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INTRODUCTION 

The theory of the free massless scalar field in two space
time dimensions is very rich and instructive. It is far from 
being the simplest quantum field theory, requiring indefinite 
metric state space or, alternatively, violating some of the 
other Wightman axioms 11·21 • Besides, the massless scalar 
fields are essentially used in building explicit solutions o f 
nontrivial models as the massless Thirring model 11·3·4·5•24 •251 , 
the Schwinger model 16 • 71 , the sine-Gordon model181 , the 
Schroer model 121 , etc. It was re~arked by Skyrme 19/ and 
rigorously proved by Streater and Wilde 1101 that properly 
defined exponents of the massless scalar field behave like 
fi e lds with spin (in particular, with half-integer spin). The 
theory of the massless scalar field can serve as an illustra
tion 111.12/ for the methods of quantization in indefinite 
metric 113/ and is a simpler analogue to the promising theory 
of the dipole field in four dimensions 114,15/ , see also ref J16f 

In the massless Thirring model the potentials of the con
served current and pseudocurrent play an essential role /1,4 / • 
They satisfy a system of two linear differential equations 
and as a result, the D'Alembert equation. The commutation 
relations between the components of the currents 117,1,18/ show 
that the potential of the current and the potential of the 
pseudocurrent can be defined as canonical local free zero
mass fields, but nonlocal with respect to each other. Sys
tematically, though at a formal level, these fields were 
considered in refs. 119,20 / • 

In the present paper the two scalar fields are realized in 
a common Fock sftace, equipped with indefinite metric struc
ture (see ref. 131). The theory is a generalization of the 
theory of a single free massless scalar field / 1,11,12/ (see 
also ref. 124/ ), each of the two fields acts conventionally in 
a proper Fock space, which is a subspace of the common space. 
The results of refs. 119·2°1 are essentially used and con
firmed. The two charges, which correspond to the formal 
Noether charges 1221 are correctly defined and it is shown 
that they generate translationally invariant states from the 
vacuum. 

I ·roryr I. 
11l:nft 
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1. THE TWO FIELDS ¢ AND ¢ 

The peculiarities.of the theory of the free scalar massless 
field in two dimensions are well known 11,2,4,11,12/, Its two-
point function 

~D-(x) =--
1-InC-lx 2 +i0x 0

), p. >0 
1 4rr ( 1. 1) 

is not positive definite distribution on S(R:)but only on 
the subspace con~i.sting of the test-functions f which satisfy 
the condition Jf(x)d2x =o·, i.~., whose Fourier transforms 
belong to 

S 0 ( R 2) =If ~ S ( R 2 ), f(O) = 0 l (1.2) 

(It' should be noted that defining the field¢ on S
0

CJ!. 2) one 
automatically defines its derivatives on S( R2) : if f ~ S(R 2) , 
the functions 

Jeipx a~f(x) d 2x =-ipvf(p)' v =0,1 (1. 3) 

belong to S 0 (R 2 )). 

As it was noted in the Introduction, because of the current 
conservation and the specific connection between the com

-ponents of the current and the pseudocurrent in the massless 
Thirring model their potentials ¢ and ¢ satisfy the system 
of linear first order differential equations 

a0 ¢(x) =a 1 ¢Cx), a1 ¢(x) =a 0 ¢(x) ( 1. 4) 

and as a result, the D'Alembert equation. We shall postulate 
that ¢(x) is a free scalar field with two-point function 
( 1. 1) and shall see how the field ,f(x) can be defined in 
order eq. (1.4) to be satisfied. In addition, we shall aim at 
defining the fields ¢ and ¢ as (operator-valued) dis
tributions on S ( R 2 ). · 

To do this let us first write down the Fourier transform of 
the two-point function (1.1): 

2rrw(pO,p1) =( 
0
1 ) 8(p0-pl) +( / ) 8(pO+p1), 

p +pl K+ p.-pl K+ 
( 1. 5) 

I<= 2p.e r'(1) 

2 

"' 
• 

where the distribution (~) is defined on S(R 1) 
q K+ 

as 

<(.!..) f>=f f(q)-f(0)6(~<-q)dq=-flnJl .!!!(q)dq. 
q I<+ ' q K dq (1. 6) 

The RHS of ( 1. 5) is an extension on. S(R 2) of the functional 
6(p 0 )8(p2) which is \vell-defined on S 0(R 2 ) only. To con
struct Fock space for the field ¢ one gives to the restric
tions of the functions from S (R 2) on the cone C + , 

C+=lp=(pO,pl), p2=0, p02:_0l ( 1. 7) 

the interpretation of one-particle states. The (indefinite) 
metric in the one-particle space is given by the two-point 
function ( 1. 5) • The general form of the restriction on C + of 
a function fromS( R 2 ) can be obtained in the following way, 
Let f~S(R 2 ) and 

0 1 1[ 0 1 0 1] f± (p ,p ) =2 f(p ,p ) ± f(-p ,p ) • ( 1.8) 

It can be easily seen that f _ ~ S 0 (R 2) and that f+ (Jpj, p) 
f+(p,p) =f+(p) , f_(\p\,p) =<(p)f_(p,p) = .:(p)f_(p). Then 

f(\p j, p) = f (p) +<(P) f (p), f ( 0) =0, (1.9) 
+ - -

where the product t:(p) r_ (p) is defined as the point p = 0 

by continuity (it equals zero). In order the operator equality 
(1.4) to be satisfied, it ~s necessary that the product 
--< (p) f(\p I, p) be a restriction on C + of a function from 
S(B2) too. But this is impossible, in general, because if 
f ~;;; S0 (R 2 ), there is a discontinuity at _p = 0. Thus, to 
define one-particle states of the field ¢ one has either to 
consider the field ¢ on S 0 (R 2) or to introduce a space, 
larger than S(R 2) , in which the multiplication by - f(p) 
has sense as an involution. We shall choose the second way, 
To avoid working with discontinuous functions, we shall first 
note that any function f ~ S(R 2 ) can be presented in the form 

f(po,pt) =fs(pO,pi) +foS(pO,p1), S GS(R2), (1.10) 

where S(O, 0) = 1, 
venient to fix S 

f 0 = f(O, 0) and f 
8 

== f- f 0 S . It is con
so that (see (1.5)) 
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2 
JIS(po,p 1)12 w(po,p 1)_!_£_ = 0 . 

(2rr)2 

One can check that, for example, 

s (p o , P 1 ) = exp 1 -b 2 [ (p o ) 2 + (p 1 ) 2]1 , b = K exp f '(1) 
2 

(1.11) 

( 1. 12) 

satisfies all these conditions. Fixing S G S(R 
2

) , S(O, 0) = 1 
in (1.10) decomposes S(R 2) into direct sum of two linear 
spaces: S0 (R 2) and one-dimensional space, isomorphic to C • 
Therefore the restrictions of the functions from S(R2) on 
the cone C+ can be brought to the form (see ( 1. 8) and (1. 9)) 

f(lp I, p) = f (p,p) + <(p) f (p,p) +f
0 

s(p), 
+s -

(1.13) 

where s(p) = S(lpl, p)= exp(-2b2p2) and f+
8
(p,p) H(p) f_(p,p) =f

8
(lpl,p) 

is the restriction on the cone C+ of f 
8 

, defined by ( 1. 10). 
The decomposition (1.13)suggests how to make meaningful the 
multiplication by - f (p) . It is sufficient to add to the RHS 
of (1.13) a term of the type f 0 s(p) where f"0 c;.C and s(p) 
= e(p) s(p) thus enlarging the one-particle space with one 
more dimension. If one puts, for definiteness, <~) = 1, 
then <( p ) 2 = 1 and <(p) s(p) = s(p) . 

In other words, we shall start with the linear space 

'{f,1=So(R2);1C+ eCeC (1.14) 

on which the map 

- -
f = (f 

8 
(p), f

0
, f 

0
) ,__. f = (-<(p) f 

6
(p) ,-f0 ,-f 0 ) (1.15) 

is defined. We shall prove that a sesquilinear nondegenerate 
form,· whic.h is an exten.sion on &, 1 of the form, defined by 
the two-point· function ( 1 • 5) ,, is provided by 

' - - - -<f,g> =<f ,g >+f
0

<s,'g >+g
0
<f ,s>+f

0
<s,g >+g

0
<f ,s>, 

1 SS S S B S 

(1.16) 

where in the RHS of (1.16) 

4 
f'\ 

" 

<x,y>=-1-.j x(p)y(p)d 
4" """"' IP I p . 

( 1. 17) 

For f 0 = g 0 =0 , <f, g> 1 coincides with 

2rr Jf(pO,p1)w(pO,p1) g(po ,p1) ~ 
(277) 2 

( 1. 18) 

where f(p 0 , p 1) and g(p 0 , p 1) are the corresponding functions 
from S(R 2 ) (eq.(1.11) is used). 

2. THE ONE-PARTICLE SPACE 

Having the linear space '&, 1 and the sesquilinear form 
(1.16) on it (the form (1.16) is nondegenerate, as it will 
become clear later),one can use the standard procedure for 
quantization in indefinite metric (see, e.g. 1131. One can 
define a scalar product on fi, 1 : 

(f,g) 1=<f ,g )+<f ,s><s,g >+f0 g 0 +<f ,s><s,g >+f0 g0 s s s s s s 
(2. 1) 

~nd prove that the inequality 

2 
I< r · g > 1 I :s cr .o 1 (g • g) 1 (2. 2) 

holds for any two vectors f, g G lf, 1 • (In the case of a single 
free massless scalar field, without the last two terms, this 
scalar product is used in refs. /11.12/ ) • The completion of &, 1 

with respect to the norm II fi 11 = y (f, f) 1 will be denoted 

by J( 1 (the elements of J< 1 can be realized as equivalence 
.classes of Cauchy sequences). The sesquilinear form (1.16) 
and the scalar p3oduct (2.1) can. be extended on J< 1 and so 
can the map f ... f (see ( 1 • 15) ) . Thus "~<~'e obtain a Hilbert 
space, J{. 1 , equipped with a sesquilinear form- the extension 
of (1.16). For fixed fG)(1, because of (2.2), <f,·> = ff 
is a continuous linear functional on J< 1 • Let·· us denote the 
vectors (0,1, 0) I; '&, 1 and (0,0,1) G fi, 1 by E 1 and s1, respec
tively._The followiQg equalities hold: <E1 ,S 1 > = <El'E 1-> 
'=<2 1 , S1> =0, CS1'21)1=0, IIS 1 11 1= IIE 1 11 = 1. The R~esz 
lemma implies the existence and uniqueness of vectors lJI 

0 
~ J( 

and ip 01 G J( 1 such that 
1 1 
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('Pot•f)l=<E1,f>1, (IP01'f)1 =<E1,f>1, Vfr;. }{1. (2. 3) 

Obviously_('Po1 ,81) 1=<'~'o;,:E 1) 1= <iiio1•E1) 1 = <iiio1• E 1) 1 =0 
'1' 01 ;# 0, '1' 01 }=0. If .tt 01 is the subspace 

and 

J{ 01 =I h ~ H t , (IP 01' h) 1 =<E 1, h) t =<iii 01' h) 1 =<E 1, h) 1 =0 l (2.4) 

and I e n I ; = 1 is an arbitrary orthogonal basis in H o 1 , then 
IP01'E 1 , lf01' E1 ,e 1 ,e 2 , ••.. form an orthogonal basis in }{ 1 
and in this basis the operator ~ defined by 

<f, g> ={f, ~g) ' 
1 1 

Vf,g~J{ 1 (2. 5) 

(its existence and boundedness are guaranteed by the Riesz 
lemma and eq. (2.2), respectively) has a nondiagonal form. The 
operator {3 is self-adjoint and ~:= l an.si therefore <.,.> 1 
is nondegenerate. From '1' 01={32 1 , '1' 01 =f3E 1 and (2.5) it 
follows that 

- - - - -
<IPo1' '~'o1>1 =<'~'o1'1Po1>1 =<'~'o!• '~'o1\= 0 • (1Po1'1Po1) L=O,II'~'o1111=111Potll1 =1. 

(2. 6) 

The standard 
....._. e ipa f(p) 

representation 
induces the 

lb1 with f 0 = 

of the translation group f(p) ....._. 
following transformations of the 
0: vectors from 

U(a) (f 
8 

,f 
0

,0) = (e ipaf 
8 

+ f
0
s(e ipa -1), r

0
, 0) 

The transformations of arbitrary vectors from &1 can be 
obtained from (2.7), assuming in addition that 

- r---J 

(2. 7) 

U(a)f=U(a)f. (2.8) 

It can be proved that, for fixed a , the operator U(a) is 
boundec: on lb 1 (though not uniformly with respect to a ) : 

II u (a) r 11 1 s. c cIa 
0 

I + I a 1 I) II r 11 1 for some c > 0 . (2. 9) 

The extension by continuity of U(a) on the whole H 1 is a 
pseudounitary, i.e., unitary with respect to <.,.>1 operator. 
The equalities 

<IP 
01 

,U(a)h> 1 =h 0 ~<1P01 ,h >
1 

=<U(a) '1'01, U(a) h>
1

, V h ~ J{ 1 (2. 10) 

6 

"' 

~+If t' 

and the nondegeneracy of <.,. > 1 imply that the vector 1P 01 
is translationally invariant, i.e., U(a) 1P 01 =lfl01 · One _san 
prove quite analogously the translational invariance of '1' 01 . 
The existence of translationally invariant states in the•one
particle space is a nontrivial fact. The vectors '1' 01 and W01 
do not belong to lb 1 , rather they appear as a result of the 
completion of lb 1 (with respect to the norm 11·11 ) • Their 
existence and translational invariance, however, ho not 
depend on the special choice of the scalar product. 

Since on .&01 =If~ lb 1 , r0 = f~ = 0 I . the form <.,. > 1 is non
degenerate and positively definite, lb 01 can be completed 

with respect t~ the norm llfll =v<f,f, > 1 ::; II f 11 1 , thus 
obtaining a. Hilbert space H ph_ys • In this case U ( a) , rest
ricted on {i; o1 1 can be extended on H phys as a unitary 
operator. The Hilbert space J{phys can be identified with 

G>2 ( 1 dp ) J{ . .\. R , -- • On phys the dependence on the arb1.trary 
IP I 

parameter K drops out (each term in the RHS of (1.16) 
depends in general on K ). 

3. THE FOCK SPACE 

The Fock space over }{1 

S:(J{1) = 6l 
n=O J{ n ' ( 3. 1) 

where J{ 0 = C and H n = sym ® H ~ ( n == 1, 2, ••• ) is the sym
metrized tensor product of n copies of H 1 , is defined as 
the completion of the finite particle space S: 0 consisting of 
all finite linear combinations of vectors from Hn, n = 0 , 
1 ,2, ... 

We shall define on S: 0 a generalization (because of the 
indefinite metric) of the Segal quantoization over H 1 
(see /21,13/ ) • Let ¢±(C) , f ~ J{ 1 be the maps 

<l>+(f)S 0 (f 1 ~r 2 ~ ... ®f
0

)=yn+l S
0
+1(f 0 f 1 ~f 2® ••• 0 f

0
) (3.2) 

n = 0,1,2, ... 

<I>- (f) S n (f 1 ® f 2 ® ... 0 f 
0

) = ( 3. 3) 
1 n 

=-== ~ <f,fk> 1S _1 (f1 ~t~ ... ®fk_ 1 ® fk+ 1® ... ®f ), n=1,2, ... 
yN k=l n n 
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- + 
and <P (f) J{ 0 = 0 ( S 'I means symm,etrization). The maps <P- (f) 
can be extended by l1nearity on dense subspaces of H

0
• It 

can be easily proved that these maps are bounded and therefore 
can b~ extended by continuity on H n and by linearity on ~ 

0 
• 

The field (analogue of the Segal field) 

<P(f) = 
1 

(<P +(f) + <fJ- (f)) 
y2 (3.4) 

will be the basic construction, with the help of which the 
scalar fields ¢ and ¢ will be defined. 

A nondegenerate sesquilinear form <.,.> , a scalar product 
(.,.)' and an indefinite metric operator on ~(J{ 1) can be 
obtained in a standard manner from the corresponding objects 
in J{ 1 • The following general theorems can be proved (see 
refs. /21,13/): 

1, The operator <P(f) , f .e H 1 is symmetric with respect to 
the form<.,.> , i.e., for V g,h ~ ~0 

<g. <ll(f) h> = <<P(f) g. h>. (3. 5) 

2. 'l'he vacuum '11 0 = (1,0,0, ... ) G- J( 0 C ~ 0 is a cyclic vector. 
3. The following commutation relations hold: 

[ <P- (~) • <P \g)] h =<f. g> 1 h , v f, g ~ J{ 1 , v h ~ ~ 0 • (3.6) 

Eq. (3.6) implies that 

[ i!J(f), i!J(g) ]h = i lrn<f,g> 
1 

h. (3. 7) 

Let usA define for any function f-.:;: S(R 2) a corresponding 
vector Ef c;; (i; 1 c H 1: if 

f(p) = J e ipx f(x) d 2 x 

is the Fourier transform of 
denote the vector (f 8 , f 0• 0) 
tion of f on the cone C + • 

(3. 8) 

f(x) , then by E f ~ (i, 1 we shall 
which corresponds to the restric-

The fields ¢(f) , ¢-(f) (t c;; S (R 2 ) are defined by 

8 

¢(f) =¢+(f) +¢-(f) , 

¢-<f> = ¢+(f) + i-cf) . 

"\ 

(3. 9) 

( 3. 10) 

I 
I 
II 

! 

f 

)] 
' ' 
} 
~ 
It 

{ 

~· 
l: 

. I 

! 

~J 

~ l( 

where 

+A + A + A 

¢-(f)= <l>""(ERef) + i¢ -cEJmf), (3.11) 

-+A +~A +~ 
¢-(f) =<ll -(ERe f) +i<ll-(Eimf). ( 3. 12) 

The maps f .... ¢(f) and f .... ¢({) are complex linear maps 
(f.-. <l>(f) is only a 'real linear map). On ~0 the usual com-
mutation relations hold: 

[ ¢-(x), ¢+(y)] = ~c-cx-y) = [ ;j-(x). ¢+(y)], 
1 

and 

- -+ 1-- -- + [¢ (x), ¢ (y)] = 7 D (x-y) =[¢ (x), ¢ (y)], 
1 

where 

j._D-(x) = _1_ln xo-x 1_ iO 
i ' 4rr x 0+x 1 -iO 

(3. 13) 

(3. 14) 

( 3. 15) 

is the nonlocal (and Lorentz noninvariant) two-point function 
of ¢ and ¢ (it may be verified that 

<Ef.Eg>
1

=JJf(x) :D (x-y)g(y.)d 2 xd 2 y, ( 3. 16) 

~ 

<Ef,Eg":> 1 =J/f(x)i
1 D (x-y)g(y)d 2xd 2 y . (3.17) 

One can construct a physical Fock space ~ ( H phyd stq.;rti1;tg., 
with J(phys instead of Hl, and realize the fields ¢(f), ¢£f) 
as operators in it (assuming that the Fourier transform of f 
belongs to S0(R 2) ) • In this case all the complications con
nected with the indefinite metric will drop out. One can 
prove that the set of finite linear combinations of vectors 
of the type ¢(f 1)1;(j 2 ):.. • .,_¢(f

0
)'J! Q, n = 0,1,2, •. , (or of vec-

tors of the type ¢(g 1)¢(g 2) ... ¢('£!; 0 ) ~ o" -· they coincide), 
where the Fourier transforms of _fi (g i), i = 1,2, ... ,n belong 
to S0 (R 2 ) and the field ¢ (or ¢ ) is defined through 
(3.9) and (3.11) (or (3,10) and (3.12)},is dense in ~(J{phyd• 
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4. THE CHARGES 

The formal charges corresponding (by the Noether's theorem) 
ta the shifts of the fields ¢ and ¢ are equal to 

1 
Q =fa 0 ¢(x) dx ' Q =fa0 ¢Cx)dx

1
. (4. 1) 

We shall try to define correctly the charges as operators in 
the Fock space constructed above (see refs. 122,23/ ) . 

Consider the operators· 

Qn=-¢(fn;d), n=l,2, ... d > 0' 

~ 1 ~ 0 
where f n ( x )~ and ad(x ) are real functions belonging to 
S(R1) and ad satisfy the condition 

00 

f ; d (x 0 ) dx 0 
= 1 , 

If in some sense 

f (x 1 ) 
n 

-1, 
n-• oo 

'i d . 

~ 0 0 
a d (x ) ---. o (x ) 

d-+ 0 

~ 

(4.2) 

(4. 3) 

(4.4) 

(we shall not assume that f n and a d have compact supports) , 
it is intuitively clear.that the corresponding limit (if it 
exists in some sense) of the operators Qn is a candidate 
for the charge operator Q • 

Owing to (4.3) and (4.4) the Fourier transforms of fn 
~ 1 0 

and ad satisfy ad(O) =1, Vd> O;fn(P )---.2rro(p 1) and ad(p )-.1 
n-+oo d-+0 

aha therefore the Fourier transforms of the functions f ;, 
n d 

are of the form 

-217i. p 0 1/1 n (p 1) a d (p 0) ' S(Rl) ~.;, (pl) -+O(pl). 
n 

(4. 5) 

On the cone C + the corresponding sequence tends to -2rri IP I o(p) 
(after taking t:he limit n .... oo the dependence on d disap
pears; that is why we attach only one index to the operators 
(4.2)). These heuristic considerations suggest that 

i 
Q =<I>(--'¥ ) ...;2 01 

(4.6) 

10 

" 

. 
'+ 

I 

I 
~ > 

' . 

·,J.· 
I' 

is an appropriate definition for the charge operator (it can 
be easily seen from the definition of '1' 01 that, roughly 
spe\').king, 'I' Ol- 4rrlp I 8(p) ) .. We shall pr.ove that ( 'l' o is the 
vacuum vector) 

.!.._ 'l' 01 = Q 'l' 0 = w - lim Q n 'l' 0 ~ }{ 1 
2 n-+ oo 

(4. 7) 

assuming that the functions fn and ad in (4.2) are properly 
defined and w-lim means the weak limit in }{ 1 . It is necessary 
and sufficient to prove that the norms IIQ n 'l' 0 11 1 are bounded 
and that on a dense lin~ar subspace L C 1< 1 

lim (Q n 'l' 0 - Q 'l' 0' f) 1 = 0' V f,.:; L. (4.8) 
n->oo 

The boundedness of the norms 
posing in addition that 

II Q n 'l' 0 11 1 becomes obvious, sup-

f (x 1 )=r(~), f~S(R 1 ), C(O) =1. 
n n 

Indeed ( .p is the Fourier image of - 1-f 
2rr 

2 2 2 
IIQn'l'o II =rrflpln 11/J(np)ad(lpl)l dp 

= 11 fiPIIt/t(p).ad cill)l
2

dp 
n 

(4.9) 

( 4. 10) 

(see (4.5)) and this expression is 
(4.8) is a simple corollary of the 
Q(L=f3&1). A 

bounded in n • The limi.t 
definitions of Q n and 

The definitions of Q and ¢(f) imply 

[ Q, ¢(C)] h=-ih JC(x) d 2x =-if
0 

h, 
A 2 

V f ~ S (R ), Vh ~ ~ 
0

• (4.11) 

,for fo=Jf(x)d 2x =0 (i.e., f(p) c;..S(R 2 ) ) the field 
¢(f) commutes with Q, but this does not mean that the state 
¢ (f) '1'.0 has zero charge in the common sense. Obviously Q 

does not leave the n-particle sectors J{n invariant: 

+ - + i + 
Q = Q + Q ' Q- = ± 2 <I> - (IJI 0 1) (4.12) 
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and besides 

i' + i 
Q 'P 0 = 2 <ll ('P 01 ) 'I' 0 = 2 'I' 01 I= 0 (4.13) 

(the invariance ¢ ........ ¢ + const is spontaneously broken). The 
operators r;:;. + and Q - com.'!lute: 

r - + 1- + 1 
Q, 'Q ] =4[<1> ('Pot), <ll ('I'ol)] =4<'Pol'Wo1>1 =0. (4 .14) 

The second charge Q can be introduced in a quite analogous 
manner: 

- i -Q=<ll(--=:-'P ). y2 01 
(4. 15) 

We shall define, at the end, representations of the Lorentz 
boosts and the dilatations in j=.( J{ 1 ) • Let us denote the cor
responding parameters by X and A > 0', respectively. Deman
ding the vacuum vector 'I' 0 and the form <.,. > 

1 
to be Lorentz

and scale invariant, one is forced to define on ~ 1 cJ{
1 

U(x)f=fx+(fo'Po1+fo'l'o1) 4~' (4. 16) 

where the mapping f ~ fX is induced by the transformations 
(A X is the hyperbolic rotation) 

-1 s 2) f(p) ...... fx(P)=f(AXp), f~·(R (4.17) 

~ ~ 
and (f)x= (fx ) • Analogously, 

- - ln..\ 
U(>.)f=f>,-(fo\i'ol +fo,'l'ot) ~· 

• 
(4.18) 

where on S(l< 2) 

-1 
f(p) I-> f >. (p) = f(,\ p). (4.19) 

These operators are bounded on .~ 1 and can be extended on J{ 1 
by continuity. It. is not s13.rprising that the translationally 
invariant vectors '¥01 and W01 are also Lorentz- and dilatation 
invariants. 
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We can construct the corresponding operators on j=(J<
1

) 
1 

denoting them still by U(x) , U(,\) • It can bee seen /13/ 
that for V f ~ J{ 

1 
and V 'I' ~ j= 

0 

U<ll± (f)U-1'¥ =«~>± (Uf)'l', ( 4·. 20) 

where U is U()(:) or U(.\). From (4.16),(4.18) and (4.20) 
follow the transformation properties of ¢ ± and ¢ ± whic.h 

+ - + contain nonhomogeneous terms proportional to Q- and Q- (see 
refs. 119,20/ ) . 

The representations of the Lorentz and scale transfor
mations on the physical space are unitary. 
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