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1. The possibility of oscillations in neutrino beams was 
considered first by Pontecorvo / 1/ . The first phenomenological 
theory of neutrino oscillations was constructed by Gribov and 
Pontecorvo l 2t . Quite recently, the interest in neutrino oscil
lations remarkably increased due to the progress in grand 
unified theories. In these theories the leptonic charge is not 
conserved and neutrinos do have finite masses in most of the 
schemes 131 • 

The neutrino oscillations become possible provided: (i} The 
neutrino masses are non-zero and different from each other : 
(ii) The neutrino fields enter into the charged current in t he 
mixed form. It should be mentioned that the presently avail
able experimental data are entirely compatible with the as
sumption that neutrinos have either Dirac or Majorana mas-
ses /4,6 I . 

Oscillations of two types of neutrons with Majorana masses 
were elaborated in ref 121. The work is based on the two-com
ponent neutrino theory. The scheme is maximally economical: 
to four particles ve , lie , viL , and v IL there correspond four 
spin states of two Majorana neutrons. Oscillations of neutrons 
with Dirac masses were considered in refs, / 6,7 / , These papers 
are tightly connected with the electroweak gauge theories and 
are based on an analogy between leptons and quarks. Finally, 
in grand unified theories, depending on the scheme considered 
and on the choice of admissible Higgs representations, Dirac 
and Majorana neutrino mass terms can emerge. 

If it turns out that the neutrino masses are really dif fe
rent from zero and that the lepton mixing takes place•, the 
question will naturally arise about the type of neutrino mas
ses. Obviously, in the case of Majorana masses and of mixing, 
there is no lepton charge. Consequently , the processes like 
neutrinoless double {3 -decay, K+-+ "-+ IL + + e + decay, etc., 
which are forbidden in theories with Dirac neutrinos, become 
possible. However, the existing limits on the neutrino masses 
impose stringent constraints on the probabilities of these 
processes, which turn out to be/9/ by many orders of magnitude 

•Possible indications of neutrino oscillations were obtained 
recently in the beam dump experiments in CERN/6/ and in the 
experiments with the reactor antineutrinos 181 , 
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smaller than the existing experimental upper bounds (for 
double f3-decay , e.g., by 4-5 orders below the upper found 
in 1 101 l . 

The oscillations of neutrinos are a subtle interference ef
fect. Are the experiments on neutrino oscillations able to 
clarify the type of neutrino masses? In this note we shall 
consider neutrino oscillations from this point of view . No 
model assumptions will be made on values of neutrino masses, 
leptonic mixing angles and CP-violating phases. 

2. In SU(2) x U(l) theory of Glashow, Weinberg and Salam 
the leptonic charged current is given by 

i - 2 :£ (v0 r e >. 
.. a e. e.JL,r , .• 1. L a L 

We will assume that the neutrino masses are different from 
zero. For neutrinos with Dirac masses 

V a 

- fL 

n 

I U fl vi L • 1•1 

( 1) 

(2) 

where U is the unitary mixing matrix, "I is the field 
operator of the four-comPonent neutrino with the mass mt , the 
mass term being 

2"M .. - r VjVI mI. (3) 

Note that the e xpressions (2) and (3) emerge naturally in 
gauge theories with the Higgs mechanism as a result of diago
nalization (with the help of b i -unitary transformation) of 
the Lagrangian 

2 ... -- I VD M v - :£ f, N 0' 0 f + h. c . 
f',f L, L f'f fR f'f L L L R (4) 

Here M and N are arbitrary complex matrices . For neutrinos 
with Ma jorana masses 

v fL • ~ Ufi X I L ' 
(5) 

2 

where X 1 - C x1 is the field operator o f Majorana neutrino with 
the mass mt ( C is the charge conjugation matrix; C yJ C -l,._Ya, 
C T._c ) and U is the unitary mixing matrix . The correspond-
ing mass term 

v 
f --l: x1 x,m, W I (6) 

Eqs. (5) and (6) can be obtained by a proper diagonalization of 
the Lagrangian • 

-1 -
·fw- l: v • C M. f v .. - l: f'L N f R + b . c. (7) 

f ' f L ' L L ' L&. f ',f f'f 

·Notice that the mass terms of the type (7) emerge naturally in 
grand unified theories131 

3. Let us proceed now to the disc ussion of the oscillations 
in neutrino beams. For the state vector of the neutrino and 
antineutrind*it follows from eqs. (2) and (5) respectively 

*obviously, the matrix M has to be symmetric due to Pauli 
principle. In such a case we have/11/ 

T 
M • V mV, 

where m is a real diagonal matrix ( m1 > 0, m1 f. m k ) , V is an 
unitary matrix, Thus 

-1 T -1 
f '~ •• "t'Lc vf'tmiVtf"ft+h.c.- I viLe " nmt +b.c. 

-- l: (vi L )e "tL m, +b.c .• -7 x, x, m,. 

e 
where "tL•fVtf " fL and Xt•"tL+(vlL) •VIL + "t~ is the 

field operator of Majorana neutrlno . 

•• we consider simultaneously the oscillations with Dirac and 
with Majorana masses. In both cases we will call neutrino 
(antineutrino) that pa.rticle which is emitted in the usual 
weak interaction together with f-+(f-) • 
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l ve > .. 7Utl l i.L > . 

(8) 

I j;f > - 7 u f I I i. R > . 

Here lvt> is the state vector of the neutrino with momentum 
P and negative helicity, lve > is the state vector of anti
neutrino with momentum p and positive helicity , I i .L > and 
li.R > are th~ corresponding state vectors of neutrino with 
the mass m1 <IP I»m1). 

If at the moment t = 0 the neutrino beam was described by 
the vector I v f > (117 f >) then for the state vector of the beam 
at -the time t we get 

I -IE1 I 

l v~ > • I X~,.fe lv.,, >. (9) 
L I I , t ' [ • [ 

I • -I E1 t . r-v. > .. I X f ' • e I iif, >. 
r t I , f' It (1 0) 

respectively, Here 
I 

X • U U* 
f';f f't ft (11) 

with the property 

xt = xt * 
f';f f;f' ( 12) 

The corresponding probabilities are given by 

p ( t ) • I X 1 X II.* -I(E i -Ek h 
11 f ' ' 11f i ,k f';f f';fe 

(1 3) 

P_ - (t)- I xt• xlt - t<Et-Ek>t 
II f ' 0 II f l,lt f'; f f ';f e . 
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With the help of eq. (12) we get the relation 

p (t)- p (t). 
vt•l vl vl ; vt' (14) 

Clearly it is the consequence of the CPT-invariance . Provided 
the leptonic weak interaction is CP- and therefore T-invari
ant•, the following relation holds true: 

x•• -x 1 .x 1 

l';t t'. t t; t ' 
( 15) 

In such a case from the eqs.(13) it follows 

p (t) .. p_ - ( t) 
vt,'vt vt''vl 

(16) 

and 

P (0-P 
~- ~ ~ 

(t ). ;vt, 
p_ - (t)- p_ - (t). 
lit' "'t vt lilt, (17) 

The relation (16) was obtained in r ef. 171 • The check of the 
validity of the relation (16) for f'~ t is a test of CP-in
variance of leptonic weak intera ction (for f'-f the rela
tion (16) is satisfied due to CPT). 

Let us rewrite eqs. (13) in the form 

I 2 I II. r ~ f '; t 
P (r) .. I I X~, .I +2 IIXt, ~ II X. , • lcos(2"-"'tk-"1tll. ), 
vt' Wt I t ;r. I < II. I r. r. I t L lit 

(18) 

I 1. . I It r f'. f 
Pii · ii (r ) .. IIx.,.fl +2I 1 xt'·fiiXf'.f lcos(2"-etk +11 1 ~~,' ). 

t' ' t 1 
t ' t< It ' ' Lilt 

Bere r is the distance between the source and the detector of 
the neutrinos, e t 1t - (m~ -m: )I I m1

2 - m: 1 . 

(19) 

*The question of CP-violation in neutrino oscillations was 
discussed first by Cabibbo 111 , 
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is the oscillation length, 

,t' ;i • ¢ f';f -¢ f ' ;f 
Ill I k (70) 

t'· f i 
where ¢ 1 ' • atgXf';f 

If as a result of averaging (ove r the neutrino spectrum, 
over t he neutrino production reqion , e tc.) the r -and p 
dependent terms in eq. (10) vanish, the avera ged probabilities 
become 

< P , 
f' : 11 f 

> • I X .2 
f'; t 

( 21 ) 

< P v - ., "' L X I 12 
f' ; •. f . f ' , r . 

Therefo re the averaged probabilities saLisfy ~he cond1t1ons 
(16) and {17) even if the CP- invariance is violated. Thus 
rheck ing of CP invariance o~ leptinic weak in~eractions re
quires per fo rmance of extremely diff icult exp e riments , capa ble 
to yield the cosine dependence in oscillation proba bilities . 

4. Now we turn to the comparison of oscillations of neut
rinos with Dirac versus with Ma jorana masse s, Clearly the uni
tary mixing ma t rices U differ tn t hese two ca s Ps only i n num
ber of CP-vio l ~ting phases . Namely, fo r N neutrino spec i es, 
the number of these is (N-1) (N-2)/2 in the former ca s e wh i le 
N(N-1)/2 in the latter one (the Majora na fields are unable to 
absorb phases). However, this e ffect c a nnot be observed in any 
experiment searching for CP-violation in neutrino oscillati 
ons. Indeed, instead of the mixing mat rix U let us intr oduce 
the matrix 

u· .. s • (a)US(.B). (22) 

IGf !/3k 
where St·r (a) ·6r·t e , S

1
t (.B) .. o1k e , a 1 and f3 t a re 

a rbitrary real parameters. It is easy to see that the oscil
lation probabtllties ( :3) are invariant with respect to the 
transfo rmati on (22) , Th1s invariance implies that the number 
of CP-violating phases in the case of oscillations of ne ut
rinos with Dirac or Majorana masses is a l ways the same and it 
is equal to (N-!}(N-2)/2. 
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S. Assume no~ that both D~rac and Majorana mass ter~s 
together a re pre sent in the Lagrangian ~ In the most general 
case of N neutrino types they take the form 

!' ~, • -(i' e M t• + v M vc -+ v M v ~ ;;c M T v c + b. c.). 
.. R IL R2L RSL RSL {23) 

whe re 

and M 1 (i•1,2,3) (::) : I 
v~ ... c,--v ... 

are N x N complex matrices, M 1 and "f2 being sytmoetrica l. The 
expre ssion (23) can be written a s 

l' -c 
f w =-nRM oR+ h.c. ( 24 ) 

where n "' ( 1~c) and 

(

Ml 

Ms 
M~) 
M2 

M· 

is 2N x 2N symmetric matrix. The analoqous treatment as in the 
ca se of Majorana massen alone leads to 

II 

f --xmx. .. 
where 

e 
X = V n L + ( V n L} 

(25) 

( 26) 

m is r~a l diagonal 2N x 2N matrix ( m1 > 0, m 
1 

,.C m 
11

). V is the 
unitary matrix . Thus as a result of diagonaliza tion of the 
Lagra ngian (23) we came to the ~ass term of 2N Ha jora na neut
rinos which differ from each other only in mdsses. Including 
the effect of diagonalization of the leptonic mass matrix we 
get 

• Here ~e generalize the paper 1 12 1 for the case of possible 
CP-violation. 
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2N 

v.,. - I U, x , 
u.. l • 1 Ll I ·L (27) 

2 N 

vto • I Ufi )( I L . 
L 1•1 

(28) 

Here U is a 2N x 2N unitary mixing matrix. The N -component 
column vt L is unders tood to enter into the usual c harge lep
toni c current (1). 

Let us conside r bri efly the o sc illat ions of neut rino s i n 
the scheme wi th 2N Majorana neutrino s . I f a t the moment t • 0 
the neutrino beam has descri bed by the vector lvtL> , then at 
the moment t we have 

2N -l~tl 2R - t E1 t _ 

· · 1~t > - I I u• e uf, lvt , >+ I I u• e u1, lv, > (29) 
L l f, I• 1 ft 1 L f • t-1 f.t 1 f L 

( lvtL > is the state vector of the left-handed anti neutrino) . 
The present case diffe rs from those considered above in seve
r~l aspects. (i) To2ether ~ith v f L .. v t '·L ( v ta .. v t ' R ) the 
oscillations v fL ... v t , L ( v t a .. v t'a ) be come possi ble . In prin
ciple these oscillations can be observed provi ded the right
handed currents are present in the inter action Lagrang ian, The 
available dat a, however , . t estify, that . t he i nteraction wi th 
right-handed currents, even if it exists , is s ever ely suppres-

sed / 13,14 1 • (11) Oscillation probabilites P ( r ) and 
vf' L ; vf L 

p_ _ ( r ) depend upon 2N(2N-1) parameters (N(2N- 1) mix-
Vf'R ;vfR 

ing anglos, (N-1) (2N-1) phases and 2N-1 differences of neut
rino masses squared). Deta iled experiments on neutrino os c il
lations, in pa rticular the Fouri e r analys i s of the dependence 
of oscillation probabilities on neutrino e nergy and/or on t he 
distance r could in princi ple allow one to get information 
about the number of mass i ve neutr inos . (ii i) It follows from 
the unitarity of the matrix U that 

I < P v ·v >+ I <P- > -1. 
f ' f'L' t L f' vt'L; v f L 

(30) 

The measurement of probabilities <PP >forf' - e·ll· ' ···· 
f'L 1 v t L 

and f held fixed might give the possibility of obtaining in-
formation about the presence (or absence ) of the second term 
in eq. (30). 

• 

l 

In conclusion we express our deep gratitude to B. M.Ponte
corvo for useful discussions of the questions considered here. 
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