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1. Introduction 

A broad program of aemlclaeaical calculations in QCD has 
been pioneered by Callan, Daahen and Gross (CDG) / l a>"> c' > based 
on the lnstanton solutions ' ' of Suolldean Tang-Mills theory. 
But role and releranoe of lnstantons are highly oontrorerslal, 
In QCD as wall as In the two-dimensional CP^ nodel ' ' (often 
considered as a toy modal for the former). This оoneerne both 
the question of wnloh field configurations are the Important 
ones within the funotlonal Integral! as well as the relation of 
the semiolaseloal approximation as such to other approximation 
schemes enjoying good reputation as the 4/jJ expansion. 

The apparent oonfllct ' *' between lnstantons and l/fj seems 
to be отегооте: they do not necessarily exolude eaoh other , 
and lnstanton effeota are not neoassarily . The 
Impressive beauty of the exact, selfdual solutions with multiple 
topological charge ' ' and the progresa in doing the semiolaaal-
oal Integration around them / Bt9tlO/ ĵ -̂g l e a t o t n e Л О р Я > that 
"dense gases" described by the corresponding multilnstantoa 
partition function could be treated some day to glre the "true 
таоииш" amplitude and to отегооте the notorious infrared troubles 
of the "dilute gas approximation* ' ' (DGA-). But the latter is 
so far the only way In QCD to deal with field configurations of 
mixed duality! being approximate stationary points, so far Igno­
red in the "dense gas" partition function. Only in the С Г model 
there ware raoantly attempts ' to lnolude multiinatanton-
multlantllnstanton configurations. 

Almost all calculations of physical instanton effects Ьате 
been done up to now within the DOA. In essence, they show the 
effeota of raouum field fluctuations being near to superpositions 
of indiTldual single lnstantons and antllnstantons, taking their 
classical and quantum interactions into aooount or not. But 
where does this kind of fluctuations show up physically with 
notloaaole effeots, oaloulable free of ambiguities? Corrections 
to high momentum transfer processes accessible to perturbatlwe 
QCD hare bean found to be small by large inrerse powara in G*'1*/ 
Qualitative affaeta of looallned topological charge responsible * 
for ohlral aymmatry breaking ' ' and a solution of the Ut1) 
problem ' ' must be expeoted. Hewerer, an essential soarea of 



dissatlsfaotlon with a l l those DOA oaloulatlons, where no 
external else out-off i s proTided by a large momentum, has been 
the lnaroldahle ad hoo Infrared out-off 9C intxoduoed by hand, 
and the arbitrariness of the supplemented dlluteness orlteria 
used to fix 9 t . It seems to be worth while to look for a more 
justified dlluteness oriterion for the DBA, or better to find 
within the DOA a natural out-off for the instanton density» in 
order to desorlbe (at least this part of) the vaouum fluctuations 
selfconsistently. 

As long as we are oonslderlng the four-dimensional dilute 
gas of instantons and antilnstantons being essentially dlpole 
field configurations, one i s led to some kind of magnetostatios 
( in four "spatial" dimensions) of an analog magnetlaable medium. 
This point of riew has been lnrented by CDO ' ' and has led 
them to conjecture two bulk effects of the instanton medium: 
a f irst order phase transition between the "bag" ^ ' and 
"Taouum" phases ' ' (expeoted to oocur at some orltloal 
strength of the oolor eleotrio field) and the renormalizatlon 
of the coupling oonstant ' ' suhsummlng попрет lor bat i-re 
fluctuations below a giren length scale. Both phenomena are 
related to the response of the instanton medium to external 
f ields, I.e.» the permeability of the Instanton gas. 

How dense aould this dilute gas be? The usual oriterion, 
inrolrlng the average oooupied spaoe-time fraotion ( -f < 1 ) , 
guarantees neither the Talidltj of the semlolassloal approxima­
tion for the quantum weight of each many-instanton configura­
tion nor that the dipole interaction to really the dominating 
one. In faoti the partition function of this gas should be 
restricted by constraints of the hard-core type, 
9* ? t / l z , - ? z | <"%'. Earing realized this, one has to study the 

statist ical meohanifls of a gas with short range hard-oore and 
long range dlpole interaction» Instead of resorting to more 
intuit ire considerations of a "continuous" Instanton medium. 

An attempt in this direotion has been made by Jerlokl ' ' , 
who has studied the Interplay of the two interactions. However, 
not much of Immediately useful results has been presented there. 
We hare attaoked the miorosooplo treatment of the dipole 
interaction In Ref. ' " , aiming at a numerical test of the two 
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аЬота-aentloned oonjeoturable lnetanton mechanises, tat we have 
aooounted for the hard-oore repulsion only In а тегу poor 
fashion. In the present paper we w i l l do better and extract 
•phenomenologlcally* relevant quantities from the hard-oore 
dlpole gas. The f i r s t step w i l l he disentangling the long range 
dlpole interact ion by some variant of the random f i e l d functional 
tr iok . She remaining hard-core problem with arbitrary external 
f i e l d w i l l be treated using the generating functional of the 
hard-oore gas, which leads to a simple, analyt ica l ly easy 
co l l e c t i ve suppression of large lnatantons, that can be speolfled 
further by a selfoonslstenoy oonditlon. All th i s provides 
a new scheme for DQA Instanton calculat ions , whioh subst i tutes 
the uncomfortable % cut-off and allows better to control the 
va l id i ty of the d i lu te gas picture as suoh. 

In Seotlon 2 we write down the Euclidean path integral in 
the form of the grand part i t ion function of the Interacting 
instanton-antiinstanton gas, f i x our notation, and decouple the 
dlpole Interaction by the functional t r i ck . In Seotion 3 we 
explain how to obtain from the hard-core lnetanton gas the oo-
ov&ratlve suppression of large Instantons, and define the 
quanti t ies describing the s t a t e of t h i s gas. Section 4 contains 
the resu l t s of the functional averaging, that defines the f inal 
part i t ion funotion, as far a s the permeability i s concerned. In 
Seotlon 5 the renormalization of the coupling oonstant i s consi­
dered. The interpolat ion between the weak and strong coupling 
behaviour of the Gell-llann-bow 0 - function I s studied under the 
aspeot of the influence of lnetanton interact ions , the appl icabi­
l i t y of the d i lu te gas ploture and the re lat ion between the Л 
parameters of continuum and l a t t i c e OCD Z 3 ^ 8 / , respect ive ly . 
By comparison with reoent l a t t i c e calculations y ' 1 9 / ' we draw our 
oonoluslons. 

2 . The Partit ion Function of the Interacting Iastanton Pas 

1* ax» going to oonsider the vaoaum-to-vaouum transi t ion 
amplitude / l e / 8 » ^ v a e l e " H T l v a e ^ for the pars 80(Ю- T«n*-
Mll le theory. Calculating the path integral within the g.uasl-
c la s s ioa l approximation around superpositions 
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of IndiTidual instantons ( 6 * +) and ant 11nstantone ( £ . = - . ) 

" r x ()f l+?V 

where 3) denotes the dipole moment of an (antl)Instanton 

(we use standard notations for loca t ion , s i ze and group 
o r i e n t a t i o n ' ^ : -ч" « ч . ,'5*'. ••«. , , . , , i n terns of »t / 2 0 / »/•* ('у"'4' lr* l"J*9 -> Hooft's symbols ' ' •), one i s l ed to write down £ as the 
grand part i t ion function of an interact ing instanton-anti instan-
ton gas 

2(V; - Z А ТГ £ f* J *% <Uf t)j^e ' ' ^e "'. (г.4) 

Here d(j(?) i s the s ingle- instanton amplitude calculated by 
•t Hooft ' ' and others ( see ,e .g . ,Hef. / 2 1 / for arbitrary H ) 

. . . .- R . г ы - x(9) 
* W - C N ± x 0 e ( S U J ) 

with 

*mV • " » • ? » • T*3iA * 
ни 

( R refers to a particular regularlzation scheme, PT to Paul i -
Y i l l a r s ) . 

In the part i t ion function (2 .4 ) the interact ion of the (ant l ) 
Instanton with an external f i e l d ff = f'^,f i s inoluded. The 
interact ion tern V,nf among the (antl) lnstantons has to ool leot 
a l l nonfaotorlzing contributions, ar is ing from the c la s s i ca l 
act ion and from quantum e f f e c t s , I .e . , from the aul t l soat ter lng 
expansion of the f luctuation determinants as well as from the 
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expansion of the c o l l e c t i v e coordinate Jaooblan ' ' . The l ead­
ing part of V^t , behaving l i k e a sum of two-body interactions 
of efsfff/Ui-Jjl*) » involves the c la s s i ca l Instanton-antl lnstan-
ton lnteraotlon of the dlpole-dlpole form 

* - U . , i л (2.7) 
A - ? . -« j , A v - U M * , 

Our taelc, as I t has bean i n Ref. / 1 7 / , «111 be the treatment of 
the part i t ion funotlon «1th pair Interactions of just t h i s form. 

I t has been pointed out by Levine and Xaffe ' ' , that 
there must be furthemore constraints of hard-core type, 
r e s t r i c t ing distances between Instantons to be &<,="U1-3il >о'?,г?11. 
They «111 ensure, that In the l imi t g —* О the superpositions 
(2 .1 ) tend towards rea l ly stationary points of the act ion . The 
variat ion of o! with the coupling oonstant w i l l become d e a r 
l a t e r . For a given in3tanton-antlinstanton pair a' determines 
the ratio between S. . and the act ion S » *(?,)+ f ( ? 4 l of the 
nonlnteraotlng pair. Moreover, i t allows to estimate to what 
extent other interact ions , f a l l i n g with higher powers l a ? /Д , 
contribute. We add therefore to Vjnf a sum of two-body poten­
t i a l s 

V K i ) - { 1 , U i" i i | 4 < e ' * V C2-8) 

representing a strong repulsion at email dlstanoes. 
In most of a l l lnstanton calculations the zero-mode f a c t e 

X» in the instact on amplitude (2 .5 ) used to be expressed 
through the running ooupling constant as X(?) without 
compelling reasons. Tor instance, inclusion of the two-loop 
running coupling in the exponentiated act ion, exp(- *j<M p(f)J, 
would almost cancel the assumed 9 dependence of the zero-
mode factor *.|joop(S' > taken in the une-Joop approximation. We 
w i l l take In our exp l io i t integrals over the lnatanton density 
the zero-mode factor x o f ixed, to be determined afterwards 
s e l f cons i s t en t ly . 

We prefer to l inear i ze the dipole-dipole Interaction (2 .7 ) 
as in Ref. / 1 7 / by the following functional representation 
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e 

- ( * а г 4 Г л 1 « ' 4 Г ^ £ е " « Г я 4 , <2-9> 
«here we have used the matrix notation 

Then the part i t ion function w i l l he obtained as the integral 

?fV) -(« uf^Sl e " l f l f i ' ^ Ẑ W.v; , ( 2 Л 0 ) 

where 2gc(4,VJ i s the part i t ion functional for a pure hard-oor' 
instanton-antilnstanton gas, to he determined In Section 3 , and 
where the t e s t function ф i s set equal to 

^,9;е)^^е^\-^^Л^\ (2 .11) 

We postpone the evaluation of (2.10) to Section * and add here 
what we want to extract from i . 

The magnetization tensor, I.e.,the average dlpole density 

' 1=1 л jH ' 
will he obtained from the partition funotion 

TI 'M;* « ^ f io9?{v) -.«.*** H;V , (2.i3) 

pt is called the suaoeptiDility. The magnetization is related 
to the macroscopic, averaged field ' 2 3^ 
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and there Is defined a permeability u « / I+JTI 1 'X • I n part icu­
l a r , we are interested to find the permeability of the Interacting 
Instanton gas. 

3. The Hard-Core Instanton Gaa 

In t h i s eeotion we hare to find the part i t ion functional 
? R c ^ . v j ** < 2 - 1 0 ) o t <*• hard-oore instantos-act l lnstanton 

gas under the influence of as arbitrary external f i e l d , hut 
without any other interact ions . Jerlckl has dealt with the 
hard-oore gas, hut of instantons baring fixed e l s e . We w i l l 
oonaider here constraints of the type l?,-l i l 4 >u'f*tj lnrolring 
both locat ions and s i e e s . The bonus w i l l be to obtain a coopera­
t i v e suppression of large ins tautопв. 

In the following we w i l l denote the s ingle- lnstanton amplitu­
de d0(?>) for short as ?({) with i -(?,-,?,•,£,) 
as i t s arguments, and $di • T ftfi; fdt,/s; . With 
*p(i) as t e s t function we define' a hard-core part i t ion functional. 

M4.VJ - Z f, l lT * OT<j>fvJ e «J' , O.D 
ц ' i-l 

where "W<M> i 8 defined in ( 2 . 8 ) . ?j. t f u l f i l l s obrlously the 
following relat ions 

(3.2) 

tytyw... toT*.>2(U(iv;.«d...«a)dv.,»o t^(r<-ii»niv; 
with - 2 UH,j) 

c(i.-n) - e '"i n , (3.3) 

e>(tl<|..-n)« ф(« ft J" 

Deriratires at Ф • 1 are Just the aany-lnstanton d e n s i t i ­
e s , apart from the normalisation faotor 2A$'\V) , e . g . , 

« 2 ^ v i %.f*.w о>м **"• '!„.„- т г " г«.^у; 
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where 

outs out an excluded rolume V̂  * £ tt'ftJ.'/i around 
the considered instanton 1. We assume now a beharlour 

Z^UVJ - t*f>?V < 3 - 5 > 
with the hard-core Instanton gas pressure P , and anticipate, 
that 9 Integrals will be out off such that we may define a 
r.a.s. radius ? . Then 

with 
«,-fa'fV. ^3.7) 

Thus we obtain a oooperatiTe instanton suppression as 
follows — 4 

n(i) - i(4) с ' » 4Сц) e " H , ? , f i (3.8 ) 

gorerned by the pressure P, the arerage radius ? and the 
parameter a . These parameters will turn out Intimately rela­
ted. Similarly the many-Instanton densities will be 

пй.г) = ц(л) г(г) c(M) е ~ ( v < + v i ' , ^ ^ 

e t c . , I . e . , t h e y factorize Into s lngle- lnstanton dens i t ies or 
ranlsh, If any two of the (ant l ) lnstantons would approach each 
other too muoh. Employing the general re lat ion between multiple 
dens i t i e s and correlation functions we can write 

(3.10a) 

where -TV 
c(i) - wM) - i M e л , 
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eto . The pressure 

can be found by soaling down щ) — » a j(,-J , oi я < Л 
upon whioh a l l quantit ies become dependent on Я : ?(й) , 

2"MW , с(-1,4|Я) , . . . employing now (3.10b) in order 
t o find the derlrat ire d?* t / d a , we obtain a d i f fersnt la l 
equation for P(a) that inrolres the single^instanton density, 

I T f i d o t t ) e т • ( з л з ) 

This equation must be solred for P" Р(ям} with the condition 
Р ( л « и ) - о . 

As announced In the preceding sect ion, for a l l s ize 
integrations we adopt the following way to proceed. In the 
lnstantor. amplitude d0 we consider Cfj шСц x D as a constant 
to be determined afterwards. She г.ш.з. radius } i s oompletely 
f ixed In terms of ? and a 1 as 

lf r f f* -(f?-*Jf (З.Ю 
and nay be eliminated In (3.8) In farour of Я(р) . The diffe­
rential equation (3.13) cau then be solved and glres 

— Pv (3 .16) 

(3 .17) 

Calculating the occupied spaoe-tlme fraotion 

we obtain, independently of C^ 

such that nothing e l s e than of determines the fraotion fo . 
We hare already mentioned taat a' g l res much better 

ooatrol orex the r a l i d l t y of the semlolassical approzlmatioa and 
the r e l a t l r e Importance of Tarious interact ions f a l l i n g with 
powers of 9/Д not l e s s than fourth. Tor a giren instanton-
antl lnstanton pair , the oondltlon | S^l i S 0 | 
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requiring a'<*(?(«) , certainly v io la tes the samlolassloal 
approximation, anyhow, and does not allow to separate different 
powers in 9 /Д . Л s t i l l extreme, tat yet tolerable order of 
magnitude might Ъе a'~OUo*). This reduces l-easonable fract ions 

f0 to muoa smaller numbers than had been allowed usual ly . 
In our numerical study below we shal l l e t Q' тагу, thus ocnal-
dering more or l e s s d i lu te gases , eaoh baring i t s typical 
instant on s i z e . 

We oaloulate the ideal gas suscep t ib i l i t y 

and find 

• 4 - * * $ • (3.19) 

For glren a' the eoupling oonstant Xlf) is formally defined 

*D-fcj{cMf-«)¥ ¥(T-J ' 1 (3.20) 
whloh does not help unless we re late the eero-aode faotor * . 
in CM' to xls) . For def lniteness and most natural ly , we 
w i l l ident i fy them, x„ mxi?) , and obtain a 1 and hence a l l 
other Quantities oharaoterlEing the instanton gas parametrically 
dependent on a typloal coupling oonstant Xc ( i n other words, 
on a typical в!ие § ) : ^ н 

± __ r ( ^ *«( «* _,) ' J! сы е - к», (3.21) 

b-rfflft-fffcn.***, (3.22) 

тгЪг.- Г(т)(— -г) Й Г с » е xe t ( 3 > 2 3 ) 

л Т Г и г ч 1 к 7 c» e *• 
Ve notice the appearaaoe of the factors Cut k« 

or CN «Г*'Xo t resembling the defining Integrals for •/» 
and T̂ TCe , respect ive ly , while the pressure i s Immediately 

(0.2*) 
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proportional to the instanton density at $ .We obserre also, 
that the hard-oore paraaeter a' , now In turn expressed 
through the eoupllng oonstant x e - Sl'/ft?" , «mat tend 
to Infinity exponentially with 9^-»» ensuring that we single 
out Infinitely dilute oonfiguratione in this limit / 2 2 / . 

In this seotlon we hare dealt so far with the hard-oore 
Instanton gas without any external field aad seen how i t outs 
off i tself , i.e.>we oonsldered i t s partition functional at ф-4. 
Bxoludlng for the time being the dlpole Interaction, we should 
here ln^ passing look at the response of this gas to an external 
field H by taking 

+(*,?; e) » JmRwptt^H * l + i ' x W j ^ ( « , ) ' f 

( H + denotes the self dual (antlselfdual) part of H ) into 
the lowest teres of the correlation expansion in (3.10b) 

For sufficiently small external field, fi*'?1' « ^ — , 
the correlation terms oan be neglected. The only effect of the 
hard oore onto the susoeptiblllty of the instanton gas (without 
dipole interactions I) is that it is expressed, aooordlng to 
(3*18), In terms of the damped Instanton density. Tor larger 
external field, reaohlng the order of magnitude H Г * -jr*. 
higher orders in (3.2?) as well as in the correlation expansion 
(3.26) beoome essential. In the following seotlon we attempt 
to find the permeability taking the dipole interactions among 
instantons and antilnstantons Into aooount. 
Л. Interplay of Dipole and Hard-Соге Interaction 

In order te rextoxm the functional areraglng lndloated in 
(2.10) we apply the formalism ef the preceding seotlen, inoluding 
this time the external field into 

afcr ; e) a d.(?) f<J(? exp « * 0 £ H s d(?) ( 4 Л ) 

and the random field h Into 
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Here the overage Is understood wltu respect to the "angular* 
distribution 

We(R) - e*p 4¥*B£H /SM'expZf 1 ^» . (4.3) 

Then the correlation expansion (3.10b) oeooaes a oonrealent 
expansion In powers of h , whereas 

2 4 c (.Фч. W - e (*.*) 
depends on the external field, In particular 

P ( H J - ?••»•* . j? l t . . . ( 4 , 5 ) 

Is seen froa (3.26) and (3.18), giving the (ideal gas) 
pucoeptlMlity without dlpole Interactions, oorrected for tte 
hard-oore effect, fe want to do the functional average (2.10) 
within Gaussian approximation and expand ф(*,Г; t) — 4 up to seoond 
order In h , 

*fr,f.-6) -1 = - ^ f< Ĥ  (,-*)> l* f jH'j - (4.6) 

where the arerages are understood depending on H . Thus we bare 
to srerage отег A, ( pressure aad exponential out-off are defi­
ned Tla d(?) !) the following expression 

iul$V) - e W t*f{ J*« -f f-f *W e" P v . (4.7) 

• JV JW [ 2 / 4 40 -"*> f<»%-*».!%>*jj* J. 
Die last faotor ooaes froa the hard-oore two—lnatantoa correla­
tion and oan be written 

Thus, apart froa the final Я Integration, we hare to integrate 
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> expjfA 2 f* №'*[•% ^ a W I f^V*»<U>d"j " (4.9) 

where the matrix abbrerlations 

l » « l i , (+.10) 
-TV e 

and 

e - ?" «. <+« i : L ) 

3q(«) - j = Г^х X - d(?)« f-«+->Wefaa(v7<ffV!rxj> 

hare been used; "Э. denotes 3(Л"0) . Letting formally a'-»c> 
In (4 .8 ) would make I t a € -measure In Я , ati. "re had 
reobtained the part i t ion funotlon with dlpole Interaction but 
without hard-oore repulsion ' 1 7 ' . We do the Я -Integrat ion, 
whloh I s _striot ly Qausslan, notlolng that both J. and jf, 
are . Therefore only fte tunotlonal determinant does 
y ie ld terms of 0(Hl) •• 

This i s correct up to в1и1) , eufflolent to determine the suscep­
t i b i l i t y of the Interacting gas, to be obtained aooordlng to 
(2 .13) from the free energy density ^ <eg 9(V) . The pressure 

P ( eq. (4 .5) ) y i e lds the susoept lb l l i ty to ( eq. (3 .18) ) , 
oorreoted for the hard-oore ef fect . The contribution of the 

v 
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determinant In (4 .12) to the free energy density o u be T i s u a l l -
zed as rings of Interacting instantons and antllnstontone 
in alternating sequence. I t g lres a oorreotlon to the suscep­
t i b i l i t y , Д а „ w , owing to the dependence of Hi defined 
i n (4.10) on H i sLsce i t la a group aYerage orrer the 
distr ibution ( 4 . 3 ) , The quadratic tern In 1 . , to be imagined 
as chains of alternating lostantone and antilnstantons in in ter ­
action , g i res a contribution 

to the suscept ib i l i ty , whereas the l a s t correction due to the 
har<;-core two—instanton correlations giree a negatire contr i ­
bution АчСсоп- to the suscept ib i l i t y . The e x p l i c i t expressions 
for the corrections A/», j n j t and Дмс^г are giyen in the Appendix 
( eq. (1 .1 ) and (A.2) ) . The permeability of the hard-core 
Instanton gas with dipole interaction wi l l be 

M - л* г&ч. - /<„ + дд,.^, • Y ^ * Дд в г г . (+•«) 

In the next sect ion the dependence of f*. on the dl lutenees Is 
studied numerically In connection with the intermediate coupling 
beharlour of the ft - funotion. In the Table the different 
contributions to u are separately shown. Within the tolerably 
dense Instanton gas the permeability does not e s sent ia l ly 
exceed unity ( weak paramagnetism), and the most important 
correction to u. i s coning from the ring diagrams. 

5 . The Otll-mann-Lew В -functlo,-. In the Intermediate 
Coupling Region and the Deftre* of Dllutenees 

I t has been suggested that Instan tons show up their inf luen­
ce in a res tr ic ted , intermediate range of s ca l e . CDO акте 
checked t h i s , e .g . ,by proposing an Instanton induced Interpola­
t ion between the weak and strong ooupllng behariour of the / 3 -
function ' ' . I f the QCD Taouum fluctuations - at l e a s t In a 
certain range of soa le - oan be reasonably well described i n 
terms of magnetizable media, the ooupllng oonstant should be 
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renormalized by the "raouum permeability" и (a), defined 
at a corresponding length scale a., as follows 

of(a) -/Ha) fata). (5.1) 

The (A -function can then he found as 
_ а я a foa 9<°> i (5.2) 

<F * 0еод(рл; | а -а(9) • 

Deviating from CDG» who identified the scale parameter a 
approximately with the Infrared out-off $>t , I t seems natural 
in our scheme to study 9** as a function of the length scale 
a* F characteristic for the gas of fluctuations. The r.m.s. 
radius ? has been shown to be a function of the diluteness 
parameter o 1 only. Therefore we are able to oheok point by 
point the ra l id i ty of the dilute gas approximation and the. 
influenoe ofithe dlpole interaction. Numerically we hare computed 
the /3 -funotion for the oaee of SUO) applying formula (4.14) 
and using a parameterization by x„« -41 /oj j Л^" , 

_Д _ *L (л. ^S^>L\ <5'+) 
9 ~ 4*. \ м ex . / ' 

For comparison with the strong ooujling result from Euolidean 
l a t t i c e QCD ' ' ( of. ourre I I In the Figure) we must adopt a 
coupling oonstont definition aocordlng to the l a t t i ce regularl-
zatlon soheme. We deoided to take the estimate of A. and P. 
Hasenfratz ' ' which provides» In the end, the Л parameter 
and hence the corresponding factor CN in the instanton density 
in relation to the corresponding ones in the Pauli-Vlllars 
scheme: A J ^ / O S I . , C , * / * / ' . 3.7 .„« . 
Our main result i s given by ourre I I I in the Figure. If we had 
applied the rough estimate for the Л parameter corresponding 
to the la t t ioe giTen in Ref./ lo/ ' ( A ^ W / Л » ! в ) * * • * ) . 
we would end up with a similar ourre, shifted however to somewhat 
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Digger 9 f До, & -3) t with a slightly slower rise. The /? -
functions computed from large order oaloulatlons ( In the lnrerae 
coupling oonstant) of the string tension within the Euclidean 
as well as in the Hamiltonlan formulation seem to bend отег 
to the asymptotlo freedom curre near 9 - 4 > occasionally 

Figure; ^-function In the transition region between weak 
and strong ooupling for S0(3); 
Curve I 

II 

III 

IV 

Perturbative result in one-loop 
approximation; 
Strong ooupling result from Euclidean 
l a t t i c e QCD /19/; 
lnstanton-aediated transi t ion with 
account of dipole-dipole and repulsive 
interact ions aco. to ( 4 . 1 4 ) ; 
ваше as I I I , but without interact ions . 

Some points are labeled by t h e i r corresponding x 
values (compare the Table) . 
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Table; numerical values of different quanti t ies defined in th i s 
paper, corresponding to the points marked on the curves 
ITI and 17 in the Figure (calculated in accordance to the 
l a t t i c e regularlzatlon soheme of Ref. / 1 8 / for SU(3) ) . 

rang 
1 
e X„ 

i 

a f. ПгХ. ho equ. 
(4 .13) 

"Ainu 
equ,f 

(A.1) 

<У«.г 
equ. 

(A. 2) И 

I I I 62.0 170 9 . 5 - 1 0 - 3 .074 1.15 8 - 1 0 - 4 . 2 0 - . 0 3 1.32 

I I 
62.3 
62.5 
63.0 

230 
270 
420 

7.3-10"- 5 

6.3-10" 3 

3 .9-10~ 3 

.057 

.047 

.030 

1.11 
1.09 
1.06 

-4 4 - 1 0 ^ 
2 - 1 0 - 4 

6-10" 5 

.12 

.08 

.03 

- .02 
- .01 
- .004 

1.21 
1.17 
1.09 

I 
63.5 
64.0 
65.0 

670 
1050 
2600 

2 .5-10" 3 

1 . 6 - 1 0 - 3 

6.3-10" 4 

.019 

.013 

.005 

1.04 
1.03 
1.01 

_5 
1-10 3 

4 - Ю - 6 

3-10" 7 

.01 

.006 

.001 

- .002 
- .0008 
- .0001 

1.05 
1.03 
l .Ol 

extrapolated by Pads approximation ' ' . In th i s sense the 
instanton calculation given here serves to oheck the re lat ion 
between the Л parameters of continuum and l a t t i c e QCD. We are 
incl ined to expect an even somewhat smaller ЛТ,« than that 
obtained in Ref. / 1 8 / . In any case, the sudden and steep r i se 
of the fi -funotion i s happening at small coupling, which 
ind icates , that i t i s a weak coupling a l b e i t nonperturbative 
phenomenon. Instantопз are one language to describe t h i s . 

How far can the instanton mechanism be trusted? On our 
ourves have Ъееп marked several points oorresponding to different 
values of *o . These va lues , the oorresponding di luteness 
parameter O1 and f» , respect ive ly , the ideal gas suscept i ­
b i l i t y 1tz<Xo together with the different corrections to the 
permeability of the interact ing gas are exhibited in the Table. 
Obviously we can dist inguish three ranges of sca le , or d i l u t e ­
ness: 
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I : Instanton lnduoed rise of the /3- funotion, no lnfluenoe 
of Instanton interactions ( 5000 £ a'£ 600); 

II : instanton Interactions glre a nonnegllgi'ble contribution 
(600>a'it 200); 

III : for a' £ 200 we expect the dlpole-dlpole approximation 
to Ъеооше a had one; Just this range coincides with the 
eross-отег of curre III with the strong coupling curre II. 

These are the diluteness parameter ralues a' ( or, corresponding­
ly, the space-time fractions fo , which are In good agreement 
with recent calculations by Beuberger ' ' ), which set the 
limits for dilute gas Instanton caloulatlons. Since the magnitude 
of a' takes care for the smallness of the classical dipole-di-
pole Interaction ( ae well as of all corrections to it) this 
parameter plays its role independently of the particular 
regularization scheme. In any case, the usual diluteness crite­
rion, fо < 1, is too unrestrlctlre as to guarantee consistent 
calculations within the dilute gas approximation taking no more 
than dipole Interactions Into account. It should he replaoed by 
something like -fc <-01 . Onoe the Instanton gas is taken 
so dilute, there Is no ohanoe to вате the proposed first order 
phase transition, signalled by an instability in the D T S . E 
plot ( D; = iH£ 4 , E* -IBД , cf. equation (2.1+) ) / 2 5 / , that 

was proposed ' 1 Ъ ' to Justify the bag model from first principles. 
We hare indeed checked the equation of state J>»D(E) 
in the simpler case of SU(2) taking Into aooount the two-body 
repulsire correlation contribution ( of. eq, (3.26) ) to the free 
energy density at arbitrary field strength. Sren for denser gases 
than allowed by -f„< .01 we hare net found any Instability. 

The comparison of the A -funotion prorided by instanton 
effeote with the strong ooupllng one' 1 7' had made us susplolous 
of whether Instanton calculations must be restricted to much 
smaller length scales than usually assumed. The noteal reason 
for this has been pointed out here. 
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Ajpenijlx. 

in ref. /17/ we have found the contributions of t.he ring 
and chain diagrams, respeotirely, to the free energy density and 
the susoeptiblllty by straightforward but tedious spelling out 
the matrix and tensor structure of the corresponding expressions, 
giren here in (4.12). Similar manipulations with the new 
oorrelation term in (4.12) need not be repeated here. For 
ooapletenesst however, the final expressions should be given 
here: 

(A.l) 

Oo 

with 

and 

№ - -фгл |f сШЛ?;** F*<4), (л.э) 
* < * - • £ ; lf^ ?) e" P ,x'( S ) f

JF^j, (A.4) 

aoo - ^ b IT do® е'Ъ **«*' f4*s)' <*•« 
^ ( 4 ) a jh # d * w e ? v v < ? > f C F W < A - 6 > 

fW - 4 - ( f - T K*W)- CA.7) 
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