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1. Introduction 

Construction of a self-consistent theory of nonlocal 
Interactions of quantized fields ' ' Ъеоате possible owing to the 
following two ideas. 

First, the form faotors must be entire analytical funotions 
in the momentum space and must decrease rapidly enough in the 
Euclidean spaoe. Seoond, the form footer must be quantized, i.e., 
it is necessary to introduoe supplementary degrees of freedom, 
whloh determine the regularization in order to enable the transi
tion to the Euclidean metrio and re-establishment of the form 
faotor in the limit of cancelled regularlzatlon. Development 
of these ideas allowed the construction of the finite and unita
ry S-matrix for arbitrary enough Interaction Lagranglans In 
each perturbation order ' ' . 

What is incomplete in this oonstruotion? The following 
problem arose from lnr instigations of the causality conditions. 
The coefficient funotions of the Sjnatrix in the configuration 
space turn out to be analytical functions. Analytic methods 
used in the investigation of looal properties of analytical 
functionals make It impossible, in principle, to determine 
a spaoe localization of studied functional» within an aoouraoy 
of a oertain distance given by the nonlooallty ' ' . Obviously, 
the use of nonanalytioal methods is needed. However, these 
methods are not developed. The results obtained by the projecting 
sequences of funotions' ' rouse doubts because,as is shown in r e f / % 
there are examples of explicitly nonlooal funotionals which are, 
as local ones, characterized by the projecting sequences of 
funotions. Therefore, the existence of the miorooausality 
oondltlon,mnderstood as a strict equality of the corresponding 
functional outside of the light oone, remains an open problem 
in the theory with nonlooal interactions. 
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On the other hand, causality is nothing else than 
oorreotness of the Cauchy problem of the quantum-field 
Sohrodlnger equation (or equation of Tomanaga and Sohwinger). 
However, the u t i l i sa t ion of the regularlzation procedure in the 
oonstruotion of 8-*atrlx both in the looal and nonlocal theories 
reduoes to that the s-aatrix i s not a solution of the corres
ponding equation and i s deterained by a series of l imi ts . 
I t seems therefore that the natural properties of the Shcrodlnger 
equation solutions as uni tar i ty , and causality are to be proved 
separately. 

Difficulties in nonlocal theory ar ise usually when a non-
looal form factor i s introduced into the interaction Lagranglan, 
hut the Sohrodlnger field equation (or Tomonaga-Sohwinger equa
tion) remains looal 

^rlfr'l-%&№>). *•« 
where, for example, if 

ЖхЫ>з[№ V(*-x') <?(*•)]. 
The integrability conditions are rlolated within this approaoh 
and numerous other difficulties arise (see гегУ +{ for example). 

We assume that while lntroduoing nonlooality in the 
interaction Hamiltonian the equation of Tomonaga and Sohwinger 
must be treated also nonlooally but with retardation. In this 
way only, in our opinion, one oan get rid of difficulties 
caused by the integrability oonditions in the nonlooal theory. 

In this paper we shall show that the S-aatrix describing 
nonlooal interactions of quantised fields ' ' solves the 
Cauohy problem of the evolution equation (or Sohrodlnger equa
tion in the interaction picture at imaginary time, i.e., in the 
Buolldean metrio) with retardation. In this way supplementary 
degrees of freedom with respeot to the Took spaoe of physical 
particles need not be introduced. 

Striotly speaking, formulation of suoh an equation with 
the oorreotly stated Cauohy problem at imaginary time does not 
answer directly the question about the causality oondition of 
the S-aatrix in Minkowski spaoe. However, a simple analytical 
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connection between 9-matrioes both in Buolldean and Minkowski 
spaces without any doubts means that oausal l ty of the evolution 
equation must ensure absence of any physloal ly observable nonoau-
sal phenomena. 

2 . Field Operator at Imaginary Tine 
We shal l oonsider the theory of a one oomponent soalar 

f i e l d ipfx) describing part lo les with mass fri . The f i e l d 
operator ipfx) may be written in a standard way (see ' ' ' » 
for example) 

,_» -/ id\t f -Mt+i?Jt . iu>t-iic'£\ 

№Г&)-(-р)язЫ 4 e ) . (u) 
where iO- (тг + KZ) 

Creation °~f and annihilation CLj? Boson operators satisfy 
ordinary commutation rules: 

f v v j - [<*>$• У° • Ъ <•]• *">(е-г'>- № 0 

We assume that there ex i s t s a s ingle vaouum s tate У = /o> 
which obeys the oonditlons: 

<0\Q>= 1. 
(2.3) 

a^/o} = o V-K. 

State reotors of soalar part lo les are represented by rays 
In the Fock space which i s , a s usually,constructed over the basis 

" n 

where n-0,1,2 
Now we pass to imaginary time i - » - i f , or to the 

luolidean metric. In the constructive quantum field theory the 
physloal Hilbert spaoe. f of a free field in Minkowski apaoe 
is oonsidered as a subspaoe of the Hilbert spaoe Jf of a free 
Euclidean field (see ref.'6').Especially,in order to obtain 
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Buolldean Green functions and to oonstruot the scattering 
matrix ' " In oreatlon and annihilation operators O-gf and &? 
the supplementary degree of freedoa CL-, -* OL-, ( CL-*-> CL-, ) 
oonneoted with imaginary time Is Introduced so that commutation 
rules are of the form 

where к = (s, i<). r 

Here we shall not enlarge the number of degrees of freedom 
of a scalar field and we shall oonstruct a space of our 
Buolldean states orer the same basis (2.4). 

Soi we introduce the free field Ф(хе) , where Xf=(t,x) 
in the Guolldean spaoe, i.e.,at imaginary time by the replacement 

t-*-iV in the expression (Z.l) for the field operator ip(t,x) г 

<p(xe)~ <p(T,£) = ip(-ir, x)= 

let us lntroduoe the T~produot operation,!.e. ,the imaginary 
-time X ordering operation. In representation (2.6) the 
parameter J" is introduced explicitly, so the T product 
operation is defined straightforwardly: 

T(<P(xfF)... <p(x„f))^ $(*„)... ф(х№) (2.7) 

Fur the r , we shal l define the two-point Euclidean Green 
funotlon whloh w i l l he oalled causal 
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Czirf) гю 

(ax)'1 J 
e •'%(**-*Ь) 

(zrp) „г .+ k>* 

т. % (» /<Ч?-*^Г* ) 

W f(^^Pf (2.8) 

where Ke=(s,?) , K'*=6Z-*-? and "X^Ct) Is the 
Mscdonald function. The obtained function &c(*e) represents 
an analytical continuation to -t ->-C Г of the causal Jreen 
funotlon in Minkowski space: 

Лс1г'-Х^=—Г -^—^ . 

Now l e t us consider the commutator of the fields <f>ixf) 

and the funotlon Q_ (•••) : 

We see easily that integrals in the right-hand side of the 
formula (2.9) do not exist under an arbitrary ohoioe of the 
differenoe ( t 7 -% ) • Therefore* only the T-produot of operators 

ф(хг) has a reasonable mathematical meaning. 
Let ue lntroduoe operators RГФ1 of the following type: 
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(2.10) 

Operators tflflj are defined by a set of functions 
fRnt***— xne)} » t b e Properties of which will be elaborated 
below. 

Let us define the operation of conjugation 

Ofe;/= (?7^^)/= tf-ir,?)= ФСЪ). (2.1D 

Then for tfce operator д In (2.10) we obtain the following 
expression 

tr<p]=L ijfas-fa R*(**>~,*«)-
Ъ (2.12) 

• Т(Ф(*„)... ф(*±))т 

How we determine the operation of multiplication of two operators 
^[ф] and fcfp] ° f ̂ е *Л>е (2.10) Ъу definitio ion: 

•» 2 

£ ^ - %,; ̂ /^> •• ̂ wfe-'1- ^ 
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3. The State Space at Imaginary Time 

Let us define the state spaoe of the system as a set 
of veotors of the type 

Y=RMlo>, (3.1) 

where К has the form (2.10). It will be assumed that the 
state (3.1) is given If all the funotions R„ Ы,е ~-»e ) 
determining the operator /?/"#> 7 in (2.10) are known. 

Notloe that any state in the Fock space p must be repre
sented in the way (3.1) in the case of the corresponding oholce 
of the set of funotions ( Rn (xv,..., scv)Jln the operator f?[4>J 
sinoe there exists a simple linear connection between sets of 
basic vectors: 

a 

f 

CL У 

\&i at \o> 
j 

(3.2) 

Т(ФС**)....#ь)1о> 
J 

The appropriate formula of this correspondence can be easily 
found, if necessary. 

The most Important here is the following: the Fook epaoe f 
consists of veotors of the type 

w^L~fe-fajfa. ?)—<£••• at /o) (3.3) 

but the epaoe of vectors 
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(3.4) 

Obviously, from representations (3.3) and (3.4) it follows that 
the space p is a subspaoe of Jf , since some set of 
mutually different vectors (different sets of functions Rj---) ) 
from J\f corresponds to each vector from F • 

In the scattering problem the initial state of the type 
(3.3)is given at some T0 = -T > where T ->°o . In this case 
such a state oan be written in the form 

n • J 

(3.5) 

where Cn lxrj- •> xn) i s connected simply with / ^ (*Vj >**/ 
in (3 .3) . The state (3.5) oan be also rewritten in the form 
(3.4) , where 

The norm of s ta te vectors from j\T i s given by 

// YlMf, У)= <°1?*ГРПМ!°> -
(3.6) 

It is known | see '°>°', for exanple") that for a free Buolidean 
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f i e l d there e x i s t s such a Gaussian pos i t ive measure d'Ufi 

that "Г 

ffy fa} • • f(x>e)= <°l Т(ф{х,е)~ • <P^Hf))/0> . (3.7) 
Then the Euclidean norm (3 .6 ) i s 

''•pr//Z=fjft }R[fl]Z < oo , (3.8) 

where the functional \i£~\ i s given by 

n. • •" 

Therefore, funotions Л ч ( Хге > ••• , x„e ) must be such that the 
norm (3.8) is finite. 

So, we have constructed the state apace J\f , which includes 
all vectors of the type (3.1) for which the norm (3.6) (or (3.8)) 
is finite. Furthermore, the operators RTPl (2«1°) have been 
introduoed for which the operations of conjugation (2.12) and 
multiplication (2.13) are defined. 

4. The Interaction Uamiltonian and The Evolution Equation 
The dynamics of a quantum field system is described by 

the Schrodinger equation. In the interaction pioture it has 
the form 

with some Initial condition: 

Passing to Imaginary time -b->-iV we get 

2 

(4.2) 

(4.3 ) 
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It Is customary to oall the equations (4.3) as evolution 
equations. 

In the local quantum field theory Interaction Hamiltonians 
are usually of the form of polynomials In the field operators. 
For example i for the self-Inter acting scalar field we hare 

or In the imaginary-time formulation 

If we look for a solution of -the equation (4.3) with the 
Hnmlltonlan (4.?) in the form (3.1), then we have standard 
problem of the local quantum field theory with all its difficul
ties. 

Consider now the quantum field theory with the nonlocal 
interaotion. Introduoe the spreaded field: 

where Уе =(*>?)> Jf = £ + У and #/>/..> 
is a real function) the properties of which will Ъе discussed 
later. 

Let us calculate the causal Green function of the spreader 
field (having in mind that the T-ordering symbol concerns the 
field ф(х) ) : 

s ' "e 
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rftj=f% *%) *"'**. (4.8) 

We shall assume that the function &-0/£) is ohosen 
so that the 7С(кг) is an entire analytic function in the 
complex Kz - plane and that it inoreases so rapidly as Ke -*co 
that 9 

tO(o>- I < со (4.9) 

Instead of the interaction (4.5) we write 

Н:ГТ*>Ж*Т№Ь*>}= (4.Ю) 

Therefore, the in teract ion Hamiltonian (4 .10) belongs to the olass 
of operators R[<p] ( 2 . 1 0 ) . l o t l c e that the interact ion Hamilto
nian may be ohosen i n the normal form: 

HT fcpj^ffa; Т(ф*(Щ: 
(4 .11) 

where S)(o) i s given by ( 4 . 9 ) . I n th i s case 

<o/ Г HJ-TT^J: /О) = О. 

Using the representation of the state vector "Wi?) (3.1) 
we shall write the evolution equation (4.3) for the nonlocal 
interaction (4.10) or (4.11) in the following form: 

Д №, *7A> -- -т[цы г rr,<p]}h) < ( 4 Л 2 ) 
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The operation of multiplication in the right-hand side of (4.12) 
i s defined by (2.13). The init ial condition for equation (4.12) 

Y7t;= £fc, cbj/c) = & r<pj/°> . (4.i3) 
So, the obtained evolution equation is retarded, since the 
"time" С in the nonlocal Hamiltonlan /^(т) (4.10,4.11) may 
precede the times in field operators R[Tlp'J . However, the 
T-ordering operation in equation (4.12) arranges the times 
appropriately. 

Equation (4.12) with the initial condition (4.13) may be 
rewritten as 

Notioe that if the solution (4.15) is written in the form Р^Т0) 
then it does not satisfy the condition 

where multiplication Is understood in the ordinary sense. This 
is an immediate consequence of nonlocality of the theory. 

Nevertheless, the Cauchy problem for equation (4.14) can he 
formulated. 

If we introduce the space out-offs $-*9(**) l n order to 
get rid of the lifficulties oaused by the Haag theorem, the 
Hamiltonian H-rV^if3] represents an operator ln the considered 
space J\T • We have 

Considering the norm of the state 

we get 
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Thereforei the ultraviolet catastrophe Is absent In the conside
red nonlooal theory. 

Let us turn now to the solution of equation (4*14) with 
the initial oondltlon (4.1$). The solution is given by 

f 

efctgcrfopff/frtfrj] zfc | C4.17) 
For the state rector we get 

(4 .18) 

(4 .19) 

The norm of s ta te У(Т) ( 4 . 18 ) equals 

I f the Bamlltonlaa HzLT,f] in (4.19) i s chosen In the form 
( 4 . 1 6 ) , then owing to (4 .11) we hare 

For the norm (4 .19) we get 

(4.ao) 

So, we see that the solut ion ex i s t s in the s ta te space Jf , 
uniqueness of the obtained solution follows straightforwardly 
from ( 4 . 1 7 ) . 

The obtained solut ion (4 .17) produces the S-eatrix that 
oolnoldes completely with the S-natrlx oonstruoted and inves t i ga 
ted in ret/4 
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