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1. Introduction 

Let us consider a n-component field which is a 

map s is the dimension of the space, 

R$xR is Minkowski space). If there exists a limit 

( 1 ) 

uniformly with respect to all unit vectors J € ss-t and time 

1:- f. 1 :for every bounded interval ! CR. , the space R$ can be 

compactified by adding a "point at, infinity" and the field ~ 

can be continuously extended on the compactified space. The com-

pactified space is homeomorphic to the sphere S .11 • I:f the homo-

topy group rt~(T) is nontrivial, the topological charges can 

be defined as numbers characterizing homotopy class of the map 

st ----Jo. T given by the fiela/11. 

The class- of the initial conditions for the fields leading 

to the uniform existence of the limit (1) have to be investiga

ted, however. The limit (1) does not exist even for some fields 

of finite energy at all f' s•-t • The existence of the limit 

(1) was shown in 121 for almost all JES;-" only if' Vf€L'-(R$) 

and s ~ ). It was also shown that the limit ( 1) has the same 

value at two timeS for almost all fE ss·1 
for the fields of 

locally finite energy under very general assumptions about the 

interaction/21. The limit (1) is constant in almost all JES;-t 

for .r ~ 3 and in all J at which it exists _for s =2 at a given 

time/3/. The examples of smooth initial values fo of fields 

for which V?o '"e(R 1
) (and even 'foE: e (R') but the limit 



( 1) does not exist at some f or is nonconatant in f can be 

really given. 

Ne suggest a possibility to generalize the notion of the 

topological charge to some field configurations which do not 

define a continuous map Ss---4- T themselves but can be apprOxi

mated by a sequence of maps which do it. If the- coi-re'ap'onding 

sequence of topologica.l charges has a limit independent of, the 

choice of the sequence of maps, the limit can be defined as a 

(generalized) topologiCal charge of the ·field in question. 

2;,- Gener~li~ed Topological ~barges for a 5'-JIJodel 

Let ·us cOnsider a G"-model as an example. We choose 

T::: s·s c R.S+
1i:o have simple honibtopy properties. 'l'he number of 

field ccimpODents -.,,.....-:::: s-..1 and the field sat"Lsfies the· cons.t-

rai.nt 

The ~agrangian of the model is 

and the· Hami.l ton ian 

X ~ + G'f )' + + ('il if)' 
For the smooth field with constant uniform limit ( 1) the topological 

charge defj_ned as the degree of mappi.ng is expressed by the formula 

d.vr ( '{) = ___ {___ 5 tf.d(~) J',. (2) 
~(S') Rs 

where cu,(Ss) is the Lebesgue measure (surface) of the unit sphere 

S' and we denote 
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r' 'f !+1 

~<f' ~ ifl"':·!~·. 

cl.t.b (if) = h' ~ 

-~' ~ 
h' h' 

Let us consider a field ~: Rs-xR. ----.JSs Such .that there is a system 

of open intervals in R covering R and for every interval I 
from this system there exists a sequence of- fields f;_,: R\. [-7 S~ 

( twv =o 11 Z I • 

properties: 

} wfth continuous first derivatives and the following 

( i) the constant ~ 'f~ (n-f,!) = "" 
IIJ--J. ... 00 

exists uniformly with 

respect to J E sz-'f and ~~I for every ft'tv=. 1,1, ... 

(ii) at all t~ I 

£;,.v <~(x,!)= '((;,>) 
~~"" 

for almost all x E R' 

(iii) at all ~ei there exists a function '!t·.' e. e (Rs) such that 

for almost all x E Rs and all rnv= 1,2., ... • 

Then there exists 

where ~(~} is given by equation (2). It is a conserved inte

ger number as a limit of such numbers*, independent of the choice 

of the sequence { ce ....... J: .. 1 of the properties (i-iii). The num-

ber tUr(<f.) can be therefore defined ae a generalized topological 

* d.l.t(Cf,_.) are conserved in time intervals I , d£y('f) ie conserved 
for ~E R consequently. 
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charge of the field ~ although it may not have a simple 

interpretation as a degree of mapping. 

The assumptions (i-iii) can be somewhat varied, e.g. the 

uniformity of the limit at /'f/ --"""+ oo with respect to b can be 

replaced by the independence of the majorant ~ on t or direct-

ly by continuity of r.l.£rCCf) given by eq.(2) in • The fields 

~""" do not neea to satisfy the field equations (even they do not 

need to be continuous in time if ~(f) is continuous for other 

reasons) in general, although the generalized solutions of field 

equations ce defined by a sequence of smooth solutions f.wv 
might be of interest. 

It shoUld be stressed that the existence of the sequence 

{f-}~Et is our assumption and we did not study the conditions 

warranting it. The sequence can be eBsily constructed if .r ~ 2, 

the field has continuous first derivatives, V(( E Ls(R1
) and 

if' there exists a constant h • sr and for any bound-ed interval 

I C R there exist positive numbers A1 1 £I such that 

f~(•,>J-bl>er for lxl >A, and fd The maps r- are 

obtained from by modification of its behaviour (redefinition) 

at large !xl to obtain a map constant outside a compact subset 

(ball specifically) of R1 

''He can define 

where 

and the function ~~ can be chosen in the form 
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{

1 f•• o s~ ~()J

[1-(£..-.!':_)' (f.-~)-']' 
{)I- GV,_, 

0 f•V' -tv_..+1 ~ /'tl 

for 

The increasing sequence of positive numbers {w,...,.J:=
1 

is. taken 

to satisfy the condition 

.. -L f f ,w;_ (N)/' /1/' -• d N < + "" , 
hN;1 I; 

i.e. , 

< + QO. 

The majorant 

"" r~(xJ={-(IVC('(x,•JI + L (,w,:_QxVl). 
l 1""'=1 

The existence of L is perhaps superfluous assumption since 

the field .:f restricted to the sphere of large radius IV is a 

map ~S-1(tv)~ s~ Blld therefore hOMOtopiCBlly triVial. The pOBSibi-

lity of smooth redefinition with 

investigated, however. In 0-models with the range of field 

variables S"",rrv< s 1 the possibility of the construction of maps 

{~ constant outside compact sets by modification of the field f 
at large values of he./ requires really nontrivial assumptions. 

3. Summary 

The notion of the topological charge was generalized to some 

fields which have not asymptotic behaviour_ (at spatial infinity) 

necessary for the compactification of the space but can be appro

ximated by a sequence of well behaved fields. The method is simi-
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lar to the extension of functionals on the space of functions with 

compact support to the completed space. The method was discussed 

for ihe example of a ~-model but the general approach can be 

used for other models as well. 
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