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1 • INTRODUCTION 

The well-known prescription1 1•21 in the M-function tech
nique is to express the T -matrix as a linear combination of 
independent Lorentz covariants {ILC) contracted with the wave 
functions of external particles . Frequently, however, one 
knows the type of the interaction involved and using this in
put information can, therefore, analyze the structure of the 
T-matrix in more detail. It then may appear convenient to 
consider T as a product of two tensors which are individually 
expanded in terms of ILC and certain invariant functions 
("form factors"). For the binary reaction the construction 
of ILC should be standard by now. The elimination of the de
pendent covariants becomes, however, technically difficult 
if the reactions with several final-state particles are con
sidered. To our knowledge it has not been analysed as yet and, 
moreover, such amplitude expansions over heavily overcomplete 
sets of Lorentz covariants may be traced in a very recent li
terature. 

In this note we address ourselves to the reactions with 
three particles in the final state . The traditional construc
tion goes in the Cartesian basis. To eliminate the dependent 
covariants one indeed wishes to know first the number of ILC 
which span the needed set. In Sec. 2 we formulate a result 
obtained earlier1 31 for the two-variable tensor spherical 
harmonics, which allow us to establish the number of ILC for 
the tensors considered. Then in Sec . 3 we apply the well know£2 1 

properties of the fully antisymmetric unit tensor l~yS in the 
four-dimensional space to obtain several nontrivial coupling 
equations which allow us to eliminate all dependent Cartesian 
covariants for the case of reactions with spin-1/2 particles. 
The formulation though made for a particular reaction contains 
all ingredients necessary to analyze the general case of 1+2~ 
~a+b+c processes. It should be noted that we do not consi-

der the problem of the so-called kinematical singularities, 
which has to be studied independently in any case. 
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2. THE NUMBER OF INDEPENDENT COVARIANTS 

The construction of multi-particle Cartesian covariants 
is described, e.g. , by Bearn141 . He considers the combinations 
of the so-called L-functions and C - bases. The L -functions 
are irreducible combinations of the Dirac gamma matrices 
(polarization vec tors) for the case of fermion (boson) par
ticles. The C-hases are combinations of the 4-momenta avai
lable in the process (tensor bases) and combinations of the 
4-momenta with the antisymmetric tensor faf3yB (pseudotensor 
bases). 

To give an example let us think of the radiative muon cap
ture reaction on proton 

~-( p (J.t ) )+p(pi, j l)~ Y (k)+v( p (v) )+n(pr,j r ). (1) 

Assuming the effective interaction for the corresponding non
radiative process in the currentxcurrent form, we shall con
sider the individual pieces of the amplitude separately as 
linear combinations of the appropriate ILC. Then the complete 
reaction amplitude (disregarding the "radiation from the lep
ton line") can be written in the form 

T ( (J.t) (v) . j ) S ( k . . j ) . ( (J.I) (v)) 
P • P · k ,p 1 ,p r · i'J r "' (It p).. P 1 ,p r · .JI • r · J A P • P • (2) 

where ~~ is the photon polarization and jA is the leptonic 
weak charged current. To construct the hadronic tensor S,v. 
we have at our disposal the momenta Q~ =(pr +p.) . q =(pr-P·) , and 
k~. and similarly as in Ref . 4 we write 1 

p. ~ 1 ~ 
the tensor basis: 8~11 • Q~. qW kW a~b 11(a,b = Q. q, k ) ..... 

(3) 
and L-functions: 1, Yp ,y~y11 • y5 =y1 y2 y3 y4 • y5 Y~ . y5 Y~Yv. 

whereY~ are the usual Dirac matrices . Using the components 
(3) and after all usual simplifications (apply the Dirac 
equation, .. . ) we obtain 68 seemingly independent15 1 covariants . 
Here one has to admit that there is apparently no possibility 
to establish the actual number of independent covariants if 
the construc tion is performed in the Cartesian bases as in 
Ref . 14

/ 

It is the formalism of two-variable relativistic tensor 
harmonics in the spherical or helicity basis , which should 
be utilized here . Being fully equivalent to the Cartesian 
forms applied above it fortunately provide s enormous techni
cal simplifications. As an example o f its use we establish 
here the number of ILC which span the complete set to be 
used for expansion o f S p).. . 
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It was shown in Ref.3 that starting with two 4-vectors, 
e . g., the vectors k~ and~ introduced above, one can const
ruct only 2f+1 independent two-variable scalar spherical har-
monies 

f 1 f 2 f 1 f 1 A f2 A 

l(f 1 f2 Hml=~ [ Ym ( k)Y m (q), (4) 
m1m2 mlm2m 1 2 

Yf i [ ''' 1 where m· are the usual spherical harmonics and ... stands 
for the Clebsch-Gordan coefficient , f 1+f2=f or f+ l. All other 
harmonics I Ui f'2)fml can be e xpressed through the harmonics (4) 
as their linear combinations with scalar coefficients. It is 
then easy to see / 3/ that the number of independent t ensor har
monics of an arbitrary order s is 

(s) j+r ( ) 
N . = ~ n(s) ~ (2Y +1) = ~ n 5 (2r+1)(2j +1) , 

J r r o_
1
. I r r 

r~ J·r 
(5) 

where n~s) is the statistical weight of the corresponding ba
sis tensor e~1 • e~2 , ... e ~ s connected with the vector Q • and J ~s 
the total angular momentum of the harmonics . In the case of 
2nd order (s :2) spherical tensor harmonics we have /3 /r/~)=2, n<~>= 3 
and n~ l = 1 , t here fore 

N(l!)= 16 (2j+l) (6) 
j 

i= l ir-i 11 , 1ir -jd+1, .. . ,jr+J 1• In particular, for the above example 
of reaction ( 1) , where ir= j 1= 112, only Nb2)+ N~2), 64 independent 
Lorentz covariants exist . Four coupling equations needed shall 
be obtained in the next Section. 

3. COUPLING EQUATIONS 

Consider the form 
(f) (i) 

U (a~ .b..,) =y5 a~ b.., (af3y8 Ya k f3Py P s 
and its contractions with t he appropriate Dirac spinors: 

- (f) ) 
u(p )y5 apb7J~P~ 87JVfa{3ySYa kf3p~r p~> u(p<O) 

(7) 

= u ( p (f) )U(a~. b 11 ) u(p0) ). 

The LHS of (7) may be expanded using subsequently twice the 
identity 12 1 
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ca(Jy8 ° pv = c v{Jy5 5 pa + tavyo 5 pf3 
(8 ) 

+ cp.,5 +£ o., a · vu py af3yv pu 

which follows from antisymmetry of ca{Jyo in the 4-dimensional 
space . Substituting finally 

caf3y5~~(YaY(JYyY0 -5a(3YyY0 - 0(3yYaYo -5y5YaYf3 

+OayY(JYo +5(J5YaYy -~Y(JYy 

+oa~yo + 8(Jy8a8 -Bayo{JB) 

one obtaines from (7) the needed form . 

(9) 

The three independent 4-vectors pertinent to the problem 
are called kll , p~O and Ji.~~ Any of them can be substituted both 
for a and forb in (7). In this way we obtain nine expressions 
which should be inspected individually in order to establish 
the possible couplings. All manipulations needed on this trail 
are completely straightforward, they become, however, e xtre
mely tedious due to the big number of operations. we doubt 
that this algebra can efficiently be done manually. To perform 
it we have used the algebraic manipulation system 
SCHOONSCHIP161 installed at the CDC 6500 computer in Dubna . 

Out of nine relations obtained from eq . (7) there are only 
three which display coupl ings, namely those constructed with 
substitutions Al:a .. pO>,b=k,A2:a = p(C), b=k, and A3: a=p<O ,b•p<r>. 
We list them in Appendix . (Three substitutions with a and b 
interchanged give again precisely the relations (Al)-(A3) ; 
three substitutions left (a=b) lead to the trivial identity 
0 "' 0 only) . As it should be expected according to (6), the 
identities (Al), (A2) and (A3) are dependent. They are connec
ted via 

-M . (Al ) + rn · (A2)+(rnk·P(C) -Mk · P(I) )(A3)=0 (10) 

with 
<P<O -i M)u(p(r) ) .:0, (p(i)_im)u(p(i) )=0. 

As a result two independent coupling relations, e . g., 
eqs. (Al) and (A2) follow from the form (7 ) . Other two inde
pendent couplings c an be derived, if we consider the func tion 

( ) (C) {I) 
V all, bv =a11bv • ta(Jy8 Ya k(JPy PeS 

instead o f U (all' bY). 
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4. CONCLUSIONS 

We have shown that the sets of Lorentz covariants construc
ted in Cartesian basis for the tensor decomposition of the 
amplitude of the reactions with three particles in the final 
state are overcomplete . Though we t hink that the existence 
of nontrivial identities derived may be of interest by itself, 
we wish also to stress two methodological points related with 
this work. Firstly, it is obvious that the popular Cartesian 
techniques become difficult to use in all cases beyond the 
simplest binary reactions and should be supplemented or even 
substituted by the covariant techniques which use the rela
tivistic tensor harmonics . Secondly, the algebraic manipula
tion systems like REDUCE, SCHOONSCHIP, FORMAC, etc., which 
are by now available at a number of computation facilities 
certainly deserve to be much more widely exploited than it 
is customary nowadays since they may produce useful results 
which would be beyond reach if to stick to the "manual" de
rivations . 

APPENDIX 

ii(p(f) ) A(p(i),m;p<r> , M) u(p(l) ) = 0 (A.l) 

ii(p (r)) A(p<0 , M ;p<l), m )u(p(i) ) '" 0 (A.2) 

A 2 
A(a,m;b,M) =yAyll k(m k·b+k-a b · a) 

+ YA ylli(mk · b k-a -mk2 b·a- M(k.a)
2 

.... Mm2k2) 

+ (~ k 
11
-y ll kA) k im(Mm + b· a)+(yA all-y JlaA)ki( Mk · a- mk· b) 

+ ( Yll kA-yAk ll) ( M m k ·a+ k-a b·a) + ( yll bA- >'A b11 )( nf2 k2 + (k.a) 
2
) 

2 A 2 
+ ( yA all - y

11 
a A)( M m k + k · b b · a) + k ( k A b ll - kiL bA ) m 

+ k ( k IL a A - k,\ all) Mm + k ( biL a A - b.\ a Jl )k . a 

+k8~ (-m2 k·b-k·ab-a) + (bllkA-bAkll )imk -a 

+ (kiLaA-kAall)iMk - a +(all bA-aAbll)imk
2 

+ 5 p.A i ( M m 2 k 2 + M (k. a) 2 + m k2 b ·a - m k. b k. a) 
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u(p(f) )I YAy Jl k ( Mm-p<1>. p<O )+}A y
11 

i (mk · p<r>+ Mk· p<O) 

+(r, p~0 -v.p<O )kim+(y p(i)_y p(i))kiM 
Jl 1\ 'A Jl 11 A A 11 

+(Y,1 kA - Y.\ k
11

) ( Mm-p(i)_p(f) )+(yA<0-y
11 

p~0 )k·P(I) 

+(y P(i) - y p0 ))k ·p<O + k(p(i) p(r)-n(i)P CO) +k8 (-M2m2 +(p0}~r>f) 
11 A A 11 p. A -A p. /1.\ 

+(p<Ok -p(!)k )im+( P(i) k 
11A Ap. 11A 

- o i ( m k. p<r> + M k • p co ) I 
JW 
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