


1. Introduction

A broad program of semiolassiocal ocalculations in QCD has
been ploneered by Callan, Dashen and Gross (cDG) 712016/ yagea
on the instanton solutionms 72/ of Euolidean Yang-Mills theory.
But role and relevance 0f instantons are highly oontroversial,
in QCD as well as in the two-dimensional CP™~! model /%/ (often
oonsidered as & toy model for the former). This concerns both
the question of which field configurations are the important
ones within the funotional integral, as well as the relation of
the semiolassical approximation as suoh to other approximation
schemes enjoying good reputation as the 4/N expansion.

The apparent oonfliot /4 between instantons and 1/N seems
to be overcome: they do not necessarily exolude eaoch other
and instanton effeots are not neoesearily 0(6'") 16/ « The
impressive beauty of the exaot, selfdual sclutions with multiple
topologioal charge " and the progress in doing the semiolassi-
oal integration around them 7819710/ pave 164 to the hope, that
fdense gases® desoribed by the gorresponding multiinstanton
partitiocn function could be treated some day to give the "true
vacuum" amplitude and to overoome the notorious infrared troubles
of the "ailute gas approximation® /1%/ (DGA). But the latter 1s
s0 far the only way in QCD to deal with field configurations of
mixed duality, being approximate stationary points, so far igno-
red in the "dense gas" partition function. Only in the CP1 model
there were recently attempts /11/ to inolude multiinstanton-
multiantiinstanton oonfigurations.

Almost all oalsculations of physical instanton sffeots have
besn done up to now within the DGA. In essence, they show the
effeots of vacuum field fluotuations being near to superpcsitions
of individual single instantons and antiinstantons, taking their
olassical and quantum interactions into acoount or not. But
where does this kind of fluotuations show up physically with
noticeadle effeots, oaloulable free of ambiguities? Correcticns

to high momentum transfer processes acoessible to perturbative

QCD bhave been found to be amall by large inverse powers in Q'/ 12/

Qualitative effgots of looalimed topologloal oharges responsible
for chiral symmetry breaking 1%/ ana a solution of the U(Y)
problem must be expeoted., However, an essential sowrce of
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dissatisfaotion with all those DGA oaloulations, where no
external sige out-off is provided by a large momentum, has besen
the inavoildadle ad hoo infrared out-off ¢, introduoced by hand,
and the arbitrariness of the supplsmented diluteness criteria
used to fix ¢, . It seems to be worth while to look for a more
Justified diluteness oriterion for the DOGA, or better to find
within the DGA a natural out-off for the instanton density, in
order to desoribe (at least this part of) the vaouum fluotuations
selfoonsistently.

AS long as we are oonsidering the four-dimensional dilute
gas of instantons and antiinstantons being esasentially dipole
f£161d oonfigurations, one is led to some kind of magnetostatios
( in four “apatial® dimensions) of an analog etisable medium.
This point of view has dbeen invented by CDG /1D, and has led
them to conjeoture two bulk effects of the instanton medium:

a first order phase transition between the *bag" 1 and
%vaouum® phases 1v/ (expeoted to ooour at some oritioal
strength of the oolor eleotric field) and the renormalization
of the coupling oonstant /1¢/  gubsumming nonperiurbative
fluotuations below a given length soale. Both phenomena are
related to the response of the instanton medium to external
flelds, 1,e., the permeability of the instanton gas.

How denee oould this dilute gas be? The usual oriterion,
involving the average ooocupied space~time fraotion ( {' <1),
guarantees neither the validity of the semiclassioal approxima-
tion for the guantum welght of each many-inetanton configura-
tion nor that the dipole interastionis really the dominating
one. In faot, the partition function of this gae should bhe
restrioted by constraints of the hard-ocore type,
elet/lz,- z‘l"< 1/'s Having realized this, one has to study the

statistical msohanias of a gas with short range hard-oore and
long range dipole interaotlons instead of resorting to mors
intuitive considerations of a "oontinuous® instanton medium,.

An attempt in this direotion has been made by Jeviokl ’
who has studied the interplay of the two interaotions. However,
not much of immediately useful results has been presented there.
Wo have attaoked the mioroscopio treatment of the dipole
int eraction in Ref. i y aiming at a numerical test of the two



above-mentioned oonjecturable instanton meohanisms, but we have
acoounted for the hard-cors repulsion only in a very poor
fashlion, In the present paper we will do better and extract
"phenomenclogioally® relevant quantities from the hard-oore
dipole gas. The first step will be disentangling the long range
dipole intermotion LWy some varlant of the random field funotional
triok. The remalning hard-core problem with arbitrary external
field will be treated using the generating funotional of the
hard-core gas, which leads to a simple, analytically easy
collective suppression of large instantons, that can be speoified
further by a selfoonsistenoy oondition, All this provides

a new soheme for DGA inatanton calculations, whioh substitutes
the unoomfortable G, out-off anl allows better to control the
validi ty of the dilute gas ploture as suoh.

In Seotion 2 we write down the Buclidean path lntegral in
the form of the grand partition funotioan of the interacting
instanton-antiinstanton gas, fix our notation, and deoouple the
dipole interaotion by the funotional triok. In Seotlon 3 we
explain how to odbtain from the hard-core inatanton gas the oo-
opsrative suppression of large instantons, and defins the
qiantities desoribing the state of this gas. Seotlon 4 oontalins
the results of the funotional averaging, that defines the final
partition funotion, as far as the permeability is ooncerned. In
Seation 5 the renommalization of the coupling constant 18 consi-
dered, The interpolation between the weak and strong coupling
behaviour of the Gell~-Mann-Low (3 —function is studied under the
aspeot of the influsnoce of instanton interaotions, the applioabi-
11ty of the dilute gas pioture and the relation between the A
parameters ¢f contlnuum and lattioe QCD / 8/ s respsotively.

By comparison with recent lattice caloulations /18/ we draw our
oonolusions,

2. The Partition Functiom of the Interacting Instanton Gas

¥e are going to consider the vacuum~to-vacuum transition
aplitude /1% 2 agvacle “HTlvac> for the pure SUCK)~ Yang-
Mills theory. Caloulating the path integral within the guasi-
classical approximation around superpoaitions
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where D  denotes the dipole moment of an (anti)instanton
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(we use standard notations f.or 1ocation, size and group
orientation /la/ . in terma of 't

Hooft's symbols /20/ ), one a led’"to wr:{‘e down 2 as the
grand partition funotion of an interacting instanton-antiinstan-

ton gas
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Here dof?) 13 the single-instanton amplitude caloulated by
tt Hooft 720/ and others ( see,e.g.,Ref. /21/ for arbitrary N )

R AN - x(g)
dp(g) = C" ‘;‘.. Xo (2.5)
with
8wt 9:1
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R _ l's 4 R T ~1.68N (2.6)
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( R refers to a particular regularization soheme, P¥ to Pauli-~
villars).

In the partition funotion (2.4) the interaction of the (anti)
ipnstanton with an external field ﬁ:,: F‘;f: ie included. The
interaotion term Vi,; among the (anti)instantons has to sollest
all nonfaotoriszing ocontributlons, arising from the olaasical
aotlon and from quantum effects, i.e.,from the multiscattering
expansion of the fluotuatlon determinants as well as from the



axpansion of the collesctive coordimate Jaooblan 22/ « The lead-
ing part of Vi , behaving like a sum of two-body interactions
of D(?.-"?}/l!,—-ajl") , involves the classical instanton-antiinstan-
ton interaction of the dipole-dipole form

(&w' -4 av av')/Aq 4
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Our task, as it has been in Ref. /17/ , will be the treatment of
the partition funotion with pair interactions of just this form.
It has been pointed out by Levine and Yatfe 722/ | tnat

there must be furthermore oonstraints of hard-oore type,
restrioting distances between instantons to be A"=|!,~i;l">a'gfg:_
They will eansure, that in the 1limit g —s O the superpositions
(2.1) tend towards really stutionary points of the action. The
variation of a' with the coupling aonstant will become clear
later, For a given instanton-antiinstanton palr a' determines
the ratio between S, . and the sction S, = x(g,)+ x(2,) of the
noninteracting pair, Moreover, it allows to estimate to what
extent other interactions, falling with higher powers 1u ¢/A ,
contribute. We add therefore to Vipy a sum of two-body poten-
tials o
UGl = { M (2.8)
representing a strong repulsion at small distanoes.
In most of all instanton calculations the zero-mode factor
xow in the lnstanton amplitude (2,5) used to be expressed
through the rumning coupling constant as X(?)a' without
compelling reasons. For instance, inclusion of the two-loop
running coupling in the exponentiated actlon, exp(- X“,,,F(g)J,
would almost oancel the assumed -4 dependence of the zero-—
mode factor x,,,mp(g)z", taken in the une-loop approximation., We
will take in our explioit 1hx'1tegrals over the instantea density
the zero-mode factor Xo fixed, to be determined afterwards
selfoonsiatently.
We prefer to linearize the dipole-dipole interaction (2.7)
as in Ref. /17/ by the following funntional representation
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Then the partition function will be obtalned as the integral
Ay -4 0% 68
2(v) =( %t O) ‘f;pa e teome 2,8V, (210

where -?gt(‘#.V) is the partition funotional for a pure hard-cor~
instanton-antiinstanton gas, to be determined in Section 3, and
where the test function ¢ 1s set equal to

X €~ 1 £ £ ¢
$x9;€) = [dR TN e 2 [y tig)d 3 (2.11)

We postpone the evaluation of (2.10) to Section 4 and add here
what we want to extract from 2 .
The magnetization tensor, 1.e.,the average dipole density

= <m“
(2.12)
(x] Z‘ p(, ° g(x- *7*2. mJ) $0x-5;)
9-1
will be obtalned from the partition function
~ ?
WIM;v q V log?N) ~ 4T , (2.13)

is called the susceptibility. The magnetigzation 1s related
to the macroscoplc, averaged field

E/“ - ;3) = ﬁ;, + 20 ﬁ;, ~p ﬁ;, (2.14)



snd there is defined a permeability = 4+ 28X . In partiou-
lar, we are interested to find the permeadbility of the interacting

instenton gas.
3. The Hard-Core Inatanton Gaa

In this section we have to find the partition functional
-Zh(q’, V) in (2.10) of the hard—core instsnton-antiinstanton

gas under the influenoe of an arbitrary exterpal field, but
without any other inmteraotions. Jevioki /16 has dealt with the
hard-gore gas, but of instantons having fixed size., We will
consider here oconstraints of the type 12;-3l' >a'e’e’ 1nvolving
both locations and sieces., The bonus will be toc obtain a coopera-
tive suppression of large instantons.

In the following woe will denote the single~instanton amplitu-
de do(g;) for short as (i) with T (3.80,6)

as its argumonts, end {di = d*i fdnte . ¥With
4)(1) as test function we define a hard-core partition functional
-2 Uk,
2, @V) = Z fu & ¥5) §ls) e 4 , (2.2

whers UGj)  1e gefined in (2.8). 7, fulfills obviously the
following relations

Shor) Zu(BV) = 200 2o (9(19),V) ,

. (3.2)
§/8410) ... 8/8#-.) 2, 4.V) = 29 ...300) cl4,..,n) -Zh(«.H..,,)'v)
with —z Uiig)
(1...") a e V¢ " » (303)
"_2 u((lj)
¢(ei1..n)= $(e) ¢ i .

Derivatives at @ = 1 are just the many-instanton densiti-
68, apart from the normglisation faotor 2“(¢-1.V) s 8.8

ni) = ?QJJV) 8¢(1) 2&(4’ )L-‘-?m ?g,ﬁ,V) , (3.4)



where

° Vg
- 3
¢(C(1)'¢-4' 1, ' '?g ?qi > q'g:g‘
outs out an excluded volume Vysu .f_'ta' g: !:/2 around
the oconsidered instanton 1. We assume now a behaviour
2, (V) ~ exp PV (3.3)

with the hard-core instanton gas pressure P , and anticipate,
that ¢ integrals will be out off such that we may defime a
roMe8. radius ? + Then

2, (@ ")‘V)Lt e (421, V-, (3.6 )

with .
¥ oi-2 2
V1.zag g‘. (3.")
Thus we obtain a cooperative instanton suppression as

follows
~P - 2
n(1) = ) e " dolg) e AP, (3.8)

governed by the pressure P, the average radius 9- and the
parameter a' + These parameters will turn out intimatsly rela-
ted. Sinilarly the many-instanton demsities will be

-?
n{42) = 24) 2(2) c(42) e ) ’ 3.9

etcey l.e.,they factorize into single-instanton densities or
vanish, if any two of the (anti)instantons would approach sach
other tco muoh. Employing the gensral relation between multiple
densities and oorrelatlon functions we can write

o n
ZecleV =2, 4=V Z 3 f nl«---ﬂ)]L(%) -)di, (3.200)
- 2“(1-1,\[}&?3 ;".-!f'c"(q,...,n) T‘i ($()-1)di  (3.10m)

nay =

where -?v1

S) =n{n =ANeE .
R -
S2) = n(12) - Al niz) = 2a)26) € ""‘)(e 1), O



stc, The pressure

4 b 3,12
P” {’- eog ?&;(¢ =1, V) ¢ )
can be found by soaling down ) —= AU , OS2k 4 ,
upon whioh all quantitles become dependent on A P(A) ,

(1a) , T(2la) |, .., Eaploying now (3.10b) in order
to find the derivative d3g /dA , we obtain a differsntial
equation for P(») that involves the single-instanton density,

dPtm - A(Pa) 2
S = 2 [bwe & .19

This equation must be solved for T©= P(A=1) with the condition
P(a=v)=0.

As announced in the preceding seotlon, for all size
integrations we adopt the following way to prooeed, In the
instantor amplitude dy we comsider CN' =ln Xo as a constant
to be determined afterwards. The rom.s. radius § 1s completely
fixed in terms of [ and o' as

zlqli"' = (;‘Z_N - Z)'i- (3.14 )

and may be eliminated in (3.8) in favour of R(P) ., The diffe-
reatial equation (3.13) cau then be solved and gives

”
XP'T - [:'—: tn F{%&"") _i_;_q'J v [ %“I(‘Z—N “")]-4' (3.1%)

Caloulating the occupled space-time frzotion

L
fo=m f—‘!,f- cu(sN) 3 e Py (2.16)

we obtaln, independeatly of C,,',

-6y2
fo= (4 -«N) a’
such that nothing else than a' determinee the fraotion *f’a .
We have already mentionsd taat o 8lves much better
control over the validity of the semiclassioal appreximation and
the relative importance cf various interactions falling with

powers of 9/A not less than fouwrth. Yor a given instanton-
antiinstanten palr, the condition [ Syl = So, .

(an



requiring a'~0(1o) s certalnly violates the semiolassioal
approximat 1on, anyhow, and does not allow to separate different
powers in 2/A . A still extreme, but yet tolerable order of
magnitude might be a‘~0(4o'). This reduces 1easonabls fractiocus

{‘, to much smaller numbers than bad been allowed usually.
In our numerical study below we shall let Q' vary, thus occnsi-
dering more or leas dilute gases, each having its typical
instanton size.

We calculate the ideal gas auegugtibuit;

Ao = N: %" cu (sA) 3 - x(s) (3.18)
and f£ind
o Y_(Y)
o afo (3.19)

For given a' the ocoupling oonstant X(¢) 1is formally defined
- N

VO TRIEL TR YU R RPN

whioh does not help unless we relate the sero-mode factor k.’”

in C,J to x(§) .+ For definiteness and most naturally, we
will identify them, x, mx(¥) , and obtaia a' and hemoe all
other quantities oharacteriring the instantun gas parametrically

dependent on a typloal coupling oonstant X, ( in other words,

on a typloal size @ ): .
MN Y 1N T ~Xo 2N
r(¢ ) ) T we (3.21)
AN
11N | [ 11N g -Xe N
{o = l"( )(T -z) ¢ %— Cy e % , (3.22)
N w 2 X 41
HNfUN NTT 4 T2 "o
%= T'( ){6 oo he E (3.23)
MmN 12
oy N rne yE - )Xo aw
- (T z)—‘(T '4) ty e Xe . (3.24)
We notice the appearance of the factors (y e Xe xeu

or Cy e~ X0 B, rasembling the defining integrals for {o
and T X , respectively, while the pressure is immediately

o



proportional to the instanton density at '9- « We observe also,
that the hard-oore parsmeter a' , now in turn expressed
through the ooupling comstant x,= 882/Q% , must tend

to infinity exponentially with 9,—¢ ensuring that we single
out infinttely dilute oonfigurations in this limit 722/

In this seotion we have dealt 8o far with the hard-gore
instanton gas without any erternsl field and seen how it outs
off itself, 1.e.,We considered its partition functional at =4,
Exoluding for the time deimg the dipole interaction, we should
here in passing look at the response of this gas to an external
field H by taking

" v
$lxg;0) = [R exp 2B x 4wt L ()0 ¢ 02

»

v L
¢ H(-_r denoctes the melfdual (antiselfdual) part of H ) into
the Yowest terms of the oorrelation expansicn in (3.10b)

PY -y -P
2, [4V)=e ezp{ VZ'_., f-%’ dle T N%: xlr)( H_e)"-

2 -Pv 212 (3.26)
BV [Z (F e 5 Lo (H)] -]

For suffioiently small external field, H §9 & 341(1"—:-') ,
the oorrelation terms can be negleoted. The only effoot of the
hard oore onto the susoeptibility of the instanton gas (without
dipole interactionst) i1s that it is expresaed, aoccording to
(3.18), in temms of the damped instanton density. For lo,rfer
external field, reaching the order of magnitude st n ":.—..,;1_
higher orders in (3.25) as well as in the ocorrelation expansion
(3.26) beoome essential, In the following seotion we attempt
to find the permeadbility taking the dipole interaotions among
instantons and antilastantons into acoount.

4. Interplay of Dipole and Hard—Core Interaotion

In order te perform the funotional averaging indiocated in
(2.10) we apply the fermalism of the preceding seotisn, inoluding
this time the external field 1into

2(x2;€) ® dof@) [dR exp 282D f = dle)

(4.1)

and the random field h 1into



' ¢ £ 4.2
$xg;e) = Lexp (-_;-!_»’ rd‘lg Hiy-x) Hg))) ] (#.2)
Here the average is understood with respeot to the "angular®
distribution ~ ~

wE(R) a exp z’-‘lbeu /S‘dR'CRP ZE‘DG'H . (4.3)

Then the correlation expansion (3.10b) beoomes a convealent
expansion in powers of h , whereas

1 4
2=‘ (¢‘“av) - e?(k) (4.4)

depends on the external field, in particuler

P(R)= Pt Hlao Hoe... (4.5)

1s seen Irom (3.26) amd (J.18), giving the (ideal gas)
rueceptibility without dipole interactions, oorrected for the
bhard-core effect. We want to do the funotional average (2.10)
within Gaussian approximation anl expand ${xs; € -1 up to second
order in h ,

3 €
O(xgic) -1 = -,& f< ﬁ; (y-x)> &; (y)dYy - (4.6)
, € £
- & [CR2-D RS g-0> AN Kl dvydy,

where the averages are underatood depending on H . Thus we bave
to srerage over L ( pressure and exponential cut~off are defi-

ned via d(¢) 1) the follewing expression
44 -P
2, 4V)=¢e exp{ {d'x % f%l dite” ¥ « (4.7

[- & T<aero> €pdy - [ ipcgnmig-oLiaydy

3 - e € A
cXo fan[= [Hdme P fcag-n> £may ] ]
3
The last faotor oomes from the hard-core two-lnstanton oorrels—
tion and ocan be written

=P € [ 4
) -2 x dy d% .
L)% e ® faondte_ Szl (4 dore s Jemy D Ripdy o

Thus, apart from the final A  integration, we have to integrate

(det



(4t ) [og, exp(-2 (8 67 )erpPV » e
- ' e _
> “P{ fas = f% digre 1D"[-,,l. st a0d] [<A-dG Yy - (409)

2

- £
42 (CyFde ™ Ry0iey bw dndtyds |

A -4 ?V ' A AL R
=de{1+3m) *e epl-4 TG m)),
where the matrix abbreviations

- n 0)‘

o m (4.10)
-Pv e P
[ A og 8oy o0y,
Myl = [o' [ dipe <Ry AR o>
and a 5 A -
3= ( 5) -t }1
(4.11)

£ 4 de Y iz ot < B fu-
EME fate (L dwe  [143e*a0] <AL (44>

have been used; Js denotes F(A=0) , Letting formally o' —&
in (4.8) would make it a ¢ -measure in 72 s ar’ ve had
reobtained the partition funotion with dipole imteraction bdbut
without hard-oore repulsion 1/ e« Woe do the 2 A-:lntegrat:l.on,
whioh 1is _striotly Gaussian, noticing that doth 3, and i,
arae 0(“) « Therefore only the funotional determinant does
yleld terms of O(HY:

2= e det (11 AR)E exp(-4 [S(G R,
2, -P [3 Ay 16!
x e!f(;r'q fcl"xg,: f%‘f e g <Rey-x)>(0 % m) m{,,a)a (4.12)

._‘P ] e
* f”—:,,x'dlr')c LIS TEROIS ey d"i‘) .

This is correot up to 0“7") s sufficient to determine the susoep-
tibility of the interaoting gas, to be obtalned aocording to
(2.13) trom the free energy density -‘4, tog V) ., The pressure

P ( eq. (4.3) ) ylelds the susceptidility X, {( eq. (3.18) ),
oorreoted for the hard-oore effect. The oontribution of the



determinant 1n (4.12) to the fres energy density oan be visuali-
zed as rings of interacting instantons and antiinstantons

in alternating sequense, It gives a correotion tg the susoep—
tibility, AxX vings » owing to the dependence of MW  defined

in (4,10) on H  , since it 48 a group average over the
distribution (4.3). The quadratic term in 3, , to be imagined
as chains of alternating instantons and antiinsteatons in inter-
agtion 4 gives a contribution

(12%)°
1- (1'%)"
to the susceptibvility, whereas the last correction due to the
hari-core two-instanton correlations gives a negative contri-
bution A“K(,,,. to the susceptibility. The explicli expressions
for the corrections A}‘ringg and A}uw are given in the Appendix
( eqe (Ael) and (A.2) ). The permeabllity of the hard—core
inatenton gas with dipole interaction will be

/,( =4+ 2%Y = }(u + A/‘r;na‘ + A/“C‘AIINS + A/‘ton‘ ’

A Xehalng = %o (4.13)

(4.14)

In the next section the dependence of M on the diluteness is
studied numerically 1n connection with the intermediate coupling
behaviour of the (3 ~funmotion. In the Table the different
oontributions to are separately shown, Within the toleradbly
dense instanton gas the permeability does not essentially

exceed unity ( weak Paramagnetisam), and the most important
oorrection to /u 1a coming from the ring dimgrams.

5., The Gsll-Mann-Lew )3 -Functio.~ in the Intermediate
Coupling Region and the Degree of Diluteness

It has been suggested that instantonsshow up their iafluen-
oe in » restrioted, intermediate range of aocale. CDG hgve
checked this, e.g.,by proposing an instanton induced interpola~
tion between the weak and strong ooupling bebaviour of the /3~
funotion /1% | 1f the QCD veowwm fluctuations - at least 1a a
certain range of scale—~ can be ressonably well desoribed in
tems of magunetirzable medim, the coupling aonstant should be



renormalized by the "vaouum permeability" M (a), defined
at a ocorresponding length soale &., as follows

g*(a) = mfa) go(a). (5.0

The (3 -funotion oan then be found as
_f , Bt g@ (5.2)

1  9uglan) [aearg)

Deviating from CDGs who identified the soale parameter a
approximately with the infrared out-off ¢ , it seems natural
in our soheme to study g" as a function of the length scale

as 8 characteristio for the gas of fluctuations. The r.m.s.
radius ¢ has been shown to be a function of the diluteness
parameter a' only, Therefore we are able to oheok point by
point the validity of the dilute gas approximation and the.
influenoe of the dipole imteraction. Numerically we have computed
the (3 =funotion for the ocase of SU(J) applying formula (4.14)
and using a parameterization by Xom =44 los TA

sufy)
1N
= pulxe) = (5.3)
.8 __11_(_)(00}" (5.4)
9 " 2% M Oxe

For comparison with the strong ooupling result from Euclidean
lattice aCD /2% ( of. ourve II in the Figure) we must adopt a
ootipling oonstant definition according to the lattioe regulari-
zation socheme. We deoclded to take the estimate of A. and P.
Hasenfratz 718/ which provides, in the end, the A parameter
and henoe the oorresponding factor Cy 1in the instanton density
in relation to the aorreapondﬂ.ng ones in the Pauli~Villars

soheme: sum /Asum 39. , /c_, a 37 0"

Our main result is given by ourve III in the Figure. If we had
applied the rough estimate for the A pa:raneter corresponding
to the lattice given in Ref./lo/ (Asul;) /Asuw é. 6)

we would end up with a similar ourve, shifted however to somewhat



bigger ¢ (Ag 2.3), with a slightly slower rise. The 3 -
funotions somputed from large order caloulations { in the inverse
coupling constant) of the string tension within the Euolidean

as well as in the Hamiltonian formulation seem to bend over

to the asymptotic freedom curve near ¢=>1, vooasicnally

_p/g

Figure: (3 -function in the transition region between weak
and strong ooupling for SU(3);
Curve I ¢ Perturbative result in one~loop
approximation;

II : Strong ooupling result from Euclidean
lattice qcp /177,

111 : lnstanton-mediated transition with
account of dipole-dipole and repulsive
interactions accs to (4,14);

IV : same as III, but without interaotions,

Some points are labeled by thelr oorresponding x,
values (compars the Table),



Table: Numerical values of different quantities defined in this
paper, corresponding to the poilnts marked on the ourves
IT1 and IV in the Figure (calculated in accordance to the
lattice regularization scheme of Ref. /18/ for SU(3) ).

A,“tl\qin_q A/“n‘..’, Af“orr

range X a 2k equ. eque | equ. M
° fo o] Po (4.13) j(a1)| (4.2)
111 J62.0] 170 |9.5-10~ {.074 |1.15| 8-107*| .20 |-.03 1.32

62.3] 230 |7.3-10 |.057 f1.11| 4-107*] .12 |-.02 1.21

II [52.5] 270 6.3:10™> |.047 | 1.09 2-10—2 .08 |=.01 1.17
63.0| 420 3.9'10"'J «030 (1,06 61077 | ,03 [~,004 1.09

63.5| 670 | 2.5-10™ [.019 [1.04| 1207 | .01 |-.002 | 1.05
1 |64.0|1050 J1.6:20™2 |.013 [[1.03] 4-10~8]| .006 |-.0008 | 1.03
65.0]2600 | 6.3-10™* |.005 [1.01] 3-10~7| .001 |-.0001 | 1.01

extrapolated by Pade’appror.lmation /19/. In this aense the
instanton caloulation given here serves to oheck the relation
betwsen the A parageters of continuum and lattice QCD. We are
inclined to expect an even somewhat smaller /\:‘"‘3) than that
obtained in Ref. /18/ . In any case, the sudden and steep rise
of the (3 ~funotion is happening at small coupling, which
indiocates, that it is a weak ooupling albeit noaperturbatirve
pienomenon, Instantons are one language to describe this.

How far can the instanton mechanlism be trusted? On cur
ourves have %een marked several polnts oorresponding to different
values of Xo . These values, the correspondiing diluteness
paramseter o' and fo , respectively, the 1deal gas susgepti-
bility T3Xe together with the differant correotions to the
permeatdlity of the interaoting gas are exhibited in the Table.
Obriously we oan distingulsh three ranges of soale, or dilute-
nesss



I ¢ instanton induced rise of the (3~ funotlon, no influenoce
of instanton interactions ( 5000 2 o' Z 600);
11 ¢ instanton interactions give s nonnegligible contribution

(6002a'2 200);

III ¢ for e'$ 200 we expect the dipole-dipole approximation
to become a bad one; Just this range colnoides with the
cross~-over of curve III with the strong coupling curve 11,

These are the diluteness parameter values a' ( or, corresponding-
1y, the space~time fractions 'Fo s+ which are in good agreement
with recent calculations by Neuberger /24/ ), which set the
limits for dilute gas instanton caloulations. Since the magnitude
of a' takes care for the smallness of the clasalcal dipole-di~
pole interaction ( as well as of all correctioms to it) this
parameter plays its role independently of the particular
regularization schemes In any case, the usual diluteness crite-
rion, fo< 1ly 158 too unrestrictive as to guarantees consistent
caloulations within the dilute gas approximation taking no more
than dipole interactions into aocount, Yt should be replaced by
something like {,<.0{ . Onoe the instanton gas 1s taken
s0 dilute, there i3 no ohance to save the proposed first order
phase transition, signalled Yy an instability in the D vs. E
plot (D, = 4],  Ep =1By, 5 of. equation (2:14)) /2%, tpat
was proposed v/ to Justify the bag model from first principles.
We have indesd cheoked the equation of state D= D(E)
in the simpler case of SU(2) taking into acoount the two-body
repulsive oorrelation oomtribution ( of. eqe (3.26) ) to the free
ensrgy density at arbitrary field atrangth. Even for denser gases
than allowed by {o< .01 we have not found any instability.
The comparison of thtﬁ —tunuti/oia"provided by instanton
effeots with the strong coupling one had made us suspicious
of whether instanton calculations must be restricted to mush
smaller length scales than usually assumed. The sotual rsason
for tuis has been pointed out here,
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Appendix

In ref. /17/ we have found the contributions of thre ring
end chain diagrams, respeotively, to the free energy density and
the susoeptibility by straightforward but tedious spelling out
the matrix and tensor struoture of the corresponding expressions,
glven here in (4.12). Similar manipulations with the new
oorrelation term in (4.12) need not be repeated here. For
completeness, however, the final expressions should be given

here:

"o ~
_ 3¢ AL
Afirings = g !dkh Kik) 4- (W X(r))* * (4.1)
] ~ £
7 3 Ol $rx(R)
I e k¥ )| 22
w ) (4—(ﬁ‘i(h))’) ’

0o ~
By = -5 (o0 (T F T(T:T(Zv‘ s
with
R = S [ dotg) e et Filbs)
K (k) a N,‘—q I%! da(8) e x'(5) ¢® F(ng), (Aed)
S0 = 5 (2 ey e Mgt P, ()
Fo = T2 4™ ay ot Ry (.6)
and
700 = = (1- £ K. (a.7)
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