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~y6HM4Ka C., He~epRKOB B.A., HMnKo 4*. E2-80-420 
0 cornacoaaHHOCTM AaHHYX no nMOHHOMY ¢op~aKTopy 
M no M30IIeKTOPHOH tlla3e P-aonHOIIOrO mr -pacceRHMR 

~8HHWe no a5con~THOMY 3H84eHM~ ¢opMI!laKTOPB nMOHII /cao5oAHWe OT 
IIKniiAB w -Me30Ha/ 06loeA11HeHY C ABHHWMM no p -aonHOBOMY 1130BeKTOPHOMY 
mr -~3080My CAIIHry. 0ony4eHHWe B pe3yn~T8Te AeHCTBI1TenbHaR 11 MH11MIIR 
411CTM nHOHHOrO ¢op~aKTOpa onHCWBB~TCR nOCPeACTIIOM n&Ae-annpOKCI1M8" 
~1111. PeaynbTBT npoBeAeHHOro aH8nl138 TPORKMi1: 1/ YCTIIHOIIneHO, 4TO ace 
ABHHWe, II 11MeHHO, 3KCnepMMeHT8n~HWe T04KM no ni10HHOMY ¢op~8KTOpy 113 
MHTepaana HMnynbCOB - 0,8432 f38 2< t < I f38 2, ni10HHWil 38PRAO• 
BHH PIIA11YC 11 p -aonHOBOH 1130BeKTOPH..,i tm --~308WH CABI1r II ynpyrOH 
ofinaCTM /C y4eTOM ~enpMHRTOrO 3Ha4eHMR A"MHW pacCeRHMR al /, 83a· 
11MHO COBMeCTHW; 2/ IIHIInM3 3TI1X ABHHWX C n~~~ nBAe-annpOJCMMa~MM 
noKaaan, 4TO BWWeynOMRHYTY~ COBMeCTHOCT~ MO~HO A0CTI1rHyT~ TOnbKO 
TOrAII, KOrA8 Y4MTWBaeTCR neawi! paape3 nMOHHOrO ¢opMI!laKTOP8 Hll BTOpoM 
pMMIIHOBOM nHcTe; J/ no4TI1 BO acex PIICCMOTpeHHWX niiAe-annpoKC11M8~11RX 
ofiHapY*eH OAHH yCTOH4118WH nonnc nMOHHOrO ¢op~KTOPII B npOCTPIIHCT­
aeHHO-nOAofiHOH o5nBCTI1, 4TO MOrno fiw cny~HTb npH3H8KOM C~eCTIIOIIIIHMR 
AM$p8K~HOHHOro M11HI1MyMa 8 A11tlltllePeH~H8nbHOM Ce4eHMM ynpyroro e-"-pac­
ceRHMR, ofiycnoaneHHOrO COCTIIBHOH CTPYKTypoi1 nMOHa, nOAofiHO TOMy, KaK 
3TO MMeeT MeCTO 8 cny48e ynpyroro PIICCeftHHR 3neKTPOHOB RAPBMM. 

Pa6oTa awnonHeHa a na6opaTOPMH TeopeTI14ecKoi1 ~M311KI1 OHRH. 
OpenpMHT ~~eAMHeHHOrO MHCTMTYT8 RAePHWX MCtneAOBIIHMH. ~fiHa 1980 

Oubn I cka S., Heshcheryakov V .A., H II ko J. E2-80-420 
The Data on tt>e Electromagnetic Ploro Form Factor 
and P-lolave lsovector mr Phase Shift 
are Definitely Consistent 

1. INTRODUCTION 

The pion form factor model proposed in the papers /1,21 

reflects all the fundamental properties and describes all the 
data both in spacelike and in timelike regions simultaneously. 
However, the pion form factor phase o 

17 
(t) ( t being four 

momentum transfer squared) as well as the value of the TTTT­

scattering length ai do not agree (see ref. 121 ) with the data 
on P -wave isovector "" phase shift o 1 (t) in the elastic 
region and the generally accepted value of a; , respectively. 
This could be explained naturally by inconsistency of the pion 
form factor data and the data on the P -wave isovector "" 
phase shift demonstrated recently by Hammer et al. 131 . Howe­
ver, this question was investigated carefully in paper /41, and 
the following results were obtained. If in the analysis the 
pion form factor data from the range of momenta -0.29 GeV2t 
~ t ~ 0.490 Gev2 are used only, the description of which can 
be achieved by a polynomial parametrization respecting all the 
basis principles, no discrepancy is found. 

So, in this paper by using the Pade-type approximation for 
the description of unified data on the pion form factor and 
the P -wave isovector TTTT phase shift we carry out a more 
detailed analysis, in which we confirm the conclusion of 
paper/4/ unambiguously and find under what assumptions the 
experimental information on the pion form factor, the pion 
charge radius, and the P -wave isovector "" phase shift with 
the correct scattering length is consistent in the framework 
of a pion form factor model. 

2. UNIFIED DATA ON PION FORM FACTOR 
AND P -WAVE ISOVECTOR TTTT PHASE SHIFT 

It is well known that the three pion vector isoscalar reso­
nance, w-meson, decays through isospin nonconserving electro­
magnetic interactions into two pions. So, in the process 
e+e- _," +"- together with the pion form factor the contributi­
ons of w -. "+11- are measured which causes the so-called p-w 
interference effect. 

. ~· c, 1 
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As we would like to unite the experimental information on 
the pion form factor and P -wave isovector rrrr phase shift, 
first of all we have to eliminate from the data on lf(t) I 
obtained in e+e- .... rr +"- the contributions of <:u -meson. We 
realize it by using the well established phenomenological 
formula 151 for description of p-w interference effect, which 
consists of the sum of the pure pion form factor F 11 (t) and 
the w-meson Breit-Wigner form multiplied by the amplitude R 
and the phase factor e lr/> in the following way 

m2 
lf(t) I = IF (t) +Ret¢ w 1 , 

" 2 r mw-t + imw w 

(1) 

l'(w ... 2rr) 
where R is related to the branching ratio B (w ... 2rr) = -, (,----
by. the relation/51 r w ... tot) 

R 

with 

61 w liz 
-----:-:-! B(w ... e+ e-) B(w ... 2rr )I 
amwf3 3/2 

{3 
4m2 

=[1- .~"·-]liz 
m2 

and 
1 a=-.- • 

137 
w 

(2) 

Taking into account the identity 0 77 (t) = o i (t) following 
from the pion form factor elastic. unitarity condition and sub­
stituting the expression 

to 1 (t) 
F (t) = I F (t) I e 1 ( 3) 

7T 7T 

into (1), one gets the quadratic equation 

2Rm2 
I:FTT(t)1

2
+IF (t)l w 

7T (m 2_t)2 + m 2 r 2 
(!) w w 

! (m 2- t) cos(¢-o 1(t)) + 
w 1 

R2 4 
1 m w 1 

+m r sin(¢-o1(t))l+! -lf(t)l 1=0 
w w (m2-t)2+m2r2 

w w w 

(4) 

the solution of which gives the pion form factor absolute 
value expressed through.experimentally measured lf(t) I in 
the following way 

2 

' 

IF (t) 1 =-Z(t) + !Z 2 (t) + lf(t) 1
2 -

7T 

2 4 
R mw liz 

-------1 ' 
(m2-t)2 + m2f' 2 

w w (t) 

(5) 

where 

Rm 2 

Z(t) = w l(m 2-t)cos(¢-81(t)) +.m r sin(¢-Bl(t))l. 
(t) 1 w (t) 1 (m2-t)2 + m2r 2 

(t) (t) (t) 

1 
Provided that we know R, ¢, o (t) and mw, f' ware taken from 
Review of Particle PropertiesiG/, by using (5) and (3) one can 
calculate pure ReF 

77 
(t) and Im F 

11
(t). 

The values of R and ¢ were determined by three different 
experimental groups /7,8,9/ in the process yA ... rr+rr-A , where 
A means hydrogen, carbon, aluminium, and lead. The results of 
these experiments are summarized in Table 1. In the calculati­
on of (5) we have ~sed statistically averaged values 

R = 0.01157 + 0.00041, 
¢ = 90.86° + 2.56°, 

obtained by means of the relations 

~=<~~)2}; qi 
<~.; l )2 ' 

2 
(~~) 

(6) 

(7) 

We note that the value of R ih (6) is in perfect agreement 
with the value following from (2) by using the world averages 
for mw , I'w as well as for f'(w ... tot) , f'(w ... e+e-) and 
r (w ... 2 1T) • 

on 
For the "" phase shift o 1(t) we used the parametrizati-

1 

0 ~ (t) 1 (1+A2q2+A4q4) +i(Aaqs+A&q~ 
-ln · 
2i (1 +A2q2+A4 q4) -i(A 3q3:~-A5q5) (8) 

with the values of the coefficients 

A2 = 0.15142 + o.b1444 

As = 0.04146 + 0.00119 

A4 = -0.04507·+ 0.00216 (9) 

A5 = -0.00025 + 0.00013 

3 
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which is the result of an optimal fit of three different ex­
perimental sets ,/12,13,~4i/ on this phase in the elast.ic region 
simultaneously and the requirement to get through the pion 
form factor phase representation a Pade-type approximation of 
the pion form factor in the pion centre of m,ass momentum q -
plane. This plane is obtained from the t -plane by means of 
the conformal mapping 

't-:4 
q=y---4 ' 

where we have put the pion mass equal to one. 

(10) 

By using (8), (7), (5) and (3) the ReF
77 

(t) and Imfc'
7
, (t) 

are obtained in the whole elastic region which is specified 
by the circle of the radius from the elastic threshold to the 
first inelastic threshold (four pions branch point) in q -
plane. As the P -wave isovector inelasticity 17 ~ (t) in the 
1717 phase shift analysis 131 starts to be different from one 
only for t > 1 Gev2 , the four pions cut contribution can be 
neglected and the elastic region is enlarged. As a conse­
quence, we obtain ReF 17 (t) and Im F 

17
(t) at 98 different 

values of t from the interval -0.8432 GeV 2 < t < 1 GeV 2 
which represent the unified data on the pion form factor 
absolute value and the P -wave isovector 1717 phase shift. 

3. ANALYSIS'OF UNIFIED DATA BY MEANS 
OF PADE-TYPE APPROXIMATIONS 

It is well known that a function of a complex variable in 
an analytic domain can be represented by the Taylor series 
expansion from the coefficients of which different Pade ap­
proximants can be constructed /15,16/ • Though exact mathemati­
cal proof does not exist 1 15/, by the experience we know these 
Pade approximants converge also'outside of the convergence 
circle of the original Taylor series and tpe ,pest convergency 
for the type [ M-1/M] , [ M/M] , [M+l/M] approximants is 
observed. However, the improved convergency in comparison 
with the Taylor series expansion is not onl¥ the priority. of 
the Pade, approximations. They are able. to reproduce essential 
singularities of th~ analytic function under conside~ation •. 
Po1es and zeros are r;eprodu9ed by poles and .zeros of Pade. 
approximants and the bf~nch singular~t~~s are ~aken into ac­
count by an alternate sequence of ~ol~s and zeros on the 
place of a corresponding cut 1 1B,17 • 

\; 
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In the case that we have instead of a function a set of 
experimental points with errors then the direct fit of these 
data by a rational function /LIN/ (in this case we call it 
a Pade-type approximation) gives better results in comparison 
with the fit of the same data by means of Taylor series ex­
pansion and the subsequent construction on Pade approxi­
mants ,/l!li/, 

In this paper the situation is still more complicated. In 
order to reach the essential singularities of F 77 (Q not 
only on the physical sheet (we have in mind threshold branch 
points at t =4m;, 16m;, 4mi_, 4m~. ... , where m

77
, mK and mN 

is the mass of the pion, kaon, and nucleon, respectively) but 
also the singularities (two conjugate p -meson poles, eventu­
ally the left-hand cut) on the second Riemann sheet, we 
analyze the unified data on the pion form factor absolute 
value and the P-wave isovector rrrr phase shift in q -plane. 
Here the conformal mapping ( 10) regularizes F 

77 
(t) • at the 

elastic threshold q = 0 and one can decompose F 
77 

(t) into 
the Taylor series around this point. However, its convergence 
is restricted strictly speaking to the circle of the radius 
from q = 0 to the branch point q = -i which corresponds to 
the left-hand cut on the second Riemann sheet. As a conse­
quence, not all the data from the range of mom~nta -0.8432 
-0.8432 GeV 2< t < 1 GeV2 can be used to determine the coef­
ficient of the corresponding Taylor series expansion and the 
results for all the data obtained by the Pade approximants 
are expected to be even worse than in the previous case. 

So, for the analysis of all the unified data from Sec­
tion 2 a direct fit by means Qf the Pade-type approximation 

L N 

A1(1+iA2q) +n::2A2n-l(iq)n 

1 + k A 2 (iq) 0 

n= 1 n 

1 + l A (-1) 0 

n = 1 2n ( 11 ) 

A (1-A )+ ~ A f-lf 
1 2 11 = 2 2n· 

F 
77 

(t) 

with real coefficients A1 and respecting fundamental proper­
ties/2/ of the pion form factor like analyticity, reality 
condition, normalization and threshold behaviour is favored 
unambiguously. In this· way all the data are used to adjust 
the free parameters in (11) and an optimal description of the 
unified experimental information can be achieved. 

The results of the analysis by means of the [ M-1/M!, [ M/Ml 
and [M+l/M] Pade-type approximations (11) are summarized in 
Table 2. Here, in columns from the le·ft to the right we give 
the Pade-type approximation, chi-squared obtained in the 
simultaneous leas-t-squared fit of the 98 values of ReF 

77 
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and lmF17 (t) with errors from Section 2, chi-squared over 
the number of degrees of freedom (ndf) , the pion charge 
radius defined by the relation 

<r !> = 6 dF17 (t) 
dt 

the P -wave isovector 1111 scattering length determined by 
3 a ImF 

17 
(t) 

1 

(12) 

aq I a = 
1 

(13) 
6IF 17(t) I q = 0 

the position of zeros found as the solutions of the numerator 
and finally the position of poles given by the roots of the 

'denominator of (11). 

The P -wave isovector rm phase shift in the elastic region 
is determined by means of the relation 

Im I<' (t) 
17 8 1 (t) = arctg ReF (t) 

1 17 (14) 

As all the pha1;>es from [ 3/3] - t.o [ 4/5] - Pyde-type ap­
proximations exhibit to deviate from each other maximally at 
a half degree, we present only the phase of the [4/3] Pade­
type approximation in the figure, which gives the best des­
cription of all the data from Section 2, 

By comparing )(2/ndf , <r;;> liz , a1 in Table 2 one can 
see immediately that by means of [3/3] 1and higher order of 
Pade-type approximations a good description of the unified 
data is ~chieved and the corresponding values <r;>\lz and 
a 

1
1 are in a perfect agreement with the world averaged 1 191 

value of the pion charge radius and a number of evalua-
tions /20·24/ of the P -wave isovector rm scattering 
length 0.027 < rn~a} < 0.045, respectively. These results 
together with the figure clearly demonstrate that in contra­
diction with the conclusion of Hammer et al. 131 the pion form 
factor data, the pion charge radius, and the P-wave isovec­
tor rm phase shift with generally accepted value of the scat-. 
tering lengh are definitely consistent. 

By a more careful study of the position of zeros and poles 
in the last two columns in Table 2 we find that besides two 
p -meson poles (to be compared with the Particle data group 
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Figure. The P -wave isovector 1111 phase shift 
predicted by our !4/3] Pade-type approximation 
compared with the data. 0 - the data of 1121 , ~ 
data of 1141 and o - the data of 1151 

and 
- the 

positions of p -meson qp = +2.59 - i 0.30) in the case of 
the consistency of all mentioned data one stable zero and one 
stable pole on the negative imaginary axip of q-plane, into 
which the pion form factor left-hand cut is mapped, are 
present in corresponding Pade-type approximation. What is more 
interesting the position of these zeros and poles is almost 
identical with the positions obtained in paper 11 11 in a dif­
ferent way. 

These results clearly exhibit that the consistency among 
the pion form factor data, the pion charge radius, and the 
P -wave isovector 1111 phase shift with the generally accepted 
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value of the scattering length in the frame work of a pion 
form factor model can be achieved if only the pion form factor 
left-hand cut from the second Riemann sheet is taken into 
account. 

There is another zero on the positive imaginary axis of the 
plane seen in Table 2, which moves in the interval 
-11.725 GeV 

2
::; t S -6.120 GeV 2 of the four momehtum transfer 

squared in the spacelike region. This zero might indicate the 
existence of a diffraction minimum in the differential cross 
section for elastic e-rr scattering as a consequence of a 
constituent structure of the pion, like in the case of the 
electron elastic scattering on nuclei. However, to do a more 
stringent conclusion about this pion form factor zero, more 
dence and more reliable data in spacelike region are necessary. 

4. CONCLUSION 

The consistency of the experimental data which if!volve the 
pion form factor absolute values from the, range of momenta 
-0.84 32 GeV 2 < t < 1 GeV 2, the pion charge radius and the P -
wave isovector rrrr phase sh~ft in the elastic region (includ­
ing also the generally accepted value of the scattering length 
al ) was investigated in detail. 

1 ., +- +-As there are data obtained in e e ... rr rr only on a mixture 
of the pion form factor and of the electromagnetic decay of 
w -meson into two pions, first of all by using the well estab­
lished phenornen9logical formula for the description of the 
p- w interfe:r:;ence effect we eliminated the omega meson 
contributions. Then, combining the absolute values of .the pure 
pion form fiict6r with the 'P -:wave isovector rrrr phase shift we 
obtained the unified data represented by ReF" (t) and Im F" (t) 
which subsequently by means o'f various Pade-type approxima­
tions, respecting all the fundamental properties of the pion 
form factor, were fitted. 

On the base of this very detailed analysis we carne ·to the 
following conclusions: 

a) The pion form factor data, the pion charge radius, and 
t)'le P -wave isovector rrrr' phase shift as well as the corres­
ponding scattering iength are in contradiction with the con­
clusion of /31 definitely consistent. 

b) The consistency of the afore-mentioned sets of experi­
mental data in the framework of a pion form factor model can 
be achieved if only the ~ontribution of the pion form factor 
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left-hand cut !'rom tho ae~oonl1 niomann choot is taken into ac­
count. 

Two of uo (S.D. ond ,J.M.) would bo lilto 
Dr. I.Ribancky ~nr tho holp with numerical 
the earlier atoqo o! tht~ work. 
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