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Ay6HH4Ka c.,Kpyna A., Me~epAKOB B.A. E2-80-467 
no4eMy nono~eHHe p -Me30HHoro non~ca He Mo~eT 6~Tb 
onpeAeneHO H3 AaHH~X no 3flCKTPH4eCKOMy H MarHHTHOMY 
$OPM$aKTopy npOTOHa B npocTpaHCTBeHHO-nOA06HOH 
o6nacTH7 

C noMO~b~ naAe-npH6nHmeHHA no nepeMeHHOH, ew6paHHOH 
c noM~b~ KOH$oPMHoro npeo6paaosaHHA, npoeeAeH aHanHa 
H30BCKTOPHOH 4aCTH 3neKTPH4eCKOro ¢oPM$aKTOpa npoTOHa. 
05HapymeH cTa5HnbH~H non~c Ha MeCTe KopoTKoro paapeaa Ha 
He~H3H4eCKOM nHcTe. Paapea eoaHHKaeT KaK npoeK4HA 6opHoB­
cKoro 411eHa aMnnHTYAbl "N -pacceAHHA. PeaynbTaT aHanHaa 
noKaaweaeT, 4TO BilHAHHe 3TOrO KOPOTKOro paapeaa Ha BTOPOM 
IlHCTe PHM~HOBOH noeepXHOCTH cpaBHHMO CO BKilaAOM Heynpyroro 
KaHana KK H o6a OHH npenATCTBY~T onpeAeneHH~ napaMeTpoe 
p -Me30HS H3 3KCnepHMCHTSflbHWX ASHHWX no 311CKTPH4CCKOMY 

$OpM$aKTOpy npOTOHS B npocTpaHCTBeHHO-nOAOfiHOH o6naCTH. 

Pa6oTa BblnOilHeHa B Jla6opaTOPHH TCOPCTH4eCKOH 
$113HKH OH$111. 

npenpHHT 06~eAHHeHHOro HHCTHTyTa RAePHWX HccneAOB8HHH. AY6Ha 1980 

Dubr>icka S., Krupa D., Meshchcryakov V.A. E2-80-467 
WIJy thE' p -Meson Po 1 c Position Cou 1 d Not Be Found 
from tre Space-Like Reqior> Data on Electric 
or Maane_t_i c Proton Form F.:ar.•"r-e-? 

I . INTRODUCTION 

The nucleon form factors are believed to be analytic func­
tions in the entire squared four-momentum transfer t -plane 
except for a cut from t 0 to infinity. There are no poles ' on 
the first (physical) sheet and all singularities are restric­
ted only to a s equence of threshold branch points on the po­
sitive r eal axis. 

It \•ras 20 years ago when Frazer and Fulco 111 have found, 
using these analyticity properties, that a resonance of sui­
table position and width to the J = 1, I= 1 state of the pion­
pion system could bring the dispersion-theoretical calcula­
tion of the nucleon electromagnetic structure into a qualita­
tive agreement with experiment. At present this resonance, 
the so-called p -meson, is well established and experiments 
on e+e--+"+"- have demonstrated how much it dominates the 
pion and hence the nucleon form factors. From the time of 
Frazer and Fulco a large number of papers have been devoted 
to the investigation of the electromagnetic structure of nuc­
leon by using the analyticity and a complete review of refe­
rences can be found in Hohler's paper 1 21 . 

As the experimental information on the nucleon form factors 
in the space-like region (t < O) was improved and as in the 
near future one can also expect a considerable improvement 
of the present poor experimental information in the time-like 
region (t > 0), the more realistic models for the nucleon form 
factors, like in the case of the pion form factor / 31, are de­
sirable. In order to construct such a model we have to know, 
first of all, which of all present singularities have to be 
taken into account. The only economical way to reveal the most 
important singularities seems to be to start with the descrip­
tion of the experimenta l data by means of the Pade-type appro­
ximants in the suitably chosen variable which, as we know, 
are able to reproduc e all th e analytic structure of the func­
tion under consideration 14 •51 • So, if th2 p -meson resonance 
is really dominant in the proton form factors as it follows 
from Frazer and Fulco analysis I ll, then one has to find it by 
means of the Pade approximations constructed from the coeffi­
cients of a polynomial fitting the experimental data as it was 
done in the case of the pion form factor / 5 / 
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It was really claimed by Dumbrajs 161 that the application 
of Pade approximants to the electric.proton form factor gives 
the stable p -meson pole on the second Riemann sheet. This 
result was surprising with regard to the involved extrapola­
tion through a cut,therefore,Bowcock et al. 171 have decided 
to apply the above procedure, in order to test it, to a simple 
model based on a known mathematical function where singulari­
ties are easily identifiable. The comparison of the Dumbrajs 
procedure and the direct fit of simulated data by means of 
a rational f~nction (we cali it Pade-type approximation) clear­
ly demonstrates the deficiencies of the former and the sta­
bility of the later. So, the authors of the paper/7/ ~pplied 
the direct fitting procedure to the electric proton form fac­
tor data to see what it predicts regarding poles and zeros. 
However, they found some poles on the first sheet and no p -
meson poles. By means of this analysis they came to the con­
clusion that the very precise results obtained for the p pole 
in ref. 111 must be fortuitous. In this papers we present some 
arguments why the authors in ref. 171 could not find the p­
meson poles as they expected to find according to the results 
of Dumbrajs. 

2. THE ANALYTIC PROPERTIES OF ELECTRIC AND MAGNETIC 
PROTON FORM FACTORS 

Aside. from radiative corrections, electron nucleon elastic 
scattering, in which the electromagnetic structure of the nuc­
leon is measured, can be described in the one photon exchange 
approximation. As a consequence the corresponding differential 
cross section in the laboratory system takes the following 
form 181 

du · a 2 

d!l = 4E~ 

cos2 (!!...) 
2 

sin 4 (!!...) 
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1 ----
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where F1 (t) and F2 (t) are the Dirac and Pauli form factors; 
a, the fine structure constant; Eo, the incident electron 
energy; 8, the scattering angle; mN, the nucleon mass and the 

m m 
approximation -E e = _e = 0 ( m means the electron mass) 

o mN e 
was taken into account. F 

1 
(t) and F

2 
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functions in the space-like region (t<O) and different for 
proton and neutron. 

From the theoretical point of view it is convenient both 
form factors F 1 (t), F2 (t) for proton and neutron to decompose 
into the isovector and isoscalar parts in the following way 

p 1 s v) 
F 1 (t) = 2(F 1 + F 1 ; 

n 1 S V 
F 1 (t) = 2(F 1 - F 1 ) ; 

p 1 s v. 
F 2 (t) ·= 2(F 2 + F 2) ; 

F;(t) = ! (F~ - Fi'> 

from which it is straightforward to find 

F f= F fCt) + F~(t); 

F~ =F~(t) + F;(t); 

F {' = Ft(t)- Ff(t); 

F ~ = Ff(t) -~'~(t). 

(2) 

(3) 

Reason for the decomposition of F 
1 

(t) , F 
2
(t) into the isovec­

tor and isoscalar parts is that there is a general belief that 
the analytic properties of the isovector parts on the physical 
sheet of t -variable are restricted only to the sequence of 
threshold branch points at t = 4m ~ , 16m~ , 4mi_, 4m ~ ... 
on the positive real axis and the analytic properties of iso­
scalar parts to the sequence of threshold branch points at 
t =9m 2 , 25m 2, 4m2K' 4m2, ... , where m.(i=7T,K,N) is the rr • ~1T N 1 • 
mass of the p1on, kaon, and nucleon, respect1vely. Moreover, 
in the generalized vector meson dominance model the isovector 
parts are dominated only by pure isovector vector meson like 
p , p' , p" and the isoscalar parts only by pure isoscalar 

vector mesons like w, ¢ , w', ¢', Y,,... which in a more 
realistic form factor model can be taken into account as poles 
on unphysical sheets of the corresponding Riemann surface. 

Now it is not difficult to understand to what extent the 
analytic structure of Dirac and Pauli form factors is compli­
cated. These complications are transferred also in the elect­
ric and magnetic proton form factors G~(t) and G~(t) res­
pectively as they are defined by the relations 

G PE (t) = F P (t) + _t - F: (t) , 
1 4m2 

p 

G~( t) = F 1P(t) + F~(t) 
(4) 
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in order to simplify the extraction of the experimental in­
formation on the electromagnetic structure of the nucleon 
from the differential cross section (1). 

Dumbrajs 161 and Bowcock et al. 171 by using these compli­
cated analytic properties and not very ingenious conformal 
mapping (the first sheet is mapped into the interior of the 
unit circle and the second sheet outside the unit circle) 
conjectured to determine the p -meson pole position on the 
second Riemann sheet from the data on afu· and GP in space-like 
region. Of course, Bowcock et al/ 71 have found ~orne effective 
poles which in our opinion represent the contributions of im­
portant cuts on the unit circle in the conformally mapped 
plane, the p -meson poles piaced outside the unit circle and 
also the contribution of the isoscalar vector mesons like ~¢ 
which are present in both G f and G ~ form factors. And as 
to the results of Dumbrajs 16 , they seem to be really fortiu­
tous. 

In order to bring more light into these problems we have 
carried out the analysis only with the isovector part of the 
electric proton form factor that is free of the cut contribu­
tions of the isoscalar part and also the contribution of iso­
scalar vector mesons like w, ¢, etc. The results of the 
analy~is are presented in the next section. 

3. THE ANALYSIS OF DATA ON THE ISOVECTOR PART 
OF 3HE ~LECTRIC NUCLEON FORM FACTOR 

If we substitute instead of Ff and F~ in (4) the rela­
tions (2) and define the isoscalar and isovector parts of the 
electric nucleon form factor by the relations 

s s ) t s GE(t) = F1 (t + --F 2 (t), 
4m2 

N (5) 

v v t v 
GE (t) = F 1 (t) + -- F 2 (t) , 

4m2 
N 

one can obtain the decomposition of the electric proton form 
factor into isoscalar and isovector parts as follows 

p 1 I s v G E(t) = 2" GE (t) + G E (t) l . 

In a like manner the expression 
factor 

G~(t)= !ta~(t)-Gi'(t)l 
can be found. 

4 " 

(6) 

for the electric neutron form 

(7) 

~ n' 

I I f' 

By solving (6) and (7) we get the isovector part of the 
electric nucleon form factor expressed through the electric 
proton and electric neutron form factors in the following way 

V p n 
G E (t) = G E (t) - G E (t) . (8) 

By using the data on G~(t) 
on G ~ (t) . 

and G it) one can obtain the data 

For G~(t) we used the same data points /lO,ll/ for 
-25.030 GeV 2<t < -0.0078 GeV 2 as Dumbrajs 111 and Bowcock 

1 171 • - d - k . f 1 . . h h . et a . Ln or er to rna e a mean1ng u compar1son WLt t e1r 
results. However we have the data on G~(t) only for 
-1.530 GeV ~t ::;; 0. OJ 0 GeV 2 at .our disposal. Moreover, the 
data from this interval even do not coincide in t with the 
data on G~(t). For this reason, for G ~(t) we have used the 
zero width approximation model ef Zovko 1121that describes 
not only the data on G~(0 but also reproduces all the 
existing data on proton and neutron form factors in space­
like region only by four adjustable parameters. The later· is 
a sufficiently justified argument to have a confidence in 
the expression /12/ 

s 2 2b s 
n 1 11 + mM t t t -1 

GE (t) =1-+ tHU- -)(1- -Hl- --)] -
2 4m 2 m 2 m 2 m 2 , 

M w ¢ w 

v 2 2h v 
1 11 + m M" t t t -1 

(9) 

-1-+ tHCl- -)(1--Hl- --n 
2 4m2 m 2 m 2, m 2, 

M p p p 

with m~= 0.614 GeV 2, rn~=l.039 GeV 2, m~ .. =l.4 GeV 2, m2 = 
p 

= 0.585 GeV,m2,= 1.3 GeV2, rn2.,= 2.1 GeV2, ~s = -0.12, 
p· p 

bs 9 --2 v 9 5 v I I -2 h = -0. 1 Ge V , 11 = 0. 2 , b = - . 0 Ge V and rn M as t e 

neutron mass to be used to give through (8) 68 experimental 
points on Gitt) in the range of mome~ta -25.030 GeV 2 :5. t <;;.. 
S. -0.0078 GeV 2 with the errors of GE(t) to be found only 

from the errors of G ~ (t) . 
We emphasize again that by means of the afore-mentioned 

procedure we have obtained the data on the isovector part 
of the electric nucleon form factor, the analytic properties 
of which consist only of the threshold branch points at t=4m;, 
16m; , 4mi, 4m~, etc. According to the vector dominance. 

model it should be dominated first of all by the p -meson 
exchange contributions. So, if one has any chance to find the 
p -meson pole position from the data on the nucleon form 
factof, then first of all it has to be found from the data 
on G E (t). 
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We have carried out two independent analyses of these data 
by means of the Pade-type approximations for two different 
variables, on two different computers, and by two different 
minimization programs. 

The first analysis was carried out at Bratislava on the 
computer SIEMENS by using the CERN minimization program v 
MINUIT113:'The results of the direct fit of the data on G E (t) 
by means of the following normalized to 1/2 (then the er­
rors of G ~ are taken to be a half errors of G k ) and res­
pecting the real analyticity Pade-type approximation 

M 
Al + L A2n+l(iq)n 

1 n=l 

= 2 1 + ~ A2 (iq) 11-
n=1 n 

aiCt) 

M 
1.+ L A 2n (-l)n 

n=1:,----­
M 

A 1 + L A 2 +1(-l)n 
n= 1 n 

( 10) 

on the pioq c.m. momentum q-plane are presented in Table I. 
The q - plane is obtained from the t -plane by the conformaf 
mapping 

j . t- 4m 7r 
q= -

4 

with m
17

=1. 

(II) 

Table I 

The results of analysis of the data on G~ by the 
Pade-type approximations (10) in q -plane 

[ll/Li] x• L, Position of zeros Position of poles Xf,Jf 

l4'21 818.607 12.99 ; 14.321 1.640 +t0.624 
i 12.856 -1.640 +,0.624 

l2/31 129.242 2.08 i 21.044 2.160 +il.632 
;m.143 -2.160 +il.632 

-.0.513 

[3/3) II2.973 1.85 _; 25.912 2.226 +<1.489 
3.678 +<15. 569 -2. 226 + ;r • 489 

-3.678 +t15.569 -<0.651 

[3/4J II2.351 1.87 -i3I. 218 -;757.837 
3.830 +,15.743 2.236 +cl.497 

-3,830 +i15.743 -2.236 +.1.497 
-i0.661 

t4/4J II2.532 1.91 +:I97.676 -c'289.494 
-· 24.613 2.230 +il.504 

3.917 +' 15.848 -2. 230 +'I. 504 
-3.917 +i. 15.848 -; 0.644 

is/51 109.365 1.92 - 7,977 3.478 -i0.470 - 7.97? -3.478 -i0.4?0 
-5.419 + 1?.791 2.833 +il.191 

5.419 + 17.791 -2.833 +i1.191 
7.977 -(1.305 
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The second analysis was carried out at Dubna on the com­
puter CDC-6500 by using the minimization program FUMILI 1 141. 

In this case a more ingenious conformal mapping was used. 
The q -plane was first turned at 90 ° in the anti-clockwis.e 
direction and then shifted so that all the data on G i (t) from 
the range of momenta -25.0300 GeV 2.s t ~ -0.0078 GeV 2 be 
placed symmetrically on the real axis around the origin of 
this new k -plane. All this could be achieved by the following 
conformal mapping 

I 4- t 
k=-v--+ko, 

4 
( 12) 

where k 0 "'9.5. The results of the direct fit of the data on 
G iCt) by the normalized to one and respecting the real ana­
lyticity Pade-type approximat,ion 

M n M 
v 1 + L A 2n_1(k 0 -l) + L A2n[kn -(k 0 -1)n] 

GE(t) = n=1 M n=l (13) 

1 + L A 2n-1 k n 
n = 1 

on the k -plane are presented in TablG. 

Ln/!.11 

l1/2\ 

[2/21 

[2/3] 

[3/2] 

j3/~ 

{4/~ 

Table 2 

The results of analysis of the data on G~ ~y the 
Pade-type approximation (13) in k-plane 

i" x'/~.lf Position of zeros Position of poles 

3932.0 60.491 -3.213 8.7152 +;1.2459 
8.7152 -il.2459 

735.5 II.492 -3.6422 +iO. 9213 8.8908 +<1.6666 
-3.6422 -i0.92I3 8.8908 -;1.6666 

104.8 1.664 ·-7.0315 +i4.1079 10.2895 
-7.0315 -j4.I079 8.0323 +i2.3II5 

8.0323 -;2.3II5 

225.9 3.586 -7.0690 . 9.0289 +{ 2.0591 
-1.8304 -l3. 5258 9.0289 -;2.0591 
-1.8304 +i3.5258 

104.0 1.6?? -12.6486 10.4563 
- 9.2957 -i?.4849 8.0721 +:2.3888 
- 9.2957 +i7.4849 8.0721 -;2.3888 

2.8032 +110.0472 10.8927 
I02.3 1.677 2.8032 -;!0.0472 8.0803 +;2.5540 

- 6.6987 +(2.4955 8,0803 -i2.5540 
- 6.6987 -i2.4955 
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The q -plane and k -plane were prefered to be used in 
the analysis of the data on G~(t) by the following motiva­
tions. First, al (t) by the mappings (I I) and ( 1'2) is regu­
larized at the first threshold branch point t = 4m;, and 

. 
4 

\ 

the contribution of the corresponding two pion out is thus ' 
authomatically eliminated. Sec9nd, as the e+e-44rr experiments 
indicate that the cross section remains small below I Gev 115/, 
we neglect the four-pion cut and as a consequence, the p-
meson pole is undoubtedly placed on the second Riemann sheet, , 
that is reached through the two-pion cut from t = 4m~ to t = 4mi ·I 
Third, both Riemann sheets are in the q-plane as well as in 
the k -plane placed equivalently. So, we avoid the difficulty 
of analytic continuation from the interior of the unit circle 
through branch cuts to outside the unit circle, what is cha­
racteristic for Dumbraj s 161 as well as Bowcock et· al. 1 71 
procedures. 

As one can see from Tables I and 2 immediately, the almost 
identical results are obtained independent of the variable used 
and minimization programs. One stable pole in q-plane around 
the value q=-i0.65 that corresponds to k."' 10.15 in k -plane 
just below the threshold t=4m2 in the second Riemann sheet . " . 1s found. There are other two symmetr1cally placed stable po-
les (see Table I for q,± 2.5+ i1.5 and Table 2 for k"' 8 ±i2.5) 
but no p -meson has been found on the second Riemann sheet, 
which is placed exactly at qp =±2.59-i0.30 and kp=9.8±i2.59 in 
the q- and k -plane respectively. 

The first stable pole at q"'-i0.6 or k "'10 visibly si­
mulates the contribution of the short branch cut just below 
the threshold t = 4m; in the second Riemann sheet which 
comes from the partial wave projection of the nucleon Born 
term in the rrN scattering amplitude /2/, The two symmetrically 
placed poles at q= ± 2.5+i1.5 or k"' 8 ±i2.5 in our opinion effec­
tively tak.§ into account both the p -meson contribution as 
well as KK branch cut contribution which in comparison with 
the p -meson seems to be in the isovector part of the electric 
nucleon form factor considerable. 

So, the results of our analysis support the conclusion of 
Hohler et al. 1161 that unl~ke the pion form factor G i' (t) be­
sides the p-meson and KK branch cut contributions is do­
minated by the nucleon exchange partial wave projection branch 
cut in the second Riemann sheet tvhich is responsible, for 
instance, for the difference between the nucleon and pion 
charge radii. 
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4. CONCLUSIONS 

By means of a direct least-square fit of the normaliz~d 
and respecting the real analyticity Pade-tape approximations 
in a conformally mapped variable to the data on the isovector 
part of the electric nucleon form factor we have found most 
important singularities dominating G i (t). Unlike the pion 
form factor, the isovector part of the electric nucleon form 
factor is not given mainly by the p -exchange contribution 
but the short branch cut just below the threshold t = 4m;, 
on the second Riemann sheet that comes from the partial wave 
projection of the nucleon Born term in the rrN scattering 
amplitude/2/ plays an important role. ·The later explains the 
fact why many people /10,1 7 ,18 / fitting the data on the nucleon 
form factors in the framework of the extended vector domi­
nance model fixed the p -meson mass and did not search it in 
the fitting procedure. 
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