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1. Introduction 
In our preoeding paper' ' a set of infinite-dimensional 

representations of the в1(п+1,С) Н е algebras was presented. ' 
The representations 0У1* ' from this set, called maximal repre
sentations, are given by means of рП(п + 1) boson creation-anni
hilation pairs a£ + 1 , а ^ 1 , k=1,2 n ; i, i = 1,2,... ,k .which 
obey the standard CCK and n complex parameters A s (Л^Л,»"-
* *'^n' * ̂ i n o e t h e generators of the maximal representations are 
expressed as polynomials in the canonical pairs, matrix elements 
of them may be easily calculated. Sufficient conditions for irre-
ducibility of P*/1*1' were derived in Ref. 1 . If they are satis-of P" , T'' 
fled,then ftj" ' is representation with the highest weight Л . 

In the present paper these results are illustrated and exten
ded particularly for the simplest cases sl(2,C) ~ A., and 
sl(3,C) ~ A_ . We shall show that the mentioned irreducibillty 
conditions are in these eases necessary as well. Moreover, our 
method allows ue to construct other set of infinite-dimensional 
representations of sl(3,C) ,the so-called mixed representations 
(Sec.4). They are irreducible highest-weight representations in 
some of the cases when the maximal as well as the standard highest-/2/ -weight representations (the so-oalltd elementary representations' ' 
or Verma modules'5' , cf. Sec.1.2.6) are reducible. 

Let us recall briefly that we use the following Cartan-Veyl 
basis in .l<n+1,C> : V в1+1,1+1 " e i i » e i = e i + 1 , i • f i = e i , i + 1 ' 
together with • i i , |i-JI>1 i itj * 1,2,...,n , where e,, ful
fil the standard commutation relations 

t) References to assertions and formulae of this paper will be hereafter marked by I . 

I 



(of. (1.1),(I.2)). The operators a£ 
space V . which is complex en 
denoted by the following symbols 

„k+1 k+1 act on the vector 
space V , which is complex envelope of the set of basis vectors 

un1 ••' 
un-1,1 "n-1,n-1 

'11 
in the standard way, i.e. - Г raises the component mki b y "^ 
and multiplies by >/m^~+"T, etc. (cf. (1.7)). 

2. Kaximal representations of sl(2.C) 

2.1 The representation space V_ is spanned by the vectors |m..j ; 
it is more convenient to denote them, e.g., as x_ 

(2) 
(0,1,2,...] . The maximal representation f\ - PA 

«Co
ding to a weight A : A(h,) = A.f t is expressed through one 

I I _ p о 
pair of creation-annihilation operators a, , a, (cf '1 '1 

correspon-
ugh one 
formulae 

(I 7 ) , ( I . I D ) : 

4i • 

. 2 ; f a 2 + V * 

E 2 = B 1 2 =?«?•?- А,) * 

whc S r e E 2 ^ г №Л >"? * fA<^1> • or more exp l i c i t l y 

« ? * . ' (Л, -2m) хш , m = 0 , 1 , 2 , • . i 

E 2 1 X 0 * 0 , 4lxm = - » / • x

f f l . -1 , me 1 , 2 , . . . 

Б ? 2 Х - = /в+Т (я - А , ) хш+\ ' m = 0 , 1 , 2 , . . . 

( 1 ) 

da) 

If A) i* not a non-negative integer, then this representation 
is irreducible with the highest weight A and the highest-weight 
vector x Q . The irreducible highest-weight representations cor
responding to A. «• V- are finite-dimensional ; according to Pro
position 1.3.2 they can be obtnined'by restriction of -д to 
the subspace V« * ̂ ( D D X Q ci v . , Ub >eing the universal enve
loping algebra of L « sl(2,C me finds easily 



v 2 = C C x m : B * A 1 * ' Л 1 С N 0 ' < 2 ) 

thus the irreducible representation ft E fn I4 v
2 is (Л, + 1)-di-

mensional. 
2.2 According to Theorem 1.2.4 all irreducible representations 
of sl(2,C) with the same highest weight Л are mutually equi
valent. E/.ecially, if A,f N Q , then f A has to be equivalent to 
the elementary representation d. given by the formulae (1.4) : 

d A ( h ) y m = ( А 1 - 2 ш ) У ш ' 
<1 А<е)у ш= -«(""- 1 ~ Л, )yffl_, . (3) 
d A < f *• " У ш +1 > 

where y f l 5 1 , у £ f"1 , m= 1,2 Since h. = h , e„. = e ' and 
e._ = f form the appropriate Cartan-Weyl basis in sl(2,C) ,both 
the representations are indeed equivalent : 

J>A(a) = S Ad A(a)S y^ 1 , ae sl(2,C) , (4a) 
where 

V m " <-1> m(n!) 5 / 2 (£ 1) У ш . я-0,1,2,... (4b) 
Analogously, for Л,6 K_ the representation p A 1в equivalent , 
to Эд which is the irreducible (A, + 1 J-dlmensional component 
of d A defined by the relations (3) together with DA(f)x* = 0 
(cf. Sec.Ill of fief.2). On the other hand, fA and dA are 
inequivalent in this case, because dA is a highest-weight repre
sentation while P A

 i e not : x o i s t h e о п 1 У eigenvector of H? 
annihilated by E 2^ . but fA(UL)x0 « Tj H 2 . 
2.3 Reaarka : (a) The lowest-weight representations are obtained 
easily with the help of the automorphism V of al(2,€) : r(h) = 
* -h , r(e)=f , t(f) = e . Clearly, if A,4 N Q (A,*I»0) , then 
the representation f>Ar ( ̂ r ) is irreducible with -A and 
x_ as the lowest weight and the lowest-weight vector, respecti
vely. 

(b) One can obtain some other representations starting with 
the м а е canonical realisations (1.5) but using a different re
presentation of the canonical pair. Por example, representing 

3 



<ц , р^ by a? , -a? instead of a? , а^ ( this choice corres
ponds to fi = St/2 in (1 .9) ) we obtain 

? A ' (h ) = 2 a 2 a 2 + A,' I 

?A-(f) = - U f a 2

 + Л,' ) a? , 

where A' ' A'(h) = A j = A, + 2 .If Л,' is not a non-positive 
integer, then this representation is irreducible with Л' as the 
lowest weight. Furthermore, the representation Рд'1" has the 
highest weight -A' » it is easy to check that it is equivalent 
to d_.- for any complex -A.' (including non-negative integers). 

3. Maximal representations of зПЗ.С) 

3.1 The representation space V, is spanned by the vectors 

" , m^c N» . The maximal representations Bj.J' of 

sl(5,C) are expressed in terms of three pairs of creation-annihi
lation operators a'» a' ' "I ' Z a n d \ * al ' * e r e w r i t e t n e 

formulae (1.11) for n= 2 so that the generators of the subal-
gebra 81(2,C) contained In them ere exhibited explicitly. The 
optratora E L S рд3'(е1;,) , H 3 £ Рд 5 )( п1 5 a r e t h e n o f t h e f o r n 

H3, * -a 3* 3 + a|a3 + H 2 , 

H3, * -a 3» 3 - 2a 3a 3 - i H 2 + A g •*•! A, 

E21 = e2*1 + E21 ' 
K 3 * -a 3 

B31 *1 ' 
E 3 - -a 3 

B32 ' *2 ' 
E12 " S1»2 * E?2 

(5) 

2 E?3 " =l«=i-t + =14 " 2 H* " A2 " i V + "!»?. 
г\ъ: IfC 3. 3 + I 3. 3 • -iHf - A 2 - \ A,) • I 3* 2, , 

where H 2 , E 2^ and E 2
2 are given by the relatione (1). 
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According to Theorem 1.4.3 this representation is irreducible if 
the conditions 

1)4*0 ' M N 0 » ' + A1 + M B0 ( 6 ) 

are satisfied ; it has the highest weight A = (Л, ,A 9) and the 
Ъ 1С 0 I ' 2 

highest-weight vector x o a 10 1 * 
3.2 Theorem : The conditions (6) are necessary and sufficient 

for р д
( 3' to be irreducible. 

froof : In view of Theorem 1.4.3 we have to check the i.ecessary 
condition only. Let us denote again V, = с'5'(UL)Xg . 
(a) We shall prove first that 

V 5 = V ( A 1 ) S C { | m ' ; m 2 2 h V 3 : m n ^ , } (7) 
if А,С K 0 , Аг4 N 0 

(in fact we need to show only that V(A.) is invariant and dif
fers from V, if A.£ N. , however, the implication (7) will be 
useful in the following). Clearly V, с V(A,) , further |* n | £ V* 
for any m,nc K Q because 

У = ( Е 2 1 ) П Д ( ( Л - Л 2 ) Е 3
3 - Е ' 2 Е | 3 ) Х 5 

belongs to V2 according to the definition, and in the same time 
у is a non-zero multiple of j? n| as can be verified directly 
from the relatione (5) by the same arguments as those used in the 
proof of Theorem 1.4.3 . Thus the vectors I m n| belong to v5 
for all 1,11(1. and s= 0 . Assume that this is true also for 
s= 1,2,... ,r ,' r < A. • It holds 

•?*B nJ - &* & 1Г1 и''1 + "-V^lrVil 
so the assertion is valid for s*r+1 as well ; the induction 
argument clearly breaks at в * Л ч • hence (7) is proved. Combi
ning it with Theorem 1.2.5 we see that р д

1 3' is reducible if 

(b) Let further А 2
Ж re K Q , A. arbitrary. We decompose the space 

Vj into the direct sua V ? » CiVy} • W r , where v f « |Q r +'| •»* 
W is spanned by the remaining basis vectors. Consequently, each 
vector xtvi с V T can be decomposed uniquely in the for* 
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JE • «.V •• X , « « С , X « W r 

On the other hand, one obtains vj acting on the vacuum vector 
XQ by all polynomials in the operators (5). Each of thuse 
polynomials may be arranged using the commutation relations so 
that in all its monomials the operators E?, , i< j , stand in the 

t»3 a*.A I>5 'ij 
left of HT and Е Л . i * j . Since the latter reproduce or anni
hilate the vacuum, we may, e.g., write 

T3 = C{y{m,n,s) * <E^ 3) B(E^ 2) S(s| 3) nx^: m,n,S€H 0J . (8) 
The relations (5) and O ) give 

m s I m+s-k-J n-s+k+j I y<m,nf!!> = Z Z * k 1 к и » (9) 
k=0 J=J k

 K J **3 

where Jj. = max (0 ,s-n-k) . For the present moment we need not 
know the coefficients «V., explicitly except for 

y(0,n,0) * v/ST "Я ( i - r ) | o n | • (10a) 
i*0 

The relation (9) implies that only the vector y(0,r+1,0) may ha
ve a non-гего component in C{v} , but y(0,r+1,0) = 0 due to 
(10a) , thus Vj* с W r f V ? . 
(c) The remaining case 1 + A. * A, * 1 + r * N Q is more complica
ted. The above used decomposition of V, will be replaced now by V, « IT. • U' where U_ is the following (r+3)-dimensional sab-5 r r r 
space 

ur * c i i r 2 " 3 Jl ! J = 0 , t r + 2 ^ 
while U^ is spanned by the remaining basis vectors. The relation 
(9) implies easily that a vector y(m,n,s) belongs to U iff 
n » s and a + n * r+2 and vice versa, those y(m,n,s) which do 
not fulfil these conditions belong wholy to U' . Consequently, 
each vector x« V» can be decomposed uniquely as follows 

r+2 x * Z, /»_y(r+2-n,n,n) + x' , x'« U' n«0 ' n •* 
Our aim is to verify that the vectors y(r+2-n,n,n) are linearly 
dependent and cannot span therefore the (r+3)-dimensional subspace 
U r ; then vt 4 V, immediately follows. 

To this purpose we have to express the vectors y(r+2-n,n,n) 
explicitly. It is s tedious but relatively straightforward proce-
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dure so we exhibit here result's of its main steps only. Acting on 
(10a) by E ' 2 s-times we obtain an expression for y(0,n,s) , 
especially for n=s we get 

, n-1 n , 3-1 , 
y(0,n,n) = /n? П (i-A?) 2 ф /nRn-J)! П Jn-k * 

i-o j=o i k=o ( ) 0 b ) 

1=0 ' 'J ' • 
Further we have to apply the operator E,» (r+2-n)-times to (10b). 
Using the induction argument the relation 

n-1 r+2 
y(r+2-n,n,n) = n!(r+1-n)! П (1-Л2) 2, о . ^(r+2-j)! x 

1 1 i = ° ^ ' Т " .. (10c) 

can be proved, where 
c. minU.n) _ _.- _ 
•B i« , i t ч "»D (J) П!Л • eo*) 
"•> k=max(0TFn-r-2) K J K 

The last expression can be simplified with the help of the known 
summing formulae for combination numbers (cf.Bef.4, 0.156) to the 
form 
Thus we obtain finally 

y(r+2-»,n,n) = a n . J J _ n V n j |;+2"J 3| f (11.) 
where 

n-1 a_ = n!(r+1)! П (i-Лр) , (lib) 
n i=0 d 

b, « ((r*2-3)!)* 1 / 2 П(1-Л.) (11c) 
3 1.0 ' 

and 
Х±2±Ж- ( I 1 d ) ni " (J+n-r-1)! 

for j« rH-n,r+2-n,...,r+2 , otherwise d ,»0 . 
In oider to show ttat y(r+2-n,n,n) , r«0,1 r+2 , are linear

ly dependent it is clearly sufficient to show 
det(d n j) « 0 (12) 
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The determinant certainly does not change when we subtract a sui
table linear combination of the last r rows from the second row, 
thus 

det(d n j) = detCd^) 
where d'. = d . for n= 0,2,3,... ,r+2 and 

л ' -л *Tw i \ n <г+Щ . 
d»3 = d U ~ J-г (riz-n)- dnj 

Substituting from (11 d) into the last expression we obtain 

4 k=fflaxTo,r-j) } ^ ' <J^-r)! 
These sums can be easily evaluated (cf.Ref.4, 0.155) as follows 

d1,r +2 = *1,r*1 = 1 ' 
d1 j = ° * J = 0»b«-.fr 

and since the first row equals (0,...,0,r+2,r+2) we see that 
(12) holds and the proof is therefore completed. Щ 

3.3 The irreducible highest-weight representations referring to 
the case when some of the conditions (6) is not fulfilled are 
obtained by restriction of p ^ ' to the corresponding subspace 
А Л V2 (of.Proposition 1.3.2). However, one has to know V? explicit-
J '«,(•*} ly in order to describe the resulting representations p . = 

= й\ f V, fully. There are four subcases here : 
(a) A,,A ?eN 0 : we do not discuss this case because the 

irreducible highest-weight representations here are finite-di
mensional and well-known (cf., e.g., Ref.5, Chap.10 or Ref.6, 
Sec.tO.1), 

(b) A,tS„, A , « N n : the subspace vi is given now by (7) ', this 
relation together with (1),(5) gives the explicit form of p^ , 

(c) A.4 Kn' ^2* "o ; w e d 0 n o t k n o w V3 explicitly here but the 
irreducible representation with the highest-
can be nevertheless constructed using 
which is known from the case (b) , as we shall see a little 
later, 

(d) л,4к 0, h 2 t * 0 , 1 + л, + л 2с к 0 . 
In the next section we shall give an alternative method for con-

ghest-weight Л * (Л,,Л2) 
ФР , Л' s (А^Л,) 
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structing irreducible highest-weight representations of sl(3,C) 
in the cases (b) and (c) . It will give also a hint for construc
tion of irreducible highest-weight representations of sl(n+l,C) , 
n ? 3 in some of the cases which are not covered by Theorem 1.4.3. 

4. Mixed representations of sl(3.C) 

4.1 As we mentioned in Sec.1.2.7, the canonical realizations''* ' 
of gl(n+1,C) which are the essence of our construction are ob
tained recursively with the help of n canonical pairs, one com
plex parameter and a realization of gl(n,C) . The latter is not 
necessarily a canonical realization of the same type, one may use 
instead of it, e.g., a matrix representation. Here we shall employ 
this possibility for constructing representations of sl(3,C) . 

We stert from the formulae (5), however, instead of the ope
rators tl) we shall use matrices which generate the (2k+1)-dimen
sional irreducible representation of sl(2,C) , к = 0 , •= , 1 , \ ,... 

2k d d 
The appropriate representation space U, will be of the foria 2k+1 L,* С (cf.Sec.I.4.5), in other words, it will be spanned by 
the vectors 

| 8 I , m,n£ H Q , s = -k,-k+1,...,k . (13) 

The mentioned (2k+1)-dimensional matrix representation generates 2k a representation of sl(2,C) on US in the following way 
«18 | "I = ( * + B ) M • 
«21 в "| - » « ) | t i " | . <»«> 

»i|:Bl' - H : I • 
To any Л = (2k, (U) we get the representation *̂д of sl(3,C) 
whose generators are obtained by substituting (14) into (5) ; we 
ehall call it mixed representation of sl(3,C) . We shall write 
/ V e i i ' * «i1 ' Л ' п 1 ^ = "l ' w n e n e v e r i* would be necessary to 
distinguish the generators of ^*A from those of the maximal re
presentation *>д . 
4.2 Proposition : Let 2k£ K Q , Д 2 4 N Q , then the representation 

Д : el(3,C) -*£(V^k) given by (5) end (14) is irreducible ; 
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it has the highest weight Л = (2k,A.) and the highest-weight 
vector , 0 . | 2 ° | -

Froof : Clearly H^yQ = 2ky 0 , H my 0 = Л 2У 0 and E™ y 0 = O^for 
i > i . The representation <*д has to he ac.uivalent to Рл = 
= Адh vi (see (7)) in view of Theorem 1.2.4 if the preEent asser
tion holds. On the other hand, it is sufficient to verify this 
equivalence, because p. is irreducible due to Corollary 1.4.2 . 
Let us define the following isomorphism Sft : V2 -*• lit : 

S
A l s n ! = (-1) 2 k- s^ikT2k-n...(s +n' j£_ s

n|| (l5a) 
for s=0,1,...,2k , then the relations 

Д(п.) = S Ap A( h l) S"1 

can be verified directly. 

(15b) 

4.3 We have mentioned that irreducible highest-weight repre
sentations of sl(3»C) with Д.^ K_ , Л-fc lf_ can be constructed 
with the help of those previously obtained. To this purpose we 
define a linear mapping T of sl(3,C) into itself by 

T(h,) = h 2 , T(h 2) = h, 
T(e 2 1) = e 3 2 , t(e 3 1) = - e 3 1 , *(e 3 2) = e ? 1 , (16) 

Г(е 1 2) = e 2 5 , t(e, 3) = -e,, , ?(e 2 J) = e, 2 . 

Proposition : let Л = (A,,A2) where Л,4 И 0 , Л 2 = 2k£ N Q and 
denote Л' = (Ло'Л.) • Then the mappings 8 \ i ' t and 
JiyV are (mutually equivalent) irreducible representations 
of sl(3,C) with the highest weight Д and the highest-

а д 21r 
-weight vectors X Q « V , and у„€ U ? , respectively. 

Proof : One can check easily that 7 is an automorphism of 
el(3,C) . Since the representations ty and My are equivalent 
due to (15b) the same is true for фу? end /*уг • The automor
phism T conserves the subnlgebra L + of I s sl(3,C) so the 
condition 1.2.ЗШ) is fulfilled. Finally 

^ f ( h , ) X 3 * f? A'< h2 ) x0 x A' ( h2 ) x0 - V o 
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f A ' T ( h 2 ) x 0 = A2 X0 J 

and the analogous relatione are valid for f*^ too. Щ 

Remark : The formulae determining these representations explicitly 
are obtained immediately from (1),(5)»(16) and (5),( H ) , (16), re
spectively. 

5. Discussion 

In the last section of Ref.1 we compared our results to other 
known highest-weight representations of sl(n+»,C) , especially to 
the elementary representations (Verma modules). The considerations 
of the present paper allow us to add some Items to this comparison. 

The maximal representation a. of sl(3,C) is irreducible 
under the conditions (6) ; one can check that the same is true for 
the elementary representation 
is sketched on Fig.t 

d. using Theorem 6 of Ref.2 . This 
for the weights corresponding to the points 

4 » \ l I x 

4 14* I 
% V I I V I > 4 

N4 
. i 

i 4 .1 

' \ -
\s- I ^ 

• i r reduc iU* highest-weight representation* 
•Г* f i n l t « - d l M M l « M l 

— • - Дд and • . reducible 
F ig . l 
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which do not belong to the dashed lines both the types of repre
sentations are irreducible. As for the general sl(n+1,C) algeb
ras, our irreducibility condition (1.13) ie up to now proved only 
to be sufficient for n ? 3 • On the other hand, our condition is 
stated directly in terms of the weight components, while for the 
uae of the mentioned irreducibility criterion (Theorem 6 of Ref.2) 
for elementary representations action of the Weyl group elements 
on a given weight must be analyzed.-

We have obtained also other irreducible highest-weight repre
sentations of sl(3,C) using procedures described in Sees.3.3(b) 
and 4.1-4.3 . They are again of the form which makes calculation 
of matrix elements of the generators quite simple. They cover a 
part of the cases when the maximal ae well as the elementary repre
sentations are reducible as shown on Fig.2 . This construction 

the r*prMtnt»ti«M ft ^ / V 

th« repr#»«nt*tl»ae fa "Pf" 
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generalizes eauily for the highest-weight representations of 
sl(n+1fC) when some of the Л|'s are non-negative integers and 
the rest of the conditions (I.13) is fulfilled. The remaining oa
ses need a different approach. 
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