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"Arbitrariness" in Higher Orders 
of Renormalized Perturbation Theory 

The formal nonllniquiness in_ higher orders of perturba-

_l 

The routine of renormalization of perturbation terms in 

quantum field theory yields the finite expression depending on 

renormalized masses and coupling constants. The latter can be 
defined in different manners in various renormalization schemes . 

Hence the higher-order perturbation terms can differ in various 

schemes. 
An actual example of this kind is provided by expressions 

of the beta-function (Gl.~L-function) in the scalar quartic field 

model J.. '"'4Tt2g!f 4/3 calculated in the 4-loop order for three 

different scheme s /l/ : 

? A (d J 3 
2. 3 " . S" 

= 1- - .H.33~ + i66. ld- - 3'157'J + ..• 
(1) 

in the A {cut-off) renormalization scheme , 
(2) 

3 z 3 4 ~ 
~;\ (~) ·= ~ - .ii . 3:?~ + i5'lf . 3 ~ - 2338:} + .. . 

in the ) -scheme ( R-operation with subtraction in A ), 

~£ld):::. 3d 2
- .H .33.1

3 
+ .{30.2~4 - 2173 ~S'+ ... 

(J) 

in the dimensional renormalization scheme. 
The transition from any of expressions (1), (2), (J) written 

down as 

~ (3 ) = .L (-3 ) K g K 

1<.~2 



to another 

L~>-+rca! =Lf"'(--;rJk 
k;>;2. 

can be performed by changing the coupling constant variable 

~ -- r(;j) = J .,_ J';.§z t- J';a 3 +... (4) 

according to the well-known relation *) 

P l r ) = o ( c ~ ) e ( ,5 J . 
(5) 

Substituting into r,h,s, of (5) the Eq. reverse with respect to 
(4) and comparing the coefficients of the same powers of :J 
variable, we get the set of relations between the coefficients 

~2 = £2. , f> l = ! 3 ) 

f.,= glt t- 02 g3 + ( rs- r:J gz • (6) 

~ s = g s· t-
2 0 2. E LJ + r2.2. g :> t- 2 ( ·3 J"2 fs - 2 023

- ~ )g 2 ~ 
~t. = g(, t- :3 02. gs· - !"3 ~4 ·t- 8( r:+ 2 0'2. 63-64) B.:~+ 

3_ 2+-16 2 -12 n t-(-.30[2 '-1 d3 02t .r2.04 J-.5js-)~2.""' 

Considering this set as a system of equations for defining 

the coefficients o\ . 0.3 , o'lr·· c all the -!}, , _r?> K. are given) 
we discover that this system turns qut to be underdetermined, 
This is a consequence of a very general property that can be seen 
from the following, For given coefficients €< there exists a 
function at~) c.; e.) depending, besides on ~ and e.; 
on one !J-U!Uerical para.'lleter c. such that the substitution 

;} ~ '((g.c.:.g<) 

does not affect the beta-function. 'I'his property becomes evident 

if' one finds the solution ~ (x, 3; 8; ) of R(} (renormalization 
group) e~uations and defines 

*) See,e.g.[2] Eq. (49,26) • 
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0 (~,tx.;g,) =j-(:x,,j d.-) c. = £..,.X. (7)· 

Transformations of this type have the group structure and 

can be considered as ~ R(} transformations, These proper 
transformations do not change the beta-function, 

All ether transformations from the class (4) which cannot 
be reduced to proper RG transformations and change the beta
function can be considered as ~ coupling constant 

transformations. 
To fix the improper transformation uniquely it is suffi

cient to impose one additional condition, By <Fhoosing it in the 
form rz = 0 we automatically eliminate proper transformations. 

We shall call a transformation of the type 

3-+ ~ = :J- -rr3~3 +a43\ ... =fcg/~·~fJ (8) 

' 
the ~ (improper) coupling constant transformation (ST). 
An arbitrary improper transformation (4) can now be represented 
as a composit:l.on of ST Eq. (8) and proper RG transformation(7) 

in which we put c =o2.;;;. t: 

-J r . 1_ • r / 0 (d) = j l e , f (s/ ~--+f) j f s ""r { i ( e ) ~ d) g . .., f). (9) 

The coefficients of ST r (q I£ -"f) are defined by the 
relations 0 

o\-= Cf<t-t4)/~2. , ("~ = r..ps-l~- )/2!z. 

Os ""(f~- eb J /.3£2 + (4/3) '032 j- Co,J~ + YJ ~~) /sf2 , ... 
The ST for the transitions between Eqs. (1), (2), (J) 

ha:s the form 

/. . 3 4 
~'A =~A -'1.igll. + 186.5&11.-1- .. , 
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a -· c - o C" ,.., J .,.. 27 c- a 4 +-
dt..-01 o:·::h, '"o71 ··· 

~ 
3 ~ ,=a_ +12io -214g +- .•• 

•• &~ J € • 0 ~ 

The te~ptation arises to define the ST so that: 
a) to nullify all the "non-single-valued" coefficients 

?~<-l k."' <, ) arid to get the expression for the beta-function 
consisting only of two terms 

(12) 7 2 3~ J t3 (q ) = ,JQ - - q 
f& ao ::Jc .3 ::Jo • 

The corresponding ST in 4-loop approximation is of the 
form 

q ·= q - 434a! +-3{:;2.2g 4 +- ... 
de <)~ 'Jc.- vf.. 

(lJ) 

or 
I. . 3 ~ q =G +...,J.i.jc; -362.2g +- ... 

dE oo (}a r:;o 
(14) 

As follows, the regions of validity of transformations 
(lJ), (14) are defined by the inequalities 

~p ~£ ~ o. :f 
(15) 

Hence the use of Eq. (12) in the region 

~~ ~If= 9h4 ~ o. 3 , 

where its r.h.s. has a zero, cannot be justified. For illustra
tion we note that substituting the numerical value g, = 9 /3.<t 
into r.h.s. of (14) we get the expression 

~ . ~E.. (if ) ·- C.2(; -r0.8t -1.79 ,..,. . 

that looks like the convergent series outside its region of 
convergence or the asymptotic series in the region where it 
cannot serve as a source of the numerical information. 

Hence the problem a) cannot be solved by the presented 
procedure. Therefore we state the more modest goal: 

b) to take out of the higher pi<. coefficients the 
factorially growing terms, the existence of which leads to 
the known fact that the series 
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I: (-g J "-€1<.. (16) 
1<,. I 

has no finite sum and represents the .asymptotic series a la 
Poincare. 

Note that attempts have already been made to use Eq. (12) 
with a zero at g "'9/3.:.,[3,4 J. In these papers, however, the 
problem of transition to Eq. (12) from the "standard" •asymp
totic series (16) essentially has not been considered. 

The above stated problems a) and b) are relative as they 
can be reduced to the "insertion" into f(9) of infinite 
series containing exact {3 ><- ( for the case (a) ) or approxi-
mate ~I<. ( iri the cas~ (b) ) coefficients of the beta-
function. 

Using the fact that for the case under consideration the 
leading asymptotics of the (3 coefficients at large k is 

,J<. 
known 

? .._-> fK "'k 1 B 
K-1 

= :J..cgr:_ 2 . /lz. B 
1<. K 

we state the problem: 

o) to pass from the asymptotic series containing 
coefficients ~"' 

~cq) =2C-q>"-P:~e.~fi"cq) , o K. o r , v r:r 
to the truncated function flc containing o~ly two terms 

~ - 2. - 1 
fc (d) = f2 § - Pl 3 ' 

(17) 

(18) 

(19) 

To consider this pr-ohlem we have to solve the nonlinear 
differential Eq. (5): 

,... d. r c8 > _ ~ 2 ·""" , 3 c 20) 

fSj> elf}- = fu(r) = f·2. r (d)- f3 1 CJ) 
for the o1ngular transformation (8) • Our main goal is to find 
tho structure of the series for the solution r(d)' 

Eq. (20) can be integrated in an elementary way (see, e.g. 
14! ) that leads to the implicit transcendental Eq,. for the P 

Yr<~> + ee,[a!r{~)-~l] .~ 1/:J -cJ?c4 > (21) 
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g -- f3 1--. (22) (3 ) = j '- ;x --::::- - -2 - -- ! . - I fz. 
(!. (;>:.) <X. ·A. 

() . 

To analyse Eq. (21), we use the trick descr:l.bed earlier in 

our paper l!il • Namely, we shall follow only the lead:l.ng terms of 
asymptot:l.c expansions. 

For 
k. L k! Bl<.c-a; 

)<::;.2 

(2J) ~(a) 

we obtain from Eq. (22) 

(24) 
,+, ~ lA-. k ,.-j.. /...._. 
'± (~j) ~ L..__J ( b 2). '± k. (-3 ) ) '±' 1<. = B K ~ .l I [?.. ' 

k~t • 2 

Now it follows from Eq. ( 21) that .the funct:l.on ~ / (' ((j) 
has a structure s:l.m:l.lar to Eq. ( 24); Using the symbol:!. cal 
equality 

A s1 CJ) ...... exp ( AS1 (§J) .~ 8,.., A..s~ (~) (25) 

A r 
M ) 1 (~ ) be:l.ng the asymptot:l.c power series without constant 

term ( Le., similar to (2J) or (24) , we get 

8/r(a) 
and correspond:l.ngly 

1 +- ~ (h1) I cp (-!1)1<+- ... ..,.,. L- t<. d 
k.>-. 2. 

(26) 

·-gk:~2. ( .) k. 

(1 -.1 
,2. 

1.., ( t] ) ~ 2_ k_ 1. cp (- Ll } k = L k I 
fJ k-t '7 

(27) 

Thus, we have shown that improper s:l.neular coupling 

constant transformation, "remov:l.ng" from the beta-function the 

asymptotic ser:l.es with factorial coeffic:l.ents, or at least its 

"leading" component,is represented by the asymptotic 

series. The "leading" terms of this last series can be expressed 

rather simply in terms of "removed-" terms 

Hence for the solution of problems a), b) or c) 
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formulated above it is necessary at least 'to perform summation of 

the asymptotic ser:l.es (27) of the same structure as the initial 

series for the beta-function. Summation of the ser:l.es for ,fi (j) 
is the direct and more simple way to the goal. 

The author is indebted to Drs. A.A.Vladimirov and 

D.I.Kazakov for valuable discussions. 
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