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1. INTRODUCTION 

The local light-cone expansion is an important tool for 
the treatment of deep inelastic scattering. For scalar 
theories it has been shown that the so-called nonlocal 
light-cone expansion exists as an operator identity, 
whereas the traditional local light-cone expansion y 2 / exists 
on a dense subset of the Fock space only . So it depends 
strongly on the properties of the target bound states if 
such expansions make sense. Taking into account that the 
nonlocal light-cone expansions can be applied in all cases, 
it is interesting to study the relations between both 
expansions. This gives an independent justification of the 
application of the local light-cone expansions in deep 
inelastic scattering finally. For practical applications 
both types of expansions are needed for forward scattering 
only. This restriction gives essential simplifications 
concerning all quantities as light-cone operators, light-
cone coefficients, anomalous dimensions, and renormalization 
group equations. For example the light cone coefficients 
seen in forward scattering are linear combinations of the 
complete set of the light-cone coefficients. It is pointed 
out that the effective renormalization group equation for 
the nonlocal light-cone coefficients is equivalent to the 
Altarelli-Parisi equation. It is interesting that this 
equation was originally derived on the basis of physical 
assumptions and ideas whereas the important non-local light-
cone expansion was constructed later . This work uses the 
results of the investigations /'1>8'5/ on light-cone expan­
sions. All notation and convention used there and in the 
paper / B / are applied. For simplicity all calculations are 
done in scalar field theory. We claim that the essential 
features seen here turn over to gauge theories. 



2. RELATIONS BETWEEN THE NONLOCAL 
AND LOCAL LIGHT-CONE EXPANSIONS 

The basic quantity investigated in light-cone expansions 
is the renormalized product of two current operators 
R(j(x)j(0)E0(s)) whereby Е 0 (s)=exp f £ l n, dx (The T -
product symbol is omitted always). In perturbation theory it 
is possible to represent this operator product with the help 
of coefficient functions Ff and normal products of the free 
field operator ф 

ВД O0i(O)Eo(s)) ̂  -1. f dq !... dqj Ff(x 2, xq s, qiq j, A#q,)... ф(ч ,.):. 
(2.1) 

With these notation the nonlocal light-cone expansion 
reads / u 

R«WJ(0)Eo(s))= | o ̂  j o ? m ) ?r> (xV- | m | c k., m|, w x 

M<* l'l«k-|m| ( 2 2 ) 

x^ckj... ̂  d«{F «;,)(„) (x8, ̂  ,M8)R(Okf(,xm)(K)E0(s))+ Q " , 

thereby the coefficient functions Ff (t)(m) a r e given by 

(2.3) 

and the nonlocal light-ray operators are determined by 

О „ k£(r)(m) (« ) = /dq^.dq,{¥-) П e 4» «U-«Л . _±- x 

(2.4) 

х П ( q»' l t" >'' t ) :*(q.)...«Xq f): 
s,t- 1 
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The indices £,k,... or the multi-indices (m),(r) ,(n) are 
nonnegative integers, Iroj-Sm,, the coefficients ^ k i i ij 
are constants defined in ' , t) denotes a constant vector ' 
4 ^ 0 and I--L(X4»_,(x,)) + _IL_((X4)8_,a4B)M

 i s a 

light-like vector corresponding to i. It denotes a modified 
R operation''1'*' whereby the graphs or subgraphs containing 
the operator vertex 0 are subtracted with the help of a 
special subtraction operator W * / 1 , 6 

5П »F(x|ф) Л Jj-M^/dq^..dq f Fp" 0 " ( Х 8 , Х Л . o* (q | 4 j ^^ . . .pq . , * )* 

x :^(q l ) . . . .^ (q f ) : , 

I 1 - ( ( U - Z ^ L L ) * -1). (2.4") 

MdfW= ?..±-(<L)kt(.a)\ 
° k=0fc! da a = 0 

Рц =/is(l-(f + l)S(j) (-f ) _ 1 denotes subtraction points. 
The positive integer a can be chosen arbitrarily. It 
determines the smallness of the remainder Q a near 
x 8=0 (Qa -(xE) *~2aJ " J ) . All formulas correspond to scalar 
ф* -theory, nearly the same formulae are true for ф^ -
theory / 8 /. The corresponding expressions for the local light-
cone expansion are a_{ 

R(J(x)j(0)E0(8))= j f I ! I 2 (x^Hralc .... x 
|m|^k |r|<k-|m| ( 2 . 5 ) 

F (х 8 ,д г )= П ( д ) П ( д ) " F*-P'°P | 
£(n)(f)(m) ' ,_ ! dxqg , i t = 1 dq s q t KxSxqj.q,<^^*) хч 4-0 ' 

e<t Vj-Mlj 

(2.6) 

3 



kf(n)(t)(m) J ^ l ^ s « i П I V/,B 4 s r 6! x , 
m 8 t 

x п JSd££l2 :*«ц> ...*<,):. (2.7) 

From these formulae there follow at once relations between 
local and nonlocal quantities. 

Operators: 

°k?(r)(m) ( Ki ) =^ )
( i Kl ) - O ^ ) °kf(n)(r)(m) • (2.9) 

Coefficients functions: 

Ff(n)(,)(n,) («")-/-K 1.»a« f0« 1>" 1-(i«/' Г | ( г И в ) (V**),<2.10) 

F i o w > <"••••>-
, « + '~ -in, -n.-l -np-1 (2.11) 

= ^ c - l fcf"*'f "t -"' p'i->«<.> & , ) • 
The exact renormalization group equations are identical for 
loth expansions, they follow directly from the renormaliza-
tion group equations for the x-proper coefficient functions 
P J-prop /1,S/ 

I 

Sr + 8 5 m V + ^ - ' ' » ^ ) ) Г К « ) Ш С ' 1 = С- <2-13> 
On the other hand the effective renormalization group 
equations ere different. They correspond to the traditional 
renormalization group equations / 7 / for the light-cone 

< 



coefficients which are derived indirectly taking into account 
renormalization group equations for the light-cone operators 
°ke(i)(ra) or °kf(n)(.)(m) 

2 /<k' . . . 4 < : 1 [ ^ + 5 / т + /8/-+8у.]в ,П8(к -кр -
U (2.14) 

A V ) dP dn>2 3& ' i n y 

(2.15) 
-у(П-)А'(п)А1Р(п')А-(х£) = 0 , A = (r)(m)k,P. 

Both equations can be connected by a Mellin transform. 
Omitting unessential details we have to transform an equation 
of the type X F 0 n =0 into an equation of the type 

1 о 
/4<F(K)D(K,A) =0. whereby F n is related to F(x) by 

eqs. (2.10), (2.11) F =l"/d/c^FU), , FM = ±~'*J °° dn(i«f n~V n. 
0 2IT c — l» 

Дэ connection between 0 nm and 0(к,А) we receive 
D(K,A)= l(iKfJ- f dm(tt) D „ m , (2.16) 

n 2n c-i~ n m 

^ ш " ^ ^ ' / Л О Л ^ О ^ А ) ! ^ . ,2.17, 

Therefore the anomalous dimensions у . , and у , (к, к') 
have to satisfy the relations (n )A (n)A A A 

y . <«',«)= 2 II (i*')'-!-- / П dn (IK ) y, , w,, .. A * (n')J = l i (iirTe-lo. 8=1 • • '(n)A(n)A 
(2.18) 

f, w , .4- Д — ( - £ — ) / П d« (1« ) ' y,,t(*',«). (2.19) ОЛАСП.Л) J=l „', aiKJ" 0 e-l e • A A 
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To check these relations the explicit definition of the 
anomalous dimensions is needed. The anomalous dimensions are 
defined as derivatives of Z-factors whereby in our case the 
explicit (»E -dependence of the operators 0 has to be taken 
into account. To get more explicit expressions we start with 
the renormalization condition for the operators О contained 
in the definition of the subtraction operator Л* / e , e / 

Z 0(x.Z^V)-5R* £ i-;<Jq .dq fH £
U n , p I(x. q i qf|6):tf(q )...#q, ):'. 

t=0 "'• 
(2.20) 

To simplify the notation ,л the complete set of operators 0 
is ordered to a row and Z acts as a matrix in this space, 
HJP1 and Hj"1 l p I are the lpl -parts of the renormalized^ 
and unrenormalized coefficient functions of the operators 0 

R(6E0(s)) = £-i-/dq1...dqfHf(x,q1 qf |6) :*(qt)...<«qf): 

» , - (2.21) 
OE 0( 8) = 2 •ji-;dq1...dqjHf

nn(i.q1 q f |0) : Ф1ц1)...<К'Ч): 

H^fcq, q£|6) - Z-»Z<f» Hf 1 P' (x.q, <* l°> • 
(2.22) 

Differentiation of eq. (2.20) with respect to fiz gives 

x X — / d q ...dq-Hf
un(x.q q-16): <Mq,)... 0(q») : 

Й ft 
The der iva t ive p s — - of ( p 2 — - M a ) a c t s on the д 8 -depen­

ds 8. difi 
dence introduced by Ж i t s e l f on ly . Using again e q . ( 2 . 2 0 ) 
and the d e f i n i t i o n s 

^ 6 ( х | * . а ) 1 1 = 1 = П 1 о ( * | * ) ул.г-^*Л.гх 

да ' » - ! L ' « 8 •- ^ 8 В 

ф 8 oj(/a 

(2.23) 



we obtain 

?6=-y,S.6 -2>1 г4ё б + < ^ 8 ^ Ж а ) ^ 5 Е 0 < 8 > > - <2-24> 
This relation can be written for the local (discrete) and 
nonlocal (continuous) case explicitly 

* y A(n)AV>°AVf~> 'E ? »A(n)A'(n')°A'(n') " * " TF°A(n) + 

A (n ) A ^ i P 
D Л ! 2 " 2 5 ) 

£ /d*'...dK' у ^ O C K O O U ' ) — y „ 2 /d '..ск'п. .,U,K')0.4K')-
.* 1 t AA A' 

- g M
8 - i — 0 > ) + (2^2-^-)R»)R(6En( S)) ,(K). 

dpis A дц2 ° А 
(2.26) 

Quite similar calculations leading to eqs.(2.16),(2.17) show 
that both expressions (2.24),(2.25) are connected by eqs. 
(2.18),(2.19). Thereby it must be taken into account that 
R(6E 0(S)) A(n) and RCOE^s))^*) satisfy eqs. (2.8) , (2.9) 
too. This is guaranteed because of the property of the 
applied transformations. 

3. MINIMAL LIGHT-CONE EXPANSION 
IN THE CASE OF FORWARD SCATTERING 
For the first investigations of deep inelastic scattering 

the most important operators of the light-cone expansion have 
been taken into account only / 7 /. The minimal non-trivial 
choice of the light-cone expansion for the ф* theory 
corresponds to a - 2. In this case we have 

Local case: 

R(J(x)j(0)E0(e)) - 2 F n n(x 8,p 8)R(O n n E (s)). (3.1) 
x«-»0 о.,аг IS 18 
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n 8 
° D D = / d 4 ^ q 2 ^ - ^ - .Ф^О 0(q a ): (3.2) 

u l u 8 * ' D j ! n 0 l 

B„ - i r ( ^ ) " 1 ( ^ ) "4^« '»vvj> 1 о <3-3> 
q.q.=f * . . 
4 i J iJ 

Nonlocal case : 

R(Kx)KO) E 0 ( s ) ) = / d K ^ d K g F C x ^ K ^ K ^ R C O ^ K ^ s ) ) , 
x"-» О о 0 

( 3 . . 1 ) 

i K . x q . 4 i K i q 2 

0(K 1 ,K a )= /dq l dq 2 e :0(q t ) 0 ( 4 z ) : , (3.5) 

F ( X B , K . K ) - - L / d i q i d i q „ e - ( l K l I 4 l + i K ^ 4 2 ) x (3 .6 , 

хгр-» ( . « .чЛ-¥ ,»1 у Г 1 1 -
There appear only terms which contain at most two field 
operators. Complicated 4jq. and ц-dependence has been 
dropped out. 

At this place we have to add some general remarks. The 
crucial point for the proof of the light-cone expansion is 
the choice of the subtraction operators fk which enable the 
construction of the light-cone expansion and allow a conver­
gence proof. The first subtraction operators of this type 
have been given by S.A.Anikin and O.I.Zavlalov / , /. Slightly 
changed operators have been considered later / 5'. It is very 
important that the choice of a subtraction operator leads to 
a special form of the light-cone expansion and determines 
finally the renormalization procedure for the light-cone 
operators. Up to now we have chosen the subtraction operator 
(2.4'). With regard to the application of the light-cone 
expansion to forward scattering processes we choose as sub­
traction operator now (2.4') with a = 2 and different 
subtraction points, however, 

f = l q 8=0, I =2 qf=q|= M
8<0, q,qg=-^2. (3.7) 

8 
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This leads to a similar minimal light-cone expansion. The 
difference to the expressions (ЗЛ)-(З.б) consists in another 
definition of the light-cone coefficients 

*.. ( х 2 ) = т г ( - г - ) П 1 ( т - L - > n 2 F r r o p < x 8 - * v v i , ) l _» • 
"l n 2 2! iJxq, д%Чг

 8 i l l 1 ( , i = I q 2 = o 
4 j 4 j Г 

4 l 4 8 — f * 

* t » 8 . « 1 . « B ) - ^ r ; « f i i 1 « i 8 - " ( , K i r , l + , " B £ i , " > x 

(3.8) 

(3.9) 

Let us turn to the case of forward scattering. Then the 
matrix elements <p|Rj(x) j(0) E.(s) |p> of eqs.(3.1) and (3.4) 
have to be formed. 

We consider the nonlocal light-cone expansion at first. 
If we look at_eq.(3.4) then it is obvious that the matrix 
elements <P]RO(K ,)E0(s)]p> have to be investigated. For 
free field theory such matrix elements 

< p | 0 (к p KS) |p > = / d q ^ q 8 e ( t * + ( ч1+ <»2> * + iK - «U -Q Z> И > * ^ M q ^ q p : |p > 

do not depend on the variable к + because of momentum con­
servation q.+()„= 0. This result remains true for inter­
acting fields also. For this reason the coefficient functions 
of the renormalized operator 

R(OOc 1,K J !)E 0W)- eS >-i r/*i r..dq 1H t(rK I.& 8.q 1 %У.Ф(Ч^.ЖЧВУ. 
(3.10) 

must be studied for S q i = 0. These functions are Green func­
tions amputated with bare propagators at the external legs 
H (гк },^ 2, 4 1 >.., 4 8) =<$6к1)ф(*кг)ф(.11{)...<Н<1в)>ГЛтр . 
Translation invariance of these functions reads 
H^iuj+y, хк г +у, qx q s ) =H ( x K 1 , x « 2 , q 1 q s ) exp(-iyXqj) 
Set t ing y = - i i ( « t « ) we g e t 

£ 1 2 

H e f T ? ( ' t l " K 2 ) ' - 2 i r ( ' c 8 - ' < l ) ' 4 r - . q B ) = H 8 ( £ / c 1 , 3 « 8 , q i q 8 ) e 

*=F«* 
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Here it is seen, that for Xqt = 0 the functions H do not 
depend on к+. This result can be used to simplify the non­
local light-cone expansion for forward scattering. Performing 
the к + integration in eq.(3.4) and denoting 

C(jt".K_)-2JdK +F(x 8.K ,к ) (3.11) 

as new light-cone coefficient for forward scattering, then 
the expansion (3.4) takes the simple form 

<p|BjWj<0)E 0(s)|p>=/d«_C(x s,/<_)<p|RO(K 1,K 2)E 0(s)|p>. (3.12) 

It is remarkable that we are left with one integration 
parameter only. 

For the local light-cone expansion similar statements are 
true. Quite analogously the forward matrix elements of the 
free field operator 

n„ n.+ n„ -1 n 2 Uq ) l(ia,)'Z 

(-1) « < * 2 ) <p|0 |p>-(- l ) /dq dq — 1 3—<f\:#qiiW.\p> 
n l nl n2 ' Mn,tn^|! 

^ n j+n 2 
= / d q d q g

( ( ' l l " q a ) ! C ) <Р\:Ф(Ч1ЖЧ£: |р 
(nj + ng)! 

-(n.+ n 2) >.2 ' K 

depend on n^ii- only because of Ч. + Ч 2
 = 0 " I n 9 e n e r a ^ the 

coefficient functions of the renormalized operator 

B(°„ n Е 0 < 8 » - | •^-/dq 1...dg,H B „ (жл, q.):«Q,)-*4.): i 8 ê u s • i a (3.13) 
multiplied by (-1) 8 ( n l + n 8 ) - l depend only on n. + n „ for 
2 q 1 = 0. This can be seen from the connections between 
local and nonlocal, light-cone expansions. From eg.(2.8) fol­
lows the relation for the coefficient functions 

H „ n „ tf-4,> M -37 ) D l - Ц - Ч т — ) П ЯН в(хк 1 1£к„^,)| 
8 njBg 'I' iij! din^ n gl 5 1 K g " 1 8 1 K _ 0 

(3.14) 
Because of the к + independence of the nonlocal coefficient 
functions at S q =0 we have — 2 — = - — = — so that 
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П 1 в П 1 п г

 4 4 Q i = 0 („ 1 + n a ) ! diK_ a » Z 'Sq^Kj-O 

This allows us to rewrite the local light-cone expansion 
(3.1) for the case of forward scattering in the form 

<p|Rj(*)X0)E0(s)|p>= ̂ ( x ^ K - i ^ i + V 1 <p|ROn V « » I P > , e W N -
(3.15) 

The new coefficient functions are 

(3.16) 

Again we are left with one summation index only as it is 
known from the application in deep inelastic scattering. 

4. RENORMALIZATION GROUP EQUATIONS FOR FORWARD SCATTERING 
As we have seen the restriction to forward scattering 

leads to a lot of simplifications. The light-cone expansion 
has only one summation (integration) index, the light-cone 
coefficients are sums (integrals) over the original quan­
tities, the matrix elements of series of operators are iden­
tical (independence of certain variables). Such simplifica­
tions have been used from the very beginning by the treat­
ment of deep inelastic scattering / 7 /. For example in the 
light-cone expansion there are used the operators Фуцрц^цаФ 
but the operators Ф Ущрр J$ цяф, .., ф ущ1>^gD p аф need not 
be considered separately. However, for non-forward scat­
tering also these operators have to be taken into account 
and the renorraalization procedure becomes more complicated. 
Because of the close connection between renormalization 
procedure and anomalous dimensions this is also true for the 
anomalous dimensions. 

If we confine ourselves strictly to forward scattering, 
i.e., all operators 0 have no momentum flow through the 
operator vertex, then instead of the operators 0(к,,к„) and 
0(nj,ng) it is possible to use 

OUJ-Jdq^e E " '^^Wq^SCq^q,,) 
11 



0 N = /dq dq — 2 — 2 : ̂ j)-Mq 8> : 5(q,+ q^ (4.1) 
N!X N 

from the beginning. Performing the complete renormalization 
procedure under this restriction then quite similar calcula­
tions (to eqs.(2.20)-(2.26)) lead to the anomalous dimensions 
seen in forward scattering 

/dK yU_,K',0(«l)=-2ygO(Kj+(2(i2~)II2)R(OE0(s))(K_), (4.2) 

* ? 1 « * 1 | ' - * » О Н + № ^ Я ^ < О Е 0 < < » 1 . - М.З) 

In general the anomalous dimensions for the minimal light-
cone expansion are defined by the equations 

/d*; d^ уЫ,к')ОЫ\,«р =-2y20(K1,K8) + (^2-^?JlI2)R(0EJ)(8))Ul/<2)t 

(4.4) 
S у , , 0 , ,=-2y 0 +(ap*-i-3«2)R(OE„(s)) . (4.5) 

In an Appendix we will show that these anomalous dimensions 
are simply connected with the anomalous dimensions seen in 
forward scattering 
(„) (-if ч 1 (-1)1 Q)y, „ , , . „, ^=7„s V M^. <4.6) 

/d«+'y(«i,«e,«i',«g') = 2?U_,/c_'). (4.7) 

These relations allow important simplifications of the 
renormalization group equations. 

Let us consider the nonlocal light-cone expansion at 
first. The renormalization group equation (2.14) reads 

/«'Л'ф^^^Ч^.-".''»^'- (4.8) 
-у{к,к")\Г(хе.к .KJ-0 
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for the minimal light cone expansion. Because of eq. (4.7) It 
is possible to integrate this equation over к' for forward 
scattering 

;<J к l[(*-#- + S-2L-+/sJ-+2y.]S(K-K')- yU_,Kl)|C(x2« b-0.<4.9) 

The resulting equation has just the form of the Altarelli-
Farisi equation. In other words: the Altarelli-Parisi 
equation is a «normalization group equation for the light-
cone coefficients of the nonlocal light-cone expansion 
specialized to forward scattering. . 

For completeness we consider the discrete case too. The 
complete renormalization group equation (2.15) reads here 

1 X K,ljL+sJL-+flJL+Sy)S - y \F (x*)-0. (4.10) 
1̂ =0 ng=0 Эц dms ' <?g ri <n)(n) '(nXn ) n ^ 

The restriction to forward scattering allows the summation 
over n' with the weight (B«)(-l)n _ n l . Together v:ith 
eqs.(3.16),(4.6) it is obtained 

This is the usually applied renormalization group equation 
for the light-cone coefficients in the case of forward rcat-
tering. Of course it can be chocked that both equations (4.9), 
(4.11) are connected by simple Kellin transforms (see also 
eq. (a. 5)) as it was used by Altarelli and Parisi. 

• APPENDIX 
relations Between Anomalous Dimensions 

At first we will show relations between pnorialous dinen-
sions in general f.nd anomalous dimensions seen in the forward 
scattering. In the nonlocal case the anomalous dimensions 
are given by eqs.(4.4),(4.?). Using the subtraction operator 
(2.4),(3.7) explicitly we get 
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With the help of the identity 
H E ( X . v x • v , , ) ~ ; ^ « v w .-"i"̂ 1»"» x 

the last term of eq.(a.l) takes the form 

This leads to an explicit expression for the anomalous 
dimension 

у(к,к')=-8ув8(кГк1')5(к!>-к^ + 

fy* (2 f f) 8 V l 8 1 H j ^ ^ ^ - ^ q ^ s 
A similar calculation using the operators 0U_) (4.1) leads 
to a formula for the anomalous dimensions seen in forward 
scattering 

у(к_,к^) —Zy sSU_-K'_ ) + 

To show the connection between both equations (a.2),(a.3) we 
introduce the variables к +,к_ and integrate over*» 

; а< уи.«Ч--4г,аи_-0 + * ^ / ^ « < ^ + > е " ^ ~ * " ' > 
_i 

ty8 (2ff)E 2 2 
xHg(f«(K++«J.-|-(«(K+-«J.q1)l-qrIi 

The function SCEJ+BJJ) enables the application of translation 
imparlance 

Нв(|-х*(к++к_), ^х(к +-к_), Ч 1)-

= e «2 " 2 ~ > xqj-»,.*!—*s 

4 2 - q | . - 4 v 4 j J - ^ 

(entire functions in xq, ). After the x„ -Integration we get 
finally 8 
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fUK'+y{K,K')=-4ygSU_ -K'J + 

+ 4 , B _ i _ / ^ i e - ' ^ H a a x K _ , _ | x K _ , q i ) L _ 
dlLz' 2* 2 2 2 x q i=-»q B- Z l 

= 2у(к_,к'_). 

Similarly to eqs.(2.18),(2.19) it can be proved that the 
anomalous dimensions y N N ' and у(к_.«1 ) are connected by 
standard Mellin transform 

yk_.K-j. 2 ( i K _ ) N ^ - / d N ' d « : r N - 1 y N N , 
<a.5> 

With у(к , к') = y(—=-) we have 
- "~ t_ *_ 

v ,= v 8 ,= fdrTNv(r)S .. (a.6) 

On this basis we show the relations between y N and у/„)/„') 
in the following way. The starting point is the relations 

у. и . , - - V - 5 7 - " 1 Л ( 1 г - ) П г /<K^o<K>nWnV<«.><'>i(<_o • 
(n)(n) D I 31K, n ! oiKj 1 2 1 8 - - K-o 

Then we calculate: 
N' n'-N' N, 

D i ! o W ) ("l ) yVrf'-i = 

N' n'-N' N' « з n, , , n„ 
= 2 (-D1 (".)-!_(_!_) 1.A.(_L_) 8 x 

n ' r o i n i ' a i K i пг' а 1 к г 

x /a«1'fc;(i«x')"1ftc'B),,e y < s . « ' ) | K = 0 = 
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= — — — (_i)"e (_i_)N/dK' (i*i) H'y(K_OL. =0 = 

So we obtain finally 
N -1 N-n, N' n'r-N' N' 
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