM /28/, Final-
ly, in section 6 we consider two important particular cases
of DEE and discuss the transition to the continuous limit.

We obtain the expansions of the potential w(n)= and its

The authors acknowledge helpful discussions with E.Kh.Khri-
stov and A.G.Reyman. :



2, Let us start with some known facts (see refs./19-20'22/)
from the direct and inverse scattering problem for the system
(1.3) provided the potentials q(n), r(n) tend to zero fast
enough when n-+t e, and that

0< T [1-q@m)rm)]<e. - (2.1)

=00

Then the Jost solutions |/:i, d;i of the problem (1.3) are uni-

quely determined by their asymptotic behaviour for n -+ tw :
J 1
Hm zn|/;+(n,z)= 0) , limz n.ﬁ (n,2)= ,
n-»co l n-»oc N 0

- 1 (2.2)
lmz " ¢ (n,z) = ( ). lim 2°¢"@,2)= (0 )
n=o0 0 b =00 -1

: . +
Both pairs of Jost solutions ¥~ and ¢i form fundamental sys—
tems of solutions of the problem (1.3); they are linearly
related to each other:

+ + 3 * ks
s @D =ta* @y T 02+ b @y M2, zl=1. (2.3)
The coefficients a*(z), bz(z), may be expressed through the
Wronskians of the Jost solutions

S @=We Lyl b tWyF. g%,

WS 61= V(b 0y =6 39,) 00, 2.
Ve = . b ®=1-90r0.

They satisfy the "unitarity" condition for |z| =1
g a"@+b b7 (z)=V, Valim V@) (2.5)
N*=—oc

The continuous spectrum of the problem (1.3) has multiplicity
two and fills up the unit circle 81!(|z|=1). The discrete
spectrum A~A'UA~is located at the zerces of a*(a):

hd + +
A slzji: a"(zji)=a'(-zf)=0, |zf|j‘< 1, j=1..N il. (2.6)

Here for simplicity we assume that there is only a finite num-~
ber of eigenvalues zy,and that N*%=N"=N. Note also, that if



(2.1) holds then uinz)z" ,¢'(z)z2™, a%(x and ¥ (22"
¢~(n,2)z" ,a”(z2) are analytic functions of z for {z|>1 and
|2/ < 1, respectively. These analytic properties allow us to

derive the following dispersion relation for a™(z):

N 22zt
A(D)= ﬁ -——-ln(l+p ")+—21 -_........1._._].,..-...., =1
—Zg 2 jet (zz—z_}z) z;, |Z| H
2
A(z)=-l_ 4 —g_._l -
(2 nig,T o n(l+p*p7) + 5 jElln ._E._Z{.é. (2] > 1,
.l
d¢ z? N (z? —z )z"2
A P | o~ KN N T S
(2)= 2"1:1 7 TEpe n(1+p"p~) + 2j=l PRI - lezl<1,
2] J
2.7)
Az tma (7, 212 1; A= Ldin@t/a~@), lzl=1

+
where pi({)-bi/a—(C) are the reflection coefficients for the
system (1.3). Note that for |z| =1 the integral in the r.h.s.
of (2.7) should be understaod in the sence of priunciple
value.

We shall not discuss the solution of the inverse scattering
problem in detail. Note only that the set of independent
scattering data T=T* v T~

+ +
T < 1o5 (@, l2l=1, ¢, 2], [251% 1, j= 1N (2.8)

enables one to reconstruct the corresponding potential q(n) ,
r) of the problem (1.3) uniquely (see refs,/19,20,22/ whe-
re the Gel” fand-Levitan-Marchenko equation for the system
(1.3) is derived ). The coefficients cJi in (2.8) are given

+ . £ +
by the ratios ¢j=bj /aJ , where aji=%§-| + and b; are de-
fined by & z=z

¢.t(n,zji' )=b;.tg/;t(n,2? ). (2.9)

It is easy to check, that the set T (2.8) and the dispersion
reii.a':.ion (2.7) allow ope to reconstruct uniquely the functions
a~(z), lz[% 1 and b7(a), {z]=1.

3. Now let us formulate the necessary results, from the _
spectral theory of the operators Ai (1.4) and their inverse Ay’
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X
R Hm-A* i 0m.  x- ( ‘(")) :

X,m)
. X, (n) q(m)
+
(A X)) = h(n) 7 ,,H(r(k)x ®) +9k-DX , (K),
Xdoed)/ = (3.1
~ X (n-1 qm-1)
(A X)@) = 1@ : ( st f‘k)b:o + 9(k) Xp(k)
(k)
Xm* ~r(n)
The operators Ay, ’(t are defined in the space lg(z,cz) of
square summable vector~valued sequences X(n} = ;I (n; e ((Z,C).

In E%Z C”), besides the ordinary scalar product (X, ifx?k)Y(k),

we introduce the skew-scalar product:

0 -1
[XY],- n_z_mx f‘“(nB"‘“ ng ) ) (3.2)
1 o0

It readlly follows Ergm {1.4) and (3.1) that for X(n)ef'(Z Ce)
we have (A A— )X=(A A7)X=X,i=1,2. Note also that the operators
A, A_ are the adJomt operators of A, /\ with respect to
the skew-scalar product (3 2), i.e., for each X,Yefl2(Z,¢?
[AXY]h-[X /\Y]h; TA XY]h—[XA Y]h (3.3)

Using (1.3) we can verify, that the eigenfunctions and the
adjoint functions of the operators A, and A_-definad by

+ ..
(A-22)97 @,2)=0, zes'ua; (A+-z]-”2)qrf(_n)=2zjiwf(n).
+ . f3.4)
(A_-22)07(0,2)=0, z=«S1UA; (A _..zj“)q:;—” () = 2zjtdljt @),

are related to the Jost solutions (2.2) by:

Yian=(yie ¢t D, ot (mp=(s® o¢*)ma, zes'ua,

* .
li»"i(n)-ﬂs_z(!‘_'.;‘.L| s . ) ‘M_!Ez)[ .

Zezy ] z=:j

(3.5)



where
e UMb (D + g (04D &, (0)
(& °¢)(n.Z)=QV(n)
Yo (M), (B + ¢ (net)py(n)
Furthermore, applying the contour integration method to the
integral

Jam)- e 5 226" m,2)- A g 82 6T, (3.6)

- § —
Ed) Zz 2z
Y4 2ri ¥

where

+ -
G (n,m,2) ,—.(-J;)_ {6 (n~m) \!,t 0,2) ot (m,2) +
a¥

+ + ’+\"'/+ + =~
+0m-n-H[2(¢ = o Y2 ¢ " o ¢ T )mE)~ P (m,2) ¥ ~(m.2)Jl,
I. n: m, G.7
f(n-m)= }
0, n<m,

with fb:‘DT B, we derive the completeness relation for the ei-
genfunctions and the adjoint functions of the operators A .
In (3.6) the contours are )»4_=S1U § y_:S1 U 5 where s1
is the positively oriented unit circle, and §), § ) - are
the negatively oriented circles of infinitely large and infi-
nitely small radius, respectively. Omitting the calculational
details we write down the result

_QE[ ‘P+(n,z)5+(m,z) - ‘P-(n,z)&;—(m,z)

~I(n)§(M-m) = 2‘, ¢

w2 a*(2n? (a™(2)?
+j§1 (X}'+Xj_)(n,m). (3.8)
ot
xi‘ 1 & o~y o my s .+ +
§ @m)= e d = (e e )9 @ ")+ ¥ " @)= (m) + ¥ * () (m).
z a) Zj LH i § J § J

Let us transpose (3.8) and make a similarity transformation
with B; this will give us the adjoint to (3.8) completeness
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relation,which differs from (3.8) by the sign in the 1.h.s.
and the exchange ®+¥ in the r.h.s. Subtracting (3.8) from
its adjoint we get, just as in ref./18/, the symplectic com-
pleteness relation in the form:

h@sm-m= § L&(P(n,2A(m.2~am2Pm,2 1
sl

. t;Z[P+( 5+ S e o (3.9)
frlal mQy (M) -Q; @) Py (m)+ Py@) Q) ~ Q7 P m)],
where the symplectic basis {P,Q} is given by
P(n’z)="L(P+‘|‘+i-p"l‘—)=--—l—(o+¢++a"c.b—),
27 2n

i + + ; -
Q@2 - 1Y Al MAR S SN LA S

el V) =5 (50 -

(3.10)

+ +

@-c ¥ %oy,

j(n)_x_z.;:‘ j(ﬂ), j(“)=¥ ?(mj ¢j VY

7, o+ + + .
ot =b /2t m} =1/(67 ajt )

Using these completeness relations we are able to expand
any vector-valued sequence X(n) which is both summable and
square summable in the eigenfunctions and adjoint functions
of the operators A+ or in the symplectic basis (3.10). The
expansion coefficients are >xpressed in terms of the quanti-

ties
* t
[o"X], . [¥.X],.

where the skew-scalar product[ , 1, is incroduced in (3.2).
Moreover, X¥(n)=0 if and only if all the coefficients in the

expansions vanish. In two important cases: X(n)= w(n) =

= (-?1('121)1)) ,and X()so 8w(n)= g?((nn)) the coefficients (3.11)can

be easily expressed in terms of the scattering data T for the .

problem (1.3). Indeed, it follows from (1.3) that



. 3t +
[‘Dt,w]ha 3 " (n,z)wW(n) - (<7Sl by )(n,2) 'w
N=e—o0 h(n) v(n) nz—w'
. (6Esat —atset
(6 o, sw), = 222283 ~6186p)@D) < (3.11)
3 v -

Now it suffices to use the relations (2.2) and (2.3) in order
to get the following expansions for w(n) and aaa\V(n):

1 dz . +ut ——
W) x— ~2o. 1z . e
m) 5 :1 z (ot +9”¥ In,

N + -
- = [f-i-""'(n)-f-':'l"-(n) 1 (3.12a)
=12 ) 2] j
wn)w-if 4z p ';; pt -
== g1 - P(.2) —lj___l( } (@4 F’j ), (3.12b)

d + R N _
%= E‘ﬁ:l‘z‘z‘[ﬁﬂ“" %5 ¥ Jm2)+ jfl(Yj+(n)+ Yo, (3.13a)
~ ~ N .
oo W= § S1Q5p-PoAIMD+ = (2] (02 @), (3.13b)
8 j=t1

where
+

+ c; . . R )
Y. )= l[lf-(n) 8(—%—) + ¥ @) ¢* sln zf, Zo(my=Qtm)spt -Prm)sqt,
J ] P j j [ i

~ N . +
P(2)= -517111<1+p+p‘(z». a(#==- L1 Y@, ga1

b (2
t
5*—' ---ilnzi ﬁt =—-i1n....j_. (3.14)
j + i i + v: ’

56(2)=-[P, o, 5w] , 84(D=-[Q,0, 8],



4, Now we are able to formulate and prove a theorem which
describes the DEE in a somewhat more general form than in
refs./21.22/, To this end we consider the system (1.3) with
a potential which depends on a parameter ¢,w=zw(nt) and in
(3.13) confine ourselves to the variations of the form
aw(nﬁygflam the corresponding expansions for %fi! differ

from (3.13) in that the coefficients §pi(zt),.. are replaced
by 227
U Tl

Theorem ). Let f(z) be a meromorphic function which has
no poles in a neighbourhood of the spectrum of the system
(1.3). Then w(n,t) satisfy the DEE

aag-_:'~+ f(A, ) (5 =0, “%.1)

if and only if the scattering data T satisfy the linear equa-
tions:

bpi 2. +
5 7 1z%)0 *(zn=0,

+
dcj_ . . + dsij (4 .2)
;]T- + (sj ) cj (t)=0. r = 0,

where S? =(zf Lz

Proof. Let us insert the expansions (3.12a) and (3.13a) in
the 1.h.s. of (4.1) and use the relations (3.4). This gives

o S+ 1A ywa= Lo g L1t 12259 @ -
. M
- 2 - - N + -
=(p, +1(2%)p™)¥ (n,2)] +j2.1(UJ ®+U ; (),
(4.3)

.
+ d ° L o4z,
U@ =l (=)~ 165 19 e 2L 221§ ¥,
at 2} ] gy 2t de d
J



Thus DEE (4.1) holds if and only if all coefficients in the
expansion (4.3) vanish, i.e., if and c¢aly if the relations
(4.2) hold.

Theorem 2. The potential w(mt satisfies the DEE (4.1) if

and only if the variables {p,q} satisfy the linear equations
24(z.1) 2 ap{®)
—— =-if(2%), X0, |z 1

N3 (") at lel -

ol 4 ~x 4.4)
4q; (1) + dp; (
it T), - 0.
dt ey ) —x 0

Besides if w satisfies the DEE (4.1), it satisfies also the
DEE (4.1),
Iw

0379_{* f(A_)w(n,t)a0, 4.5)

and vice versa.

The first part of theorem 2 is proved similarly to the-
orem 1 using the expansions (3.12k) and (3.13b) over the sym-
plectic basis. Tt.e equivalence of the DEE (4.:) and \4.5)
follows from the relations A P(n,z)aA_P(n,2 = z2P(n,z)
(compare (3.4) and (3.10)), which provide the identity

f(A)wt)af(A_)wn,t). (4.6)

To get a generating functional for the conservation laws of
the DEE just as in the case of the Dirac system (1.2) we
take the function A(z) (2.7).

Really, from (2.7) and (4.2) we immediately obtain that

ddAt(z'tLO for allz. To get the conserved quantities we may
take the asymptotic expansion coefficients C, :
AD=% C z" % |d»1 A@=-3C__ 2%, |z« 4.7)
Top=1 p=3 ~P

which may bz expressed both as functionals of the potential
w(@,t) and as functionals of the scattering data 7. In the
paper/20/ the recurrent relations are obtained, which
allow one to express Cp as functionals of w(n). Here we write
down a compact espression for Cp in terms of wm) and the
opt:rator A, which is derived similarly to those in 16,18/,
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~ P
c .41 °2° § wk)A, w(k)
p P n==oo k=p h(k) = ’ P‘O.
bl (4.8)
Co=-an=;=2_mln h(ﬂ).
From the dispersion relation (2.7) it follows that
N
i dz 2
C, = —- — P _!__‘. + - P
P 2"5 T2 - In(14p%p7) - 25 3 [(S )’ -(s7) 1, péo,
(4.9)

N
Cp=-lnVal_g.92; -4 /8T
n pys s{ n(1+p%p"7) 5 =Elln(lij/sj ).

Below when discussing the Hamiltonian structure of the DEE
we shall need an expression for the variations:

= ogowi@ A w @)
ag Q n
26 = 2 h) > (4.10)

At the end of this section we give an explicit form of the
four simplest Cp, p=*1, +2:

€,~ % amrn-1), G = ¥ rma@-,
- N==—00

Cp = I [amr@-2ha-1 -+ (@mr@-n®1, 4.11)

C_p= % [r@a@-2ha-1 -4 mae-1°).

5. In order to write down the DEE (5.1) as Hamiltonian
equations of motion we must introduce a symplectic structure
on the manifold of potentials F={qm),rm)° and a Hamiltonian
H{q(n),r(n)]. As a Hamiltonian we take the following linear
combination of the integrals of motion:

He ==t X 1,0 emiE 3 ROFAu
LEEE h(k) (5.1)

+1fy é _Ln h(n),
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z 4
(2 = %fpzp_ F(z)= [ _f.(r(s) -ty

The symplectic structure on JF is given by the 2-form
> 8q(m) Adr(n)

=2i X i e

Q, =
0 Nrs=00 h (ﬂ)

» ) (5.2)
= llaaazw, "331‘”]:. —=l[as 8, %, g 8,wl .

where 8;w and §,w are two independent variations of the po-
tential w of the system (1.3). It is easy to check that the
2-form @, on ¥ is skew-symmetric and closed and satisfies the

Jacobi lgentity.
Using (4.10) we can verify, that the Hamiltonian equatioms

of motion genmerated by Hy (5.1) with respect to @, (5.2)

Jw
ﬂo(aa 5T »)=8H; (), (5.3)

coinside with (4.1).
Let us express H; and ; in terms of the scattering data T.
To do this we insert the expansion (3.13) in (5.2); the
summation over n leads again to the quantities (g 5w,P ], and
fogéw,Qly (see (3.14), Thus we immediately obtain Q4 in
canonical form:

N
_ D3 dz ~ ~ . ~4 -~ -~ -~
90-21835—2—81’(2)/\8(1(2%21 13:1('5"1‘ A8q* 4 8p; ABG[), 5.4)

where 1D, 41 are given in (3.14). From (4.9) and (5.1) we
easily get:

. N
dz 2y i + -
H, = $ 4Z i _
( sf z (GIP@ 5 T (F(s))-F 67 .
4 (5.5)
F (9= r_-s.s.r(s).

Formulae (5.4) and (5.5) lead us to the conclusion, that the
new variables {p,q} (3.14) are action~angle variables. Thus
we have proved the complete integrability of the whole class
of DEE (4.1). It is also easy to check that the Hamiltonian
equations of motion (5.3) for Hr (5.5) and Q¢ (5.4) lead
exactly to the linear system of equations (4.4) for {p, q}

12



The symplectic structure chosen above is not unique. We
can introduce a one-parameter family (a hierarchy) of 2-~forms
Q. , which are related to @, (5.2) through the operator A :

Qm=i[0352\v.l\faaalw]h -ifogé \w, A.:_asaz\V], (5.6)

To prove that Qy are symplectic one can proceed as in/17/ and
express {p im terms of the scattering data. Using again the
expansion (3.13) we obtain:

nm=2i§ .Eziza"‘aﬁ(z),\ 54(2) +

(5.7)
+2|2[(s » ap+ Ab‘q, (8] " 5p, Aaq 1.

Note that the form @, and the Hamiltonian H(m) (5.1)with ( lnr
= 2™{(2) also generate the DEE (4.1); i.e., to each DEE (4.1)
there correspond one-parameter family (a hierarchy) of Hamil-
tonian structures.

Note that from the consistency of the symplectic structures
generated by it follows, that the corresponding Lagran-
gian manifolds

(™ afg e,m(m): Q ’g_‘ol

must coinside, i.e., MmO m  for all m. Really, let
us introduce h(u) by (see/lﬁ/ )

(0) 0)
X aiteW i tm= _6 Z g(2)P(n,2)+ 2 [g+ P (n) +

E;:P,"(n)n. (.8)

and show that all @, vanish on 1 For this it is suffici-
ent to note that the recLu].rement asaw en® jg equivalent to
the requlrement 54(2)=59F =0 (compare (3.13b) and (5.8)),
which in its own turn is equivalent to Q_ =0 (see (5.7)). Let
us list without proof (see refs./16:18/ ) “the main features
of % i) M° is the maximal Lagrangian manifold of the DEE
(4 1), i.e., dim M°=codim M°; ii) on Mo the operator A, i
"self-adjoint", i.e., Ay=A_; iii) weMoand therefore f(A4)W=
= f(A_)weM° (see (3.12) and (4.6)).
Resently the quantum ISM has been invented and actively
developed (see the review paper /23/), which has led to a num-
ber of exactly solvable two-dimensional quantum models. A
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crucial role in this approach is played by the so-called Yang-
Baxter relation. Its detailed study has led to a new way of
calculating the classical Poisson brackets between the entries
of the scattering data’24/ For this we need the so=called clas-—
sical r-matrix determined from the relation:

L@ ¢ LDl =r(z4) L (@ e L, (O],

z q{n)
L. (2) = ,

r(n) %

(5.9

where L;(z) e L () is the tensor product of the matrices

G(2) and L,(0; the 4x4-matrix in the 1.h.s, of (5.9) consi-
sts of the Poisson brackets between the corresponding ele-
ments of L,(2) and Ly( {.In our case the only non-trivial
Poisson bracket equals IQUo,ruolo= ih(n) (see (5.2)). From
(5.9) we get

cthr 0 0 0
) 0 1 i. 0 ) ,
t(7)=-d 4 , =1ln—. .
) . T n—Z (5.10)
0 N S 0

\ © o 0 om,

Furthermore, from (5.9) it follows that/24/,

18 7 8(Ol=lr @), 82 @ S(O1, S(»= § L (2. (5.11)
n==x

Thus the r-matrix (5.10) provides the Poisson brackets

between the scattering data of the problem (1.3). Without

going into the calculational details we note, that the Pois~
son brackets between the action-—angle variables are

IP(2), 4(2) by =iz8(2-¢ )

which is consistent with the canonical form of Q4 (5.4).
Now, using the relation

R(z, OLy(De L, (H=L () o L (HR(2 ) (5.12)

we can calculate the quantum R-matrix for this system. Pro-
vided that the operators q(n) and r(n)=¢q *(n) satisfy the
commutation relation

lam), ¢ *mi=8,, % 1-¢ " @am),

14



where t is the Plank constant, we obtain (t-((l—e‘eﬂ)y

1 0 0 o t
gt . & Mshe
+ sh(r+n)
R(r)= y= —3hn

——— e ——

- sh(r +g) (5.13)

The commutation relations between the entries of the mono-
dromy matrix S(2) (see (5.11)) are calculated using the R-
matrix (5.13) from the relation

R(r) 8(2) @ §(2)=5(¢) @ S(mIR (D).
The further realization of the ideas of the quantum ISM for
this system will be described in a separate paper.

6. In this last section we briefly discuss some particular
DEE and the continuous limit case. The soliton solutions of
these DEE are obtained in refs.’/19:22/ and we will not write
them down here.

A. The difference non-linear Schr&dinger (DNS) equation

. dq,t
! -51-—2-'“[ 1=l a@| “Ma@+1)+ q-1) T + 2a(m), = £, (6.1)

is obtained from (4.1) with f(2)=i(2-2z- %r)provided that the

involution Q(n)=er*(n) holds. The involution imposes the
following restrictions on the scattering data:

=™ (L), b2 @a-evme(d) gz,
z z¥
+, (6.2)
PR S T = b :
§ (ZI * § (Z:")Z !

which lead to the following canonical form of QDNS(S.A):
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Qpns= € B |q

oo $ 8 sagnt a4 5 0ot
=€ st z L4
b*

N
-4 X [ 8a;Adln] _j_l +5Ilnp, Asagh' ], (6.3
=1 vV bl J

la
where z;'=p1e . ., ‘The Hamiltonian for the DEE (6.1) equals

Hpns =€(2g - © 1'0-?1(‘_‘,: =

=;=>2_~¥ M@+ +a=-13 + 2eln(1-¢]g@)®)} = (6.4)
cie § "Z_‘”'(z2 e 2)p@ e 3 [(p --..)cosza. - 2In g2 .
sl z i=1 J ) i

The explicit form of the action-angle variables for all DEE,
obtained from (4.1) with the involution q(n)=er(n)* is obvi-
ous from (6.3). From (6.2) and (4.7) it follows that Cp=Ctp.

B. The modified difference Korteweg-de Vries
(MDKDV) equation/20.21/

dqn.t
-—gi—“—’—:u—(qa(n)nq(nu)—q(n-n]. €= 6.5

"+
~

is obtained from (4.1) with f(z)~-z--z prov1ded that the invo-
lution q(n)=¢r(n) holds. This involution imposes the restric-
tions

a+(z)=a—(-‘11_), b+(z)=.--('b'(.i.), lz]=1,
(6.6)
e o sy et

Note, that on the invariant subspace ¥, specified by the
involution q(n) = ¢ r(n) the 2-form @4 (5.4) vanishes, i.e.,

Qglquer=0 Therefore we are to use another symplectic struc-

-0

ture ]
—Lq=er

l'q-(rE
yupkpy = 19 [ gaer
=-2¢ nE (25q9(m) A8q(n+1)+8 Inh(m) A5 ( 5 q(k) gk =1))]= {6.7)
| Sy =1
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a2 . ~ ir
=== [ drsin2:5 (In(1-ep*( "yete” ))Aa(-~.!..1n.....(.9...l.)+
0 2 b+( eiT)

N
23 5
+ j=150h(€'j+1mj),\ 5(fj+lpj).

+ 6.7)
lns =¢;+iew ., In \76’:= £ +to, .
The Hamiltonian of the DEE (6.5) is
Hypkov = G ~ Cp =;_2 fIn(l-e(amp?) +
+eamam-2 1-(an-1)*) - Lla@a@-1 1 -
(6.8)

n
=——§-f dr sin2r Inl 1-(p+(e )p*(e‘” ]~
0

. --;—Bh 2(¢; +iw))]

If, besides q(n)=¢r(n), we require gq(n)=q*@n) then the scat-
tering data will satisfy both (6.2) and (6.6). In this case
the eigenvalues appear either in 4-tuples (21,2 ++, —z;, ~z ¥,
or pairwise if among z; there occur real or purely imaginary
numbers. Let us introduce

Ci+iw;)/2 s+

+  (Eyriey + Bj + ip;

z=e . J/\/v =e Yoi=taaN,
+ €, /2 en ¥

z=02", ba WV =e ", a=1.4N,

+ ndz + - 7]

Z,=10 =i = y

g=1i R bB/\/V =ie | B-l..«,.NB.

m P
™ =-Q( m’:iﬂm become real and we

In this case the 2-forms @
have

my 1 27 . ; )
¢ = { dr sin2mr7 81n(1-e!p+(e” MR As argbe'T )

¢
Ny
-2 Z (5 (costmu)ehm¢ ) A 58 -5 (sin(ma; )sh@{; M A Soym
Ng NS (6.9)
2
"nTu=1'S chme ) 8y - 7%3{18 eh(my g) ABpg -
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From (6.9) with m =1 we easily get the action-angle variables
for the DEE (6.5) with real-valued q(n). Note that in (6.5) we
can change the variables q(n)=tgu(m) for =1 and q(n}=thu(n)

for e=-1. As a result the DEE (6.5) goes into

6_6!-(——: BY _tgumeD)-tg u@-D, = 1,

(6.10)
-?-‘-'15-‘- thu@+1) —thu(a=1), r=-1.

The equivalence of (6.5) and (6.10) is obvious only for
¢ ==1; for ¢ =1 the change of variables q@m)=igu(@m) 1is not
one~to-one.

Let us briefly discuss the transition to the continuous
limit (from system (1.3) to Zakharov-Shabat system (1.1)).
Let us introduce the parameter A such, that

z=ei'\A, q(n)= Au(nA), r(n)= Av(nA),

f(n,2)= ¢ (An,A). (6.11)

In the limit A+0 for Anw x fixed, we see that (1.3) goes inte
(1.1), the operators A+ (1.4) go into the corresponding ope-
rators At (1.2), and (since h(n)A-_-. 1) we obta1? for the symp-
lectie form the well known formuta (see ref.’8/ ) multiplied
byA. For the Hamiltonian Hpyg (6.4) we get

Hpng=: A® r axf-u_ (Du*® + ¢ lum] Y= AsH

In order to get the nonlinear Schrddinger equation 1—i—+u

—2€|“ Ju=0 we must also change the evolution parameter t--l:/A’Z
In our second example the continuous limit of eq. (6.5) coin-
sides with the modified Korteweg-de Vries eq. provided that
we put in addition x-+ x-At,

The transition matrix S(z) (7) of the system (1.3) goes
into the corresponding transition matrix S(A) of (1.1) with
no additional multiplicative factors. In order to get the
eigenvalues of the system (1.]1) we must also rescale-the ei-
genvalues of (1.3),e.g.,2% =exp(1,\tA).

The higher integrals oI motion °J, for ti.e system (1.1) can
be obtained from suitable linear comb1nat10ns of G, k =0, +I,
... which is determined by the dispersion. Thus for the integ-
ral Jy of the system (1.1) which corresponds to dispersion

n
A" we must consider the expression (zz--l.g-\ , which for A0 is
z
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ofotder(AAf If we insert Oy instead of z%F we obtain J, in
the leading term in the limit A-+ 0. Note also that in DEE we
must change the evolution parameter t t/A™,

At the end we note that there exist multicomponent analogs
of the DEE solvable through the ISM. The corresponding linear
problem is of the form:

z1,,
Y@+l ) ® o & (n,2),

T
r(n) 'é‘"p
where q(n) and r(n) are sxp matrices. The analogical construc-

tions in this case lead to non-trivial complications. Here
we write down only the operator, analogous to (1.4); for

brevity we take the vector case (p =1): £
X, @ o
LR 1
A'.". X{n)=A 2 Al X(n). X = X @ . xi(n)= : , i=1,2
“ (8)
2 xi
. { h(@ X, @) o [ X0 0 o)+ a0 X k) any
A; X(n)= + En
ha-1) X, (0-~1) —r@r -1 X, () - X 001 Ta-1)g(k)

+ X (0+1) q(m) +
ALX@) = 1 + 1 2T Tk-DX @+ qT@m) X
: ( Xxm ) MO\ ey [ i+ T

h(n)=1—r"(n)qn).

Another way of generalization is to consider the Z,-graded
case. The structure of the corresponding Hamiltonian systems
is much more complicated. These problems will be considered

in a sep.:ate paper.

REFERENCES

1. Gardner C.S. et al. Phys.Rev.Lett., 1967, 19, p. 1095;
P.Lax Commun. Pure Appl.Math., 1968, 21, p. 467.

2. Zakharov V.E., Shabat A.B. JETP (in Russian), 1971, 61,
p 118,

3. Ablowitz M., et al. Studies in Appl.Math., 1974, 53, p.249.

4. Calogero F., Degasperis A. Nuovo Cimento, 1976, 32B, p.20l.

5. Ablowitz M. Studies in Appl.Math., 1978, 58, p. 17.

6. Zakharov V.E. et al. "Soliton Theory. The Inverse Problem
Method". (in Russian), M., "Nauka", 1980.

19



19.
20.

21.
22.

23.
24.

Zakharov V.E., Faddeev L.D. Funct.Anal. and Appl. (in
Russian), 1971, 5, p. 18.

Zakharov V.E., Manakov S$.V. TMF, (in Russian), 1974, 19,
p. 332.

Gerdjikov V.S., Kulish P.P. Bulg.Journ. of Phys. (in
Russian), 1978, 5, p. 337.

Fadeev L.D., Takhtadjan L.A. TMF (in Russian), 1974, 21,
p. 160; Trudy MIAN USSR (in Russian), 1976, 142, p. 254.
Manakov S.V. JETP (in Russian), 1974, 67, p. 543.

Faddeev L,D. In:"Solitons"”, ed. Bullough. Springer Verlag
1979.

Kaup D.J. Journ. of Math.Ann., and Appl., 1976, 54,

p. 849.

Kaup D.J., Newell A.C. Adv. in Math., 1979, 3i, p. 67.
Gerdjikov V.S. Khristov E.Kh, Mat.Zametki (in Russian),
1980, 28, p. 501; JINR, E2-12731, Dubna, 1979.

Gerdjikov V.S., Khristov E.Kh. JINR, E2-12-742, Dubna,
1979; Bulgarian Journ. Phys. (in Russian), 1980, 7, p.119.
Kulis) P.'., Reiman A.C. Zapiski Nauchnich Seminarov LOMI
(in Russ.an), Leningrad, USSR, 1978, 77, p. 134,
Gerdjikov V.S5., Ivanov M,I., Kulish. TMF (in Russian),
1980, 44, p. 342,

Ablowitz M., Ladik J.F. Journ.Math.Phys., 1975, 16, p.598.
Ablowitz M., Ladik J.F. Journ.Math.Phys., 1976, 17,

p. 1011,

Chiu S.C., Ladik J.F. Journ.Math.Phys., 1977, 18, 1.690.
Levi D., Ragnisco O. Preprint Instituto di Fisica
G.Marconi Universita di Roma, 1978, No. 100.

Faddeev L.D. Preprint LOMI (in Russian), P2-79, 1979.
Sklyanin, Preprint LOMI, E-3-79, 1979.

Received by Publishing Department
on Decamber 31 1980.



