


1. The one-dimensional Hubbard model/l/ may be reduced, if
one takes into account the electron-phonon interaction in the
continuum approximation, to the following eguation set for
the Schrédinger wave functions

u=¢, +¢é, and v =d ~d,,

i, -eu-u_ —u(u®-gv|®) =0 (0
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ivi+a v +v  —v(vl"-8lul[")=0.

This system has been derived by Lindrer and Fedyanin in ref S
The same authors have investigated 3/ some particular soliton-
like solutions of the above system under the conditions: a)
chirality, i.e., |u|®+|[v|® = const and b) B= 1. In this ca-
se egs (1) come to two independent Schrddinger equations with
cubic nonlinearity (S3) for the functions u and v (note that
for this the second condition b) is not necessary). The physi-
cal sense of the parameters a; and B can be found in cited

works.
In what follows we study scliton solutions to system (1) in

quasi-classical limit.

2. The equations (1) are the Lagrange-Euler equations of
the following variational problem*

5 [ £ dxdt =0, (2)
where
j 2 1 4 2 2
f:-%(ulu*—u;u)—luxl + 5ol -Blulv]
(3
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with the Hamiltonian density of the system being

* N.Makhaldiani following Manakov /4/ has obtained a
(L-A) Lax pair for system (1) when B = 1.
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The total system energy
E=f Hoax

is the integral of motion, i.e., dE/dt = O. In addition to
this integral system (1) possesses at least three more ones:
~"particle number integrals"

N, =Slu®ax, N,=[|vfdx, aN;/dt=0

~"momentum integral"”

P=if(u*u, +vv} - uwt - v*¥v )dx =P + P,
dP/dt =0

and has plane wave solutions ("condensate")
u=aesplioyt-k ), o = k‘:i—(a‘g—ﬁb2 Y-a,,

(5)

v=bemli(k x-0 )}, o = ki

v ‘(Baz‘bz)—av .

3. Consider first (1) at = 1. In this case, as we shall
see, the system possesses more rich spectrum of solitons and
instead of (4) we have the Hamiltonian density

M= ug - aglul® = (v, P vi® 2 ul= 191 ©

To investigate soliton solutions let us come to the static
representation

= i](rf)expti(w“t - %x)l.

v=V(E)exp{i(%x—wvt)t, £ =x—-ct.

We have now the stationary problem



-l +a Ju~u, —u(}u)z—]v]2 )=0,

(7)
(@ +a Iv+v_+v(ivi®-lul®) =0
v v xx !
ieing the extremum condition for the following functional
F=E+o N -o N/ (8)

(here and below we omit the tilde).

The system (7) in addition to the plane wave solutions has
at B =1 at least three soliton type solutions which can be
obtained with standard technique.

2 2 P
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)
2 2 {9)
a-—b
v = bsech & © =, -2, KZ= >0
v 1 v 2
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u =ataph x¢ , ®w =W, ,-a =~——4 D —2a% —q
u 2 ] 4
(ii) (10)
2 b2—-a.2
v=btaphx¢ , w,=w, -0, K° = > > 0
2 2 2
c a“~b
= asechx ¢, O, S T T A,
(iii) (11)
2 2 2
v=btanh k¢ , mv=g4-+b..a , K2=a2+b

Calculate the energy {(integral) characteristics of them™* .

Note, that the frequencies wy and @y, contain the con-
stantsa, and a, respectively. Terms proportional to these
constants come also in the Hamiltonian density (6). We can
omit in calculations such terms in the frequencies as well as
in the Hamiltonian due to the transformations u-ue ut and
vsve ~iavt and restore them in the final expressions, e.g.,
using the formal substitution cf/‘l- cf/4 -a,.

* solutions (11) is a two-dimensional scalar analogue of
that for SLAG-bag well-known in quantum field theory



4. Having used the solutions (5), formulae (6) and (8) one
can easy find (at k% =c?/4 vk =-k_=k)

2
Ey=-af (6%-a® )($+ b2 —a®)ax

F, - 1? [ (a%-1? Fx.

These expressions diverge and therefore are of the formal cha-
racter. In the same way we obtain for the solution (9)

—_— 2 2 2
Elz\/g(a;?_bz)l/z(%_ a —b )

3
Nu=2\/—2_zav,2(a,'?'—b2)_1/,2 NV=2\/—b2(32—b2 )—1/2.
Introducting Ny=N,-N, =22 (a? —bz)l/2 one gets E =N (E?- _].\i
and m1=c2/4-N‘§’/16 . Where by 4 18
(12)

dE 4

E = l(N 1) .
The physical sense of this expression will be discussed below.
The allowance for the constants a, and a, yields

E)-0,dN -«odN,
with
wi=w1(N1)—ai, i=u,v
instead of (12).
To obtain the integral characteristics for the solution (10)
the adequate renormalization procedure has to be constructed

since expressions for E and N; are divergent.
Take the following procedure

®lu,vl=@lu,vi- d>[uk.vk]. (13)

where ®lu,v] is the functional sought and ®[uv,] is the
same functional on the solution (5) (condensate). Using this
rule we obtain

~ — 1/’2 Z
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dE2=—wudN at wdev s N :u)z(Nz) ~ay.

Acting in the same way one can find for the sciution (115

B, =~ 3-(.12 b2)1/'2(.(:" 2 _2b2)_(1\' N )(L’z N —ON )NU",\:‘,' .
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Establish an analogous relation
By = w,dN, +wo,dN, P16)

is also valid in this case. For thi: we proceed irom variab-
les Nu, Nv to a,b then

IN IN

AN, =S50 g2 ¢ 250 gp,
U Jda * db
AN, IN

N - SN gy Degy,
V' da db

Whence



=~ dNu oNy Ny oN
dE3 =(a)“-a—a-- + o, -33—)da+(mu5~;—- +(¢)vu(—;—f-)db
on the other hand -
=~ 9Eg dEg
dE, = d —_2db.
3 32 a+ b db
The relation (16) takes place if
ok3 IN, dNy
9a  _ “vTga T¥v Gz
~ (17)
JEs3 dN, dNy

These equalities can be shown to be valid, in fact, using for-
mulae (15).

Concluding this section note that in the case B # 1 only
plane wave (5) and sech x tanh type (11) solutions survive.
Thereat for the last one it should be a :h and

= (148)a%/2, o =§f——1?'§-a2 o =°2+a2

u ' v T
and
E ~o dN_ +o dN,
5. The above results admit the following evident interpre-

tation. The conventional WKB quantization formula assumes in
our case the form

T
0L o8
di fax( = T2 _u*)=2
of J ax( dutu‘+6u’: ut) 7N

or

T T T
: 2
of dt fdxiu u*~ u¥u) = wof at fax ju| ~w Df @tN =« TN, ,

whence N,=n , n >> 1. Here n is integer. The solution
therefore presents to be the bound state of a large number of
u ~-field boson quanta. As a result we can think of the soliton
as a condensed Bose~drop (the potential of boson interactions
decreases exponentially in it).




The equation
(18)

dE =& dN
may be treated in this case as thermodynamical relation in
which @ stands for the chemical potential, i.e., the energy
per boson.

The equality of type (18) was known earlier for one-frequ-
ency solitons in various theories of condenced matter phy-
sics /67 * | Here we see that in the two-field model_ conside-
red where the two-frequency solutions ¢ = (v wu,wv\) are
possible the equation (18) becomes vgwu'wv’

dE = ¥ w;dN, (19)

known as thermodynamical relation for the mixtures.

It should be underlined that in the usual ideal gas statis-
tics chemical potential is independent of particle numbers,
du;i/dN; = 0, with equation (19) being linear in Nj . In our
case the frequencies ®; are the functions of particle num-
bers, @;(N; ,N, ) , nevertheless, a "linear" form of relation
(19) is conserved (that is, evidently, one more paradox of the
soliton theory).

Thus, in quasi-classical approximation the solution obtai-
ned may be treated as boson drops composed of two components.

The plane wave solution (5) describes in this limit Bose-
condensate since boson distribution function is M(e) = 8(e—y ),
where e¢,=hw, . This condensate is the mixture of two "gases"
with attraction inter-boson force ( u-field) and repulsion one
( v-field). There are three possible different situations de-
pending on the condensate parameter relation, a and b .

1) a>b (the u~gas density is greater than the v-gas
one). Such a condensate turns out to be infinitesimally un-
stable with respect to decay into boson drops of sech x sech
type. The solution of sech form may be treated as a liquid
drop in a gas and tanh form as a gas bubble in a liquid (or
a rarefaction drop, i.e., "antidrop”). A strongly excited con-
densate may transform into the solutions of 8ech x tanh type
(i.e., " v-bubble" in " u-drop", thereat bubbles will be the
nuclei of u-~-drop condensation).

*Such a relation was evidently obtained for the first time
by Kosevich and coauthors. In the case of relativistic systems
the relation dE=0dQ ( Q is isocharge) appears naturally
(see, e.q., ref. 8y,



2) b<a {the u~gas density is less than the v -gas ore).
In this case the condensate is stable regarding to small per-
turbations. A strongly perturbed condensate transforms to the
state of tamh x tanh type (i.e., u , v -gases with bubbles) or
to the sech x tanh type (i.e., v -gas with bubbles in which
u ~drops are captured).

3) a=b {the densities of both gases are equal). In this
case there are possible only sech x tanh states { v ~gas with
bubbles~drops) appearing in a condencate with sufficiently
strong excitation.

Now let us investigate stability of the solutions obtained.

In the first two cases when o = -w, one can employ the
Q -theorem in the form dN/d{w| > O (for solitons at rest).

In the case ©,+# o, the analoque of Q -thecrem may be deri-
ved upon generalizing the technique described in review B

(Ji—-+6 J ) (N, +N_ ) > 0. (200

Owu @,

Note that getting this inequality one should use the rencrma-
lization procedure (13). Introducing (11) into (20) we find

~ 2
(2 v 2 YN +N )= 2.5 0,
dw Jdw u v K
Y v
i.e., the sech x tanh solutions are also stable.
To study the condensate stability let us take perturixtioe
in the following form

"l(t)lﬁ / H.'v..'x'\v
Ble foge A
u i(kx—~Q¢) v i(kx-020) { ,
§(C. ) =ae ot .80 )=he ! ]
u S.e 1 v* Lo —awgty
o ,.4e /
: 21
with 8; (1 = 1,2,3,4) being constants and w;= a”-1* . Sub~-

stituting (21) into (1) and linearizing equations obtained
over 8 we get a homogeneous linear system of eguations which
possesses solutions when

—0-k% a® a2 ab ab
a® Q-k2+a? ab ab 0
ab ab  -+k%p® B ; B
ab ab b2 Q +k%e0® !

w0



or

Q% - k% [k2-2(a%-b®)]. (22)

It follows from (22) that the condensate becomes unstable if
a?> p? for infinitesimal perturbations of sufficiently long
wavelengths, so that

1 1 2 2 ~1/2
A==> —(a" - .
kT ( b )
Perturbations with A= (a%-b® T1/2 have the maximal growth
rate
2 2
y=a —-b". (23)

All this confirms the foregoing assumptions on the charac-
ter of the above solutions.
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