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Instanton calculations In the dilute gas approximation (DGA) 
require usually an infrared cutoff p t , to be fixed by some 

diluteness criterion. One feels uncomfortable with this, not only 
from the principal point of view, but also from a practical one. 

On the one hand,the relation between the naiTe expressions for 
the would-be vacuum energy £ ( or pressure P) and for the 
square field strength, respectively, 

p - -i-z*fd.b) 
О J 

and 

CD 

< ^ F° F" 
violates what is required by the trace anomaly ' ' 

1 г 3 s r /«* >«- ~ 3 4 <-? •>. fj-/> • ** з 

(in one-loop approximation). In any case, a factor Ъ/4 ~ 0(N) 
seems to be missing In this relation ' '. 

On the other hand, nothing prevents in the usual DttA instantons 
(and antlinstantons) from approaching eaoh other too rauoh. So there 
Is no oontrol guaranteeing that interactions are really small, and 
that the senlolassloal approximation is working for g — » 0 . From 
different considerations, that suggest some kind of repulsive 
Interaction at small distances ( of. Ref. /4/ ), we decide to 
abstract a hard core potential 
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where a 1 in advance oan be estimated roughly froa the desired 
saallness of the known dlpole interaction as a* ij 100 to be 
sharpened later on.Taklni; tula hard oore seriously , at l eas t the 
before mentioned discrepancy Is removed, giving a sat isfactory 
behaviour for g —•> 0. 

Moreover, the Instanton calculation scheme, based on the 
hard oore interaction, allows one to discuss unambiguously th>.' '! 
dependenoe of different lnstanton effeota (or contributions) and 
to decide what Instantопя are able to explain and what not. In 
general, neither they are suppressed uniformly as e nor they 
can aooount for what i s known about the physical vaouum; rather 
they contribute next-to-leading order terms in 1/lf in a sense 
to be explained la ter . However, they seem to play a. def ini te 
role ' ' in the transit ion from weak to strong coupling behavi­
our ' , at l east they serve to f ix the Intermediate coupling 
range. 

For the moment l e t us disregard dlpole interact ions. Then 
under the hard oore interaction the instanton density ' ' ( R 
denotes the regularIzation soheme, P.7. means Pauli-Vlllar.i ) 

, , . -R 4N -It - * ' ? ) CM?' = CN x0 ? e ( 5 ) 

with -t-ЬЯН f .P.v.\b 

becomes оhanged ' ' into a damped one, 
ci(?) = d „ (? )e " r v - d«,(f)e ^ d . W e - " " ' f ' C6) 

: * « * • with v = - o ? § . This oan be seen from the Identity 

involving the hard core gas generating functional ;^t!tf,V' and 

t i s the hard core pressure 

2 



?- $ L i^.v) . (в) 
Introduction of a fugaoity 7\ - G i ohangee density and pressu­
re, glrlng rise to a differential equation ' 8' 

a&.z few-*"**1* «-» ел 
with the condition P( Я >0)»0, to Ъе solred for P«P (5\ » 1 ) ; I t 
has the solution ( h denotes a known function) 

^.[iu4(t^,o'Jl' # («J 
On the other hand, P Is related to the r.a.s. lnstanton radius f 
rla • -m-f p -(b-t)(TT lQ ,f , t) _ (11) 

The paoklng fraction, usually required to Ъе f ^ 1, Is found 

W<-.)$ . a») 
In fact It should Ъе bounded by seme number 0(R°); with the rough 
bound glren before, we hare f. < 0.02. We considered the вего 
mode faotor x* as constant under the <? Integrals, erentually 
to be determined later by demanding i » i( j ). Then a' beco­
mes ( from (10) and (11) ) dependent on x 

showing, how a» —* - o o for x 0—»• oo (g —*• 0, у —*• 0). 
Finally we find the susoeptlMllty 

T*X. -f - £ - (14) 
Later on the condition wll] become clear under which a' can be 
fixed as an N Independent quantity. If this Is the oase then 
I х J:, turns out of order 0(1/H), which tells, that the 

corrections due to the dipole-lnt«Taction oan be Tlewed as an 
1/lf expansion 'e'*' and that a strongly paramagnetlo instanton 
gae (neoessary for the Princeton bag ' 1 0 ' by lnstanton 
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suppression) i s incompatible «1th large N. In an earl ier paper 
f ' we hare c r i t i c a l l y examined the wanted f i r s t order phase 
transit ion and found as a necessary condition for I t s appearance 
f > 0 .1 . From our present knowledge t h i s i s far beyond the 
va l id i ty of the DSA. 

How dipole-type interactions between inatantons and a n t i -
lnstantons oan be dealt with by means of a functional averaging 
prooedure in i t s Gaussian approximation i s explained in deta i l 
in Refs. / 8 , 9 / . In accordance with t h i s approach the vacuum 
pressure can be represented by 

P - ?kc- ^ (N*-l) fH U*SL[A- F»0|l ff'tfj _ (15) 

where the function F(>0 * ̂ i И " "J- кг(х)) has been pulled 
out of the integrand of the susoeptibillty 9Co U3ing the mean 
value theorem. From eq. (15.) we deduce the correction of the 
instanton density due to dipole interaotions 

Having the smallness of Tf 9C« in mind we can restrict our­
selves to the leading orders ( in 1/N If a'«const) and get 

d(fl - d. (,) e" "•[•<+ ^ 4? к. *"х. • °Ш]/ (17. 

where К - 1.33. 
We may use the above formulae to investigate vacuum 

fluctuations of varying size у in isolation, letting x 0 

(or a') run down from infinity, e.g.,in order to study the 
instanton related modification of the p - function ''' in the 
intermediate coupling region, and to decide whether a reasonable 
dilute gas suooeeds to interpolate between the weak and strong 
coupling behaviour. The coupling oonstant is renormallzed 
nonperturbatively through the vacuum permeability и т 1*Шг y . c 

here in the form 

ql(?) */*& 9\Fty . («) 
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So we obtain (writ ing Xa = Цх» ) 

If we f i x И тегу large and l e t тагу x„ » x{?) then equa. 
(12,13) show the /i - function exhibi t ing в. s tep-funct ion l i k e 
Jump to the strong coupling оитте, idealized as 

where 

flfa) . J £ 8П1 

9 "1 . e« No» 

i s found from 

1 A " J 3 

$i Z > p (20) 
< 

-LSI (21) 
= 4 . 

In the case of lattice regularizatlon, Л ' /л 1" » 39 , 
we find £ = 17.67 corresponding to Щ Л р"=,315; for 
N•3 this means g»1.22. This behaviour Is expected from the large 
If limit of some soluble model gauge sy.items , and can be 
conjectured from the Hamiltonlan treatment of SU(lf) lattice 
theory, too Z 1*^ . In the instanton language this kind of 
behaTiour was noticed in Ref. /15/ . from the jump 

- ft, w \-< - % Г 
we get the before mentioned N independent estimate of f «9.7-10 , 
I.e., a'«205. In the Fig. the ourres of the Halting case я"-» 00 
as well as for N«3 are displayed for comparison. The crossover, 
marking the point beyond of whioh the DGA obviously loses sense, 
oorresponds for H-3 to x »62.2 and /д -1.25 (onlyI). 

But has the Instanton gas given at this extreme 
(a' * 200 for all I), where inetanton effects are not suppressed 
as e , any ohanoe to desorlhe the таоиив, characterised as 
gluon ooaatnsate ? ' 1 To deoide this question we oonsider the 
> dependenoe of some relerant quantities. As far as their large 
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" « . : Instant on driven /3-funotion. 
Cur re I : И—»oo j 
Curre I I : И-3 f*f . 

dence i s down by 1/H conpared with what should be expected '*•''; 

H behaviour i s oonoerned,di-
pole interactions do not change 
the r e s u l t s . Therefore, they 
can be omitted in the f o l l o ­
wing. Essent ia l ly thanks to 
the equs. (9 ,10 ) , replacing 
the naive "definition" ( l ) 
of P, the relat ion (3) i s 
established between the instan-
ton contributions to € and 

<TT »>* F%> > 8 l n o « t h e chemi­
cal potential 5 in equ. (10) 
acts as a constant source for 
the Instanton number or -v5 F* 
The result i s in accordance 
with what i s expected froa 
renormalization group argu­
ments ' ' . However, i t i s 
disturbing that the N depen-

N* / Й р" сП ч, 
4 IT > < > « » / 

N. (23) 

Attempts to enforce this by assuming a ' ? * . N 
in (11) run into troubles with the lower bound for a 1 and/or о the l imit g l —»• oonst . , combined with Л —•• oonst. 

Therefore we conolude, that di lute Instanton configurations give 
only nonleadlng (In 1/H) contributions to both quantities (23) . 

It I s instruct ive to consider also the dependence on the в 
angle. Apart from the overall N dependence Witten ' 1 B ^ argues 
for £ ~ f(6/H). If we consider the lnstanton-antl lnstan-

vao 
ton gas with uniform hard oore pressure at angle в, equs. (9, 
10) become modified to 

— - Z cos ©fit el.(?) e 
-WW»))** 

(Г4) 
giving 

?{e) - (cos в) ь p(e.e) ~( 1 - \ e*)T(e»i>) , (25j 
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whereas the assumption of hard cere interactions only among 
lnstantons and aat Llaatantons, respectively, leads to 

Tor the partial pressures, 3U0h that 
Pfe) = P+ *• f. - rte-o) ' м ^ в , 

Both options give for th« topologlo.il correlation function 

(27) 

[dl^UO.lQIol^-- у;Ив)| „ J % aoc.to e iu , (25) 
(28) 

Г'ы1 ace. to equ.(27), 9-u 
1 F'rt1 

respectively. In view of i t i t ten's arguments ' ' , the l a s t 
option зеешз to be more credible. Then Instant on contributions to 
a l l quantities characterizing the gl'ion condensate would be 
down by l/N compared with what 1з expected for general 
reasons A 7 . 1 9 / . 

Let из aloae with some speculations. The last conclusion, 
that hard oore interactions should be considered only between 
Instantons and antl instautons, respect ively , resembles to what 
has been learned reoently about combination of multllnatanton 
and multlantilnstanton oonfIguratlona In the CP model ' . 
The part i t ion function WJIS found to be Ъ-Ъ Z_ , which means the 
partit ion function of selfdual and antlselfdual configurations 
without mutual interact ions . Assuming that something l i k e this 
proves true in the lang-AUlis theory, too . we may think to 
i s o l a t e , as demonstrated above, f luctuations of a given s i ze 

f corresponding to some x both in Z and Z_. T 0 a oertain 
extent they w i l l be well separated (ant l ) lnstantons . Then the 
meohanlsm for the r i se in the ft- functLon works well ye t . but 
both the (maximally dense) di lute gases contribute to E / ^ s f V 
and JcU< Q(») 6!(o)> with the oorreot (9 dependence, but 
only 0( l /N) oompared to зове kind of leading contribution. I t 1з 
tempting to oonjeoture, that the dlssoolat ion of (an t i ) ins tant -
ons, eaoh into Я (antl) lnstanton constituents ' ' , would provide 
the neoessary prol i ferat ion of degrees of freedom possibly 
happening at x , marked by the above estimated jump in the (3-
funotlon. 
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