


Instanton caloulations in the dilute gas approximation (DGA)
1/ require usually an infrared cutoff ¢ , to be fixed by some
dilluteness oriterion. One feels uncomfortable with this, not only
from the principal point of view, but also from a practical one.

On the one hand,the relation between the naive expressions for
the would-be vacuum energy £ ( or pressure P) and for the
square field atrength, respectively,
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(in one-loop approximation). In any case, a factor b/4 ~ o(N)
seems to be missing in this relation

On the other hand, nothing prevents in the usual DGA instantons
(and antiinstantons) from approaching each other too much. So there
13 no control guaranteeing that interaotions are really small, and
that the semlolassioal approximation is working for g —e 0. From
different considerations, that suggest gome kind of repulsive
interaction at small distances ( of. Ref. /4/ ), we decide to
abstract a hard oore potentisl
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where a' in advance can be estimated roughly from the desired
smallness of the known dipole interaotion as a' = 100 to be
sharpenad later on.Taking tnis hard core seriously, at least the
before mantioned discrepanoy is remcved, giving a satisfactory
behaviour for g —» 0.

Moreover, the instanton calculaetfion scheme, based on the
hard oore interaction, anllows one to discuss unambiguously the ¥
dependenoce of different instanton effeots (or contributions) and
to decide what instantons are able to explaln and what not., In
general, neither they are suppressed uniforaly as e'N nor they
can acocount for what is known about the physioal vaouum; rather
they contribute next-to-leading order terms in 1/N in a 3ense
to be explained later, However, they seem to play a definmite
role /3/ in the transitlion from wesk to strong coupling behavi-
our /6/, at least they gerve to fix the intermediate coupling
range.

For the moment let us disregard dipole interactions. Then
under the hard oore interaction the instanton density " (R
denotes the regularization soheme, P.V. means Pauli-vVillari )
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becomes changed /8/ into a damped one,
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with v =%~d§lgz. This oan be seen from the ldentity
FV./
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P is the hard core pressure
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Introduction of a fugaoity A= eg changes density anml pressu-
rey, giving rise to a differential equation
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with the condition P( A =0)=0, to be solved for PsP (A = 1); it
has the sclution ( h denotes a known runotion)
P(e;) [b %N i (10)
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On the other hand, P 18 related to the r.m.s. instanton radius ¢
via

P
P = (b-4)(r*a'g") an

The paoking fraction, usually required to dbe fo £ 1, 1s found

fo = (1- %)(_%. ) 12)

In fact it should be bounded by scme number 0(N°); with the rough
bound given before, we have ro < 0,02, We oonsldered the sero

mode faotor x°2N as constant under the ¢ integrals, eventually
to be determined later by demanding x, & x( ¢ ). Then a' beco-
mes ( from (10) and (11) ) depezulentb on x,
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showing, how a' —s o for x —s 00 (g —» 0y, § —» 0).
Finally we find the susocaptibility
X, ={o (14
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Later on the condition will become clear under which a*' can be

fixed as an N 1independent quantity. If this is the ocase then
T* X, turns out of order 0(1/K), whioh tells, that the

corrections due to the dipole-interaotion can be viewed as an

1/N expansion /849/ and that a strongly paramagnetic instanton

gas (neoessary for the Princeton bag by instanton



suppression) is incompatible with large N. In an earlier paper

we bave oritically examined the wanted first order phase
transition and found as a neoessary conditien for its appearance
f_ > 0.1. From our present knowledge this 1s far beyond the
validity of the DGA.

How dipole-type interactions between instantons and anti-
instantons oan be dealt with by means of a funotional averaging
procedure in its Gaussian approximation 13 explained in detail
in Refs. /8,9/ . In accordance with this approach the vacuum
pressure can be represented by
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i
where the function F{x) = ',%_(4‘ %‘ K.(x) has been pulled
out of the integrand of the susceptibility X, wusing the mean
value theorem., From eq. (15) we deduce the correction of the
instanton density due to dipole interaoctions

-’ Y o
dig) = dplg)e v,(',,f__“atz S‘Fbr)xdx % (163

FY)(atx.)
Baving the smallness of 7% 1in mind we can restrict our-
selves to the leading orders ( 1n 1/N 1f a'=const) and get
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where K = 1.33.

We may use the above formulas to inveatigate vacuum
fluctuations of varying sige ? in isolation, letting X,
(or a') run down from infinity, @.ge.,in order to study the
instanton related modification of the f3 - function 5/ in the
intermediate coupling region, and to decide whether a reasomable
dilute gas suococeeds to interpolate between the weak and strong
coupling behaviour. The coupling oonstant is renormalized
nonperturbatively through the vacuum permeability )A = 142%? %o
hers in the form

9'(3) = MF) 94 (7) (18)



So we obtain (writing Xo = N¥%o )
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If we fix N very large and let vary Xg 3 x(?) then equa.
(12,13) show the 3 - function exhibiting s step-function 1lke
Jump to the strong coupling ourve, 1dealized as
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In the oase of lattice regularization, AP'V'//\" = 39 /n/,
we find § =17.67 oorresponding to g APV.= 315; for

Ne3 this means gul.22, This behaviour is expected from the large
N limit of some soluble model gauge systeas /13/, and can be
conjectured from the Hamiltonien treatment of SU(N) lattice
theory, too 714/ « In the instanton language this kind of
behaviocur was noticed in Ref, /15/ . From the jump
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wo get the before mentioned N independent estimate of f°-9.7-10 s
i,0.,2'2205, In the Fig, the ocurves of the limiting case N— Do
as well as for N=3 are displayed for comparison. The orossover,
marking the point beyond of whioh the DGA obviously loses sense,
oorresponds for N=3 to x,=62,2 and & =1.25 (onlyl).

But has the instanton gas given at this extreme
(a' &~ 200 for all N), where instanton affeots are not suppressed
as o"", any ohanoe to describe the vacuum, oharactarised as
gluon contenmte /3 ? To deocide this question we consider the
N dependence of some relevant quantities. As far as their large
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N behaviour 18 conoerned, di-
all pole interactions do not change
the results. Therefore, they

2 can he omitted in the follo-~

wing. Eseentially thanks to

i A the equs. (9,10), replacing

. a’s 205 the naive Mdefinition® (1)

‘. of P, the relation (3) is
established between the instan-
ton contributions to € and
<FEFA, F2,> » since the chemi-

2 cal potential 3§ 1n equ. (10)

H acts as a constant source for

________ the instanton number or Fz:

. L —5 The result is in accordance

2 4 6 Ng with what 1s expeoted from

Fig.:Instanton driven A-funotion. renormalization group argu-
Corve I : N—>o0o ments +» However, 1t 1s
Curve I1: Ha3 /8 disturbing thet the N depen—

dence 1s down by 1/N compared with what should be expected /17/:
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Attempts to enforoe this by assuming a'§g? ~ N1

in (11) run into troubles with the lower bound for a' and/or

the 1imit gzll — goonst., oombined with A -—= oonmst.

Theiefore we conolude, that dilute instanton cenfigurations give
only nonleading (in 1/K) oontributions to both quantities (23),

It is instruotive to consider also the dependence on the (@
angle, Apart from the overall N dependence Witten /18/ argues
for €vao ~ £(8/X). If we consider the instanton-antiinstan-
ton gas with uniform hard oore pressure at angle 8, equs. (9,
10) hecome modified to

dP/p de -R(P(a) 9
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whereas the assumptlion of hard ccre interaotlons only among
lns tantons and antiinstantens, respeotively, leads to

B /AY rid ~H(B(a)e*
diR/AY o (de qo91e (Re(a)e (26)
da 1
for the partial pressures, such that
Plo) = P, + P = Plood ws o (an)

Both optlions give for the topologlcnl correlation function

P ¢
4" N acc.to aqu,{25)
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vPiyt acelto equ.(27),

respaectively. In view of Jittents arguments /18/, the last

option seems to be more credlble. Then irstanton contributions to
all quantlitles charaoterlzing the glucn condensate would be

down by 1/N compared with what 13 o¢xpected for general

reasons /17,18/

Lat us alose with soms speculations. The last conclusion,
that hard oore lnteractions should be considered only between
lnstantons and antilnstintons, respectively, resembles to what
has been learned reoently about comblnation of multiinstanton
and multlantilnstanton configurations in the ce™ 1 model /20/
The partitlon function was found to be Z-Z*Z_ s which means the
partition funotion of selfdual and antlselfdual configurations
#ithout mutual intermotions, Assuming that something like this
proves true in the Yang-Mills theory, too, we may think to
isolate, as demonstrated above, flusctuations of a glven size

§ oorresponding to some x, both in Z_and 2_. To a oertain
extant they will be well saparatsd (antl)instantons. Then the
meohanism for the rise in the f3- tunctlon works well yst, but
both the (maximally dense) dllute gases oontribute to £, ,<(¥sF?>
anl fdx< Q(x wig)> with the oorreot ¢ dupendence, but
only 0(1/N¥) compared to scme kind of leading ocontribution. It is
tempting to oonjeoture, that the diamsociatlon of (anti)instant.-
ons, each tnto N (anti)instanton constituents /, would provide
the necessary proliferatlon of degrees of freedom possibly
happening at x , marked by the above eatimated Jump in the 3=

funotion,
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