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The routine of renormalization of perturbation terms in
quantum field theory yields the finite expression depending on
renormalized masses and coupling constants. The latter can be
defined in different manners in various renormalization schemes.
Hence the higher—order perturbation terms can differ in various
schemes.

An actual example of thils kind is provided by expressions
of the beta-function (GML.-function) in the scalar quartic field
model L = 41:’23?4/3 calculated in the 4-loop order for three
different schemcs 1/ ¢
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in the /\ (cut—off) renormalization scheme ,
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NCY 33 11‘333 +154.39% - 2338g7+..
in the A -scheme ( R-operation with subtraction in A ),
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f&‘_ua) = 332 - 11.3333 + 130.231‘ -2173 g‘ﬁ... .

in the dimensional renormalization scheme.
The transition from any of expressions (1), (2), (3) written

down as
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to another ,
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can be performed by changing the coupling constant varlable
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according to the well~known relation *)
(
Py = i by,
Substituting into r.h.s. of (5) the Eq. reverse with respect to

(4) ana comparing the coefficients of the same powers of
variable;, we get the set of relations between the coefficients

P = 22 s !?’.;=és)

(%)

Fﬂ:241—)‘2£3+(r3-X:)g27 (6)

s gs' r2 b’zeq + Xzzg3 "‘2‘(-33”25‘3"23”;—%1)'627
[ @6 * gflgb - Ya,eq '*8<Xf'+2a”13“3"3’4)93+
(=30 s A Ys TR -2 P37,

Considering this set as a system of equations for defining

the coefficients T2 Vs, 32:”-( all the g;' B, are glven)
we dlscover that this system turas out to be underdetermined,

This is a consequence of g very general property that can be seen
from the following. For glven coefficients Qi there exists a
function y(g,c;8,) depending, besides on g and {.
on one numerical parameter o such that the substitution ‘

§ 7 rlgty
does not affect the beta-function. This property becomes evident

if'one finds the solution '"(3(,9 ;B; ) of RG (renormalization
group) equations and defines

*) See,e.g.[?} Eq. (49,26) .
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Transformations of this type have the group structure and
can be considered as proper RG transformations. These proper
transformations do not change the beta~function.

AL cther transformations from the class (4) which cannot
be reduced to proper RG transformations and change the beta-
function can be considered as improper coupling constant
transformations.

To fix the improper transformation unigquely it i1s suffi-
cient to impose one additional conditions. By choosing it in the
form 7}::0 we automatically eliminate proper transformations.

We shall call a transformation of the type

§ 7§ g R eng e lglep O

the special (improper) coupling constant transformation (ST),
SREEAC

An arbltrary improper transformation (4) can now be represented

as a composition of ST Eq. (8) and proper RG transformation(7)

in which we put C=J;; X‘:

U\(é)zg{ef’r(gléq{s);"ﬁ} :[‘{5(63‘)332)/@—713). (9

The coefflcilents of ST I?&glﬁ af{) are defined by the

relations
25‘3 (F“—él‘)/‘gl X\‘c = (Py'gr )/222 s 1o
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The ST for the transitlions between Egs. (1), (2), (3)
has the form
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Thetemptation arlises to define the ST so that:

a) to nullify all the “non-single~valued" coefficients
PK(ch,) and to get the expression for the beta-function
consisting only of two terms
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The corresponding ST in 4~loop approximation is of the

form

| 30 = gs - 43.4g2 + 362,25 to. (12)
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or

=G 340 - 5ad 1
32 304'43%190 362.230+.” . (14

As follows, the reglons of validilty of transformations
(13), (14) are defined by the inequalities

<
9,9, < 0.4 .
Hence the use of Eq. (12) in the region

9. § =9 ~03, |
where 1ts r.hes. has a zero, cannot be justified, For 11lustra~
tion we note that substituting the numerical value gc:.S/gq
into rshes. of (14) we get the expression

(15)

9 (4™ ~ 026 v0.81 =179,

that looks like the convergent series outside its region of
convergence or the asymptotic series in the region where it
cannot serve as a source of the numerical information.

Hence the problem a) cannot be solved by the presented
procedure, Therefore we state the more modest goal:

b) to take out of the higher B coefflclents the
factorially growlng terms, the existence of which leads to
the known fact that the series
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has no finite sum aX& represents the asymptotic series é la
Poincare.

Not e that attempts have already been made to use Eq. (12)
with a zero at g::9/3q[3:4 ]. In these papers, however, the
problem of transition to Eq. (12) from the ¥standard ¥ ‘asymp-
totlc serles (16) essentially has not been considered,

The above stated problems a) and b) are relative as they
can be reduced to the ®"insertion® into f\(-) of infinite
series containing exact B ( for the case (a) ) or approxi—~

mate ( i1 the case (b) ) coefficients of the beta—

Fe
function,
Using the fact that for the case under consideration the

leading asymptotics of the PK coefficients at large k is
known N K-t 7,

o= f=kiB B =109 2 .« an
we state the problem:
c) to pass from the asymptotic serles containing ﬁ;

coefficlents

~ < Koo ~ (18)
th) = 2% (—5) B — FO(;)
to the truncated function ﬁc containing only two terms
(19)
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To oconsider this prohlem we have to solve the nonlinear
differential Eq. (5):

~  dl) ~ o~ A2 ~ 3 (20)
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for the singular transformation (8) . Our main goal is to find
the structure of the series for the solution F( )y,

Eqe. (20) can be integrated in an elementary way (sea, e.g.
/47 ) that leads to the implicit transcendental Eq. for the 11

9hy +ekLWﬁw"3{ﬁ=%3—€§g), (21)



1_Q = Fﬂ/ﬁ; . (22

To analyse Eqe (21), we use the trick described earlier in

our paper o Namely, we shall follow only the leading terms of
asymptotic expansions.
For
~ ke
el ~ > k!B (-0 (23)
. k22

we obtain from Eq. (22)
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Now 1t follows from Eq. (21) that the function 11//f€§)
has a structure similar to Eq. (24): Using the symbolical
equality

) (26)
= BK{-Z //F’: ¢

AS1 (g) ~exp (AS, (g)) ~ b A~S\1 (g) (25)

A S1 (g ) being the asymptotlc power series without constant
term ( i.e.,similar to (23) or (24) , we get

g/%(g) ~ 4o 2 (k+1)?qi(?g)k+n
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Thus, we have shown that improper singular coupling
constant transformation, ®removing® from the beta—function the
asymptotic series with factorial coefficients, or at Teast its
"leading® component ,is represented by the asymptotic
series. The "leadlng® terms of this last series can be expressed
rather simply in terms of "removed™ terms

Hence for the solution of problems a), b) or c)
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formulated above it is necessary at least'to rerform summation of
the asymptotic series (27) of the same structure as the initial

series for the beta-function. Summation of the
is the direct amd more simple way to the goal.

D.

2e

3.

4'

series for/f?(};)

The author is indebted to Drs. A.A.Vliadimirov and
I.Kazakov for valuable dlscussions.
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