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1. INTRODUCriON 

An infinite number of nonlocal conserved currents for the 
two-dimensional O(N) nonlinear siqma model on the classical 
level / 1/ and on the quantum level i 21 was introduced. A simple 
~onstructive proof of the existence of one i nfinite set of 
classical nonlocal conserved currents was given in paper / 3/ for 
the generalized nonlinear sigma models 1 4·6 1 • The supersymmetric 
extension of nonlinear sigma models in171 for the O(N) model 
and in 181 for generalized sigma models was considered. With the 
method given in / 3/ an infinite set of conserved currents was 
constructed for the supersymmetric O(N) sigma model, in paper / 9/ 
and for supersymmetric generalized sigma models in/101 • For the 
self-dual sector of Yang- Mills theory method given in/8/ was 
applied in paper 1 111 • More general consideration was given 
in 1 121 , where from the Yang-Mills action by using the variatio
nal principle the conserved currents depending on some arbitra
ry functions were derived . 

In the present paper, the method given in 1 12 / for derivation 
of nonlocal conserved currents is applied. In such a way three 
linear independent infinite series of nonlocal conserved cur
rents a r e found. The problem of deriving of all conserved cur
rents is reduced to solving of one supersymmetric linear equa
tion of second order . 

First, in the second section the supersymmetric two-dimensi
onal generalized nonlinear sigma model is introduced. This mo
del contains the principal chiral and the O(N) chiral, CpN-l 
and the fields defined on the Grassmannian manifolds . 

In the third section the existence of the infinite number 
(with the power of continuum) of classical conserved supercur
rents for the supersymmetric generalized sigma models is proved. 

Three linear independent N 2 -parameter infinite series of 
conserved currents are constructed in the fourth section. The 
explicit form of first nontrivial terms of any of these series 
is given. 

Our consideration is made in the Minkowski space . However, 
it can be extended also to the Euclidean case by the substitu
tion x 0 ~ x 2 = ix 0 and y0 ~ y 2 = i y 0 · 

0" -.:).1 .. 
nacr;.: ... 
G~I~ • .J 

1 
'l'j'T 

... ·,., !!t 



2. THE EQUATION OF MOTION FOR THE SUPERSYMMETRIC GENERALIZED 
NONLINEAR SIGMA MODEL 

Consider the matrix superfield 

- 1 -
C(x;S) .. g(x) + 8¢(x) + -88k(x), 

2 
( 2. 1) 

where g(x) and k(x) are N xN matrices with scalar matrix ele
ments , ¢(x) is an NxN matrix with the Majorana spinor matrix 
elements and 8 is a two-component Majorana spinor . The exist
ence of c-1(x; 0) will always be supposed throughout. In the 
most general case C(x;8) belongs to the Lie algebra of the ge
neral linear group CL(N) • In the case when C is an element 
of U(N) or O(N) Lie algebra we say that we have the principal 
chiral fields. The fields C(x;8) for which 

-1 
C (x; S) .. C(x; 8) 

and consequently 

-1 2 C(x;O) "' I- 2ll(x; 8) = C (x; f)); i.e. C =I (2 . 2) 

are of special interest. Here ll(x;8) are the projection o pera
tors (n 2.,fl) on certain nxN(n < N) dimensional subspaces . 
In the last two cases C(x;B) is-transformed with respect to 
the adjoint representation of the global gauge U(N) (O(N)) gro
up. These cases include O(N) supersymmetric chiral, cpN-1 mo
dels , and their generalization , i.e., the fields defined on the 
Grassmannian manifolds .In the last two cases it is convenient 
to introduce to the field n (or c ) because we consider only 
the local gauge invariant entities 151 • 

Substituting (2 .1) in c-1C=CC-1=I we have the following 
conditions for the component fields: 

g-1 (x) g(x) = g(x) g-1(x) = 1, 

g-1(x) ¢ (x) + ¢ -1(x) g:(x) = g(x) ¢ - 1 (x) +¢(x) g-1(x) = 0, (2. 3) 

k-
1

(x) g(x) +g-1(x) k (x) - .b-~x) ¢ (x) =g(x) k-~x) +k(x) g-1(x) - ¢ ¢ - 1- o. 

In the case o f generalized chiral fields, i.e . , (2.2) the cons
traint C 2 = 1 c an be written in terms of components fields in 
the f o rm (2. 3 ) with the substitution g-i=g ,¢-1=¢ and k-l = k· 

2 

Consider the action 

S = .1. Jd2xd2~HriDaC-1(x;8)Da C(x;8)1, 
2 

=- .!.... fd2 xd l!etr I c-1 (x; 8) Da C(x; 8) c-1(x; 8) D C(x. 8)1, 
2 a 

where 

(2 .4 ) 

a - P. D = i-- + (81), ~""' y a (a " 1,2) (2.5) 
a aea a p. 

are supercovariant derivetives, S = 8 TC. For the Dirac y -mat
rices we use the following representations 

01 0 1 10C 
y 0 = ( 1 0 ) • y 1 = <_1 0 ) ' yr. .. y 1 y 0 = ( 0 - 1 ) • = y 1 (2. 6) 

in Minkm .. ski space, and y
2
E = iy

0
, yE= y ,CE =C, yE=yE y E 

in Euclidean space. 1 1 r. 2 1 
From the action (2.4) we derive the following equations of 

motion 

D a A a (x ; e) = 0 , (2 . 7) 

where 

-1 
A a (x; 8) = C (x; e) D a C (x; 8 ) • (2 . 8) 

It can be checked without difficulties that (2.7) can be writ
ten in the following equivalent form 

a a -1 
D D C(x;8)+C(x;8)D C (x;8)D C(x;8) =0 , a a (2. 9) 

which is the equation of motion for the supersymmetric genera
lized nonlinear sigma model. 

Substituting (2 . 1) in (2.9) we have the equations of motion 
for the component fields 

og- gaP.g -1 all g + ~ g(a P. ¢ -trp. ¢ - ¢-typ. a p.¢ > + 

(2. lOa) 
- -1 - - 1 - -

+2¢rP.¢ aflg + 2 ¢rP. <a P.g t .) ¢+ 4g ¢ -1 <¢¢-1 >¢ =0, 

3 



1L i 1L -1 i -1 1L ia r ¢ + - gag <r ¢>+-g(y ¢ >a g-
IL 2 IL 2 IL 

- .!..[¢(¢"-1¢) + <¢¢-1)¢) = 0 , 
4 

where the k(x) component of a is excluded because 

1 - 1 
k(x) = 2 g(x) ¢- (x) ¢(x), 

which follows from (2.9). 

(2.10b) 

( 2. 11) 

The equation (2 .7) means that A (x;8) appears as a conser
ved supercurrent. Substituting (2.1f in (2.8) and taking into 
account the equation of motion (2.10) and constraints (2 . 3) , we 
write Aa (x ; 8) in terms of field component: 

a (x) = ig- 1(x) ¢ (x) , 
a a 

i - 1 r(x) = 2 ¢- (x) y
5 

¢(x), 

V IL (r) • g-1 (x) aiL g(x) - ~ ¢-1 (x) y
5 

¢(x) , 

b( x) = -g-1( ~ ¢) -(yl-'¢-t>a g + .!..[(.j¢-1)¢ + ¢(¢-t¢)] , 
IL 2 

(2.12) 

where a (x) and b(x) are spinor , r(x) pseudosca lar and v (x) vec
tor components of A a (x ; 8) . Because of equation (2. 7) 'f:.he sca 
lar component of A (x; 8) vanishes, and t he components a , b 
and vi-' satisfy thea following equations 

i ,J a(x) - b(x), 

aiL v (x) - 0' 
IL 

(2.13) 

and the pseudoscalar component r(~ is arbitrary. Equations 
(2 . 13) are equivalent to equations (2.10) when a, b, v and 
r are determined by (2 .12) . Howe~er, they are satisfiedf for 
any conserved supercurrent also. 

4 

3. INFINITE NUMBER OF NONLOCAL CONSERVED SUPERCURRENTS 

It will be proved here that there exists an infinite ~umber 
of conserved nonlocal supercurrents .For this purpose it is con
venient to introduce as in paper s / 3,10/ the matrix spinor cova
riant derivative 

V a : D a + A a (x ; e) (a "' 1,2) , ( 3. 1) 

where Da is the supercovariant derivative (2.5) and Aa(x;8) 
is given by formula (2.8) . When the field a satisfies (2 .9), 
Aa satisfies (2 .7) . Because of definition (2 . 8) for A (x;8 ) a 
and equations of motion (2 . 7), the following identities hold: 

~ a{3 = I V a , V {3 I "' D a A {3 + D {3 A a + I A a , A {3 I = 
(3.2) 

= a -t I D a , D {31 a + I Da , D {3 I .. 21 ( C y IL ) a{3 ( aIL + a - 1 aIL g) , 

o"v = - t7 o" = n"o a va v a' ( 3. 3) 

where in the r.h.s . of (3 . 2) the anticommutation relations 

IDa, D {31 = DaD {3 + D {3D a = 21 (C y ~') a{3 aIL (3.4) 

are used. For the representations of y -matrices given by (2.6) 
we have (Cyl-' )12 -=(Cyl-') 21 =0 and consequently 

512 =~21 = I V1, V2 l = D1A 2 +D2Ar +IA 1, A 2 1 =0, (3 . 5) 

For the supersymmetric theory, in contradiction with the ordi
nary ease l S/ , generally the curvature tensor Ja{3~ 0 is a con
sequence of the curved character of the superspace. However, it 
has been shown in / 10/ for the existence of an infinite number 
of nonlocal currents it is sufficient that J 12 =J21 =0 only. 
Then we make the following: 

Ansatz (A): There exist two functions X(x ; 8) and Y(x;8 ) 
being Nx N - matrices with matrix elements transform.ing as sca
lar superfields and coupled by the equations 

DaX(x;8 ) =(y 5 V)aY(x; 8 ) . (A) 

5 



~y means of these functions we define the following spinor 
quantity 

J~X ,Ylx;8) · Aa (x;8)X(x ;8) +(y
5 

A) a Y(x;8). (3.6) 

Then it is easy to check that there holds the following: 

Theorem. The Ansatz (A) is the necessary and sufficient con
dition for the conservation of the supercurrent (3.6) in a weak 
sense, i.e., 

DaJ(X,Y) (x;8) .. Q 
a 

if the equation of motion (2.7) is satisfied. 
Indeed, substituting (3.6) in (3.7) we have 

(3 . 7) 

DalX,Y)(x;8) .. (DaA )X+Aa(D X)+Da(y A) Y+(y A)aD Y 
a a a Sa 5 a 

= A a (y V ) Y + Da (y A) Y + (y A) a D Y 
5 a 5 a 5 a (3 . 8) 

=Aa (ys V) aY-Aa(y5A)a Y-Aa (y5 D)a y = 0. 

Here we take into account the equation of motion (2 . 7), Ansatz 
(A) and the following identities 

a( a 
D y 5 A)a - D 1 A 2 +D2 A 1 =-IA 1,A 2 l=-A (y

5
A)a, 

a a 
A (y6D)a ·-(y6A) Da • 

The necessity of the Ansatz (A) can be proved analogously. 
Substituting in (A) 

X = X (n+1) 
• y = X (n) 

(3. 9) 

and denoting 

J. (n) = ( D) X (n) ( · 8) 
a y 5 a .1, ' (a = 1, 2) , (3.10) 

which is conserved if X is an arbitrary smooth function 1 10/ 
we have 

j(n+l) (x;8) .. v x<n>(x; 8), 
a a (a = 1, 2). (A') 

6 

(A') was a starting point for derivation of one infinite set of 
conserved currents in 1 101 • As will be seen, the Ansatz in the 
form (A) is more profound than (A'). Moreover, it allows us to 
derive the infinite number of nonlocal currents from the varia
tion of action. Indeed following 1 12 1 we make some transformati
on 

G ' = G + BG "' G + X 

with respect to these transformations the action is not invari
ant, but because of (A) and (3.4) the change of action can be 
represented as the superdivergence of some quantity. In such 
cases it is known / lSI that there exist conserved currents, gi
ven by (3 .6). 

One current of this type is obtained if we substitute X = I 
and Y=O in (3 .6) . These functions are a trivial solution of 
(1) and corresponding current coincides with (2.8). 

Let us find the other functions satisfying (A) . Taking into 
account (3.4), from (A) the condition on the function 

V aDaX(x;8)=DaVa X (x;8 )= 0 (3.11) 

follows for any Y. However, the function Y also cannot be 
completely arbitrary . From the "integrability" condition of the 
system of equations (A) we have 

a( a a 
D y 5 D) a X = (D 1 D 2 + D 2 D 1 )X = D "i1 a Y = V D a Y = 0 ( 3 • 11 I) 

for any smooth function X. Because of (3.5), (3.6) the functi
ons X andY satisfyalsoequation (3.11). 

In order to solve the equation (3 . 11) it is convenient to 
write them in terms of component fields . For this aim the func
tions X(x; 8) and Y (x; 8) are r epresented as 

- 1 -
X(x;8)=x(x) +8K(x) +'288((x), (3 . 12) 

where x(x) and ((x) are N x N matrices with scalar elements 
and K(x) is N xN matrix with Ma jorana spinor elements. Sub
stituting (3 .12) in (3.11) we have 

Jl 1- i-ox+v a x- -atJK--bK•0 
Jl 2 2 ' 

(3.13a) 

7 



2iiK+ia(+ (ay")a~'x+iv~' (y"K)-ir(y5 K) =0, (3. 13b) 

2(+iaK =O, (3.13c) 

where a(x) , b(x) , vi' (x) and r(x) are components of Aa(x;8) 
given by (2.12). 

The system of partial differential equations (3.13) is of 
third order . As is well 1 known from the theory of differen
tial equations, this system has an infinite number of soluti
ons. Consequently from these solutions one can construct an 
infinite number of conserved supercurrents (3.6). 

This problem can be solved in two ways: 
a) To find all the independent solutions of (3.11) ((3.13)) 

and between them the pairs satisfying the Ansatz (A) • 
b) Using the substitution (3.9), the Ansatz (A) can be writ

ten in the form 

DaX(k+l)(x;8) • (y
5 

V) a X (k) (k;8). (3 . 14) 

We denote that (3.14) is a more restrictive form of Ansatz (A) 
because we limit ourselves to the numerable set of functions 
X(k) • Then starting with some independent solutions 
x~>(m:1, ... ,M) Of equatiOn (3 , 11) 1 SubStitUting them in the 
r.h.s. of (3.14) and solving the last equations we arrive at 
the functions X b> ( x · 8) which are solutions also to equations 
(3.11). Consequently' x<~ (x; 8) can be substituted in the 
r . h . s . of (3.14) and so on . In such a way we are able to con
struct the following infinite sequences 

X (O) X(l) X (k) (m = 1 ••• M) m' m , ••• , m ,... " ' ' (3.15) 

every element of which satisfies the equation (3 . 11) and any 
two neighbours are coupled by (3.14). Because of the fact that 
Ansatz (A) (or (3 . 14)) is the first order nonhomogeneous dif
ferential equation (more strictly, the system of differential 
equations) the construction of the sequences (3.15) must take 
into account also the solution of the corresponding to (3.14) 
homogeneous equation, i . e., 

o x<Ht>(x; e > = o, 
a m (3. 16) 

8 

· ~ 

I 

' 

which is constant. Substituting this constant in (3 . 6) we ob
tain the term Aa C which is self-conserved because of the equa
tion of motion (2 . 7). It should be noted that the Ansatz (A) 
((3.14)) is a mutual constraint, i.e., it can be solved also 
with respect to Y if X is known. In the last case the soluti
ons of the homogeneous equation 

(k) 
(D a + A a (x; 8)) X m (x; 8) = 0 , (a = 1, 2), (3 . 17) 

which are not constants can be taken into account . 
In such a way the sequence (3.15) can be continued to nega

tive values of k, i.e. , we have the sequences 

.. .. , x<;t>, ... , X <;1>, X ~), X(~), .... , X~) , ... (rn=1, ... , M). (3 . 18) 

When eq. (3.17) is satisfied for some X~), the sequence 
(3.18) can be truncated with this term. 

For our purposes only the linear independent sequences 
(3.18) are of interest . We say that two sequences IX(~) I and 
I X <~ I are linear independent if any of them contains not less 

than one element xJP()) linear independent of all elements of 
(k) L m 

other series IX m(f) I. • 
Using (3.6) we see that to any sequence (3 . 18) there corres

ponds one infinite series of conserved supercurrents. In the 
case of linear independent sequences (3.18) the corresponding 
currents are also linear independent. 

4 . EXPLICIT FORM OF NONLOCAL CX)NSERVED SUPERCURRENTS 

According to the recipe given in the previous section we are 
able to find the explicit form of any term of three N 2- parame
ter (in all probability) linear-independent series of conserved 
supercurrents. For this purpose consider equatio~ (3 . 11). Sup
pose that some numbers of conserved currents J ~ ( m = 1, ... , M) 
are found. Then eq. (3.11) is equivalent to the system of first 
order linear equations 

(D + A ) X (O) = J (m) (x · 8) C a a m a • • (4. 1) 

where C is a constant N x N -matrix. If C = 0 , ( 4. 1) coincide 
with the equations (3.17). In the case when C -f. 0 because of 
(3.10), (4.1) is equivalent to the Ansatz (A). For this reason 
we restrict our consideration to the case C = 0 . In the last 
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case the equation (4.1) (or (3 . 17)) has three linear indepen
dent solutions. The first one is trivial: 

X(~) = 0. (4.2) 

The second is 

x~>= a-1 (x; 8) C2 
(4 . 3) 

To find the third solution of (4 . 1) we first write down An
satz (A) in terms of components of X(x; 8): 

a iLX(k+ 1)(X) = c/LV l(d V+VV)X(k)(X)+; ayvK(k) ), (4.4a) 

K ( k+ 1l(x) =y
5 

(K ( k ) _iax ( lr.l ), (4.4b) 

t; <lr.+1>(x) = irx <t > _~ay 5 K(Ir.) . (4 . 4c) 

Here the "integrability" condition (3.13) is taken into account 
and a(x) , v)l (x) and r(x) are components of Aa given by 
(2.12). Tahng into account (4.4) and (2.12) eq. (4.1) (if 

C = 0) becomes: 

(aiL+ g-1 aiL g)x <0}(x) = 0, (4 . 5a) 

K(O) (x) = -g-1 (x) x<0> (x) , (4.5b) 

( (O)(x) .. - ! g -1 (x) '¢ ¢-1 g(x) X (0) (x) (4. 5c) 

It can be checked immediately that (4.2) and (4.3) satisfy 
(4 . 5) . Moreover from (4.5) we obtain the following solution 

(0) - u v c 3 • X 3 -

where C 3 is an N x N constant matrix, 
xo 

U = P exp 1- f dy 0 g - 1 (y 0 , x 1) a 0 g (y 0 , x 1 ) -
and 

x1 
v co P exp 1- f dy 1 (U g - 1 a 1 g U - 1) ( x 0 , Y 1 ) -Here P is the Wilson ordering operator. 

10 

(4 . 6) 

(4. 7) 

Substituting (4.2), i.e., X(O},. K(O)=( (0) =0 in the r.h.s. of 
(4 . 4) and solving them we have 

x< 1>= c 1, K< 1>=o, t; (l> = o. (4 . 8) 

where C 1 is a constant N x N matrix. Using (4 . 8) we have from 
(4 . 9) 

a 11 x(;)(X) = (/LV V V (X) ( l, (4. 9a) 

K(2>(x) =-iy a(x) C
1

, 
1 5 (4 . 9b) 

( <~> (x) = ir (x) C 
1

• (4 . 9c) 

The solution of (4.9a) is given by 

ll1 X 1 . -
x<2>(x) =- f dy 1V

0 
(x

0
,y 

1
) C 

1 
• - f dy 1(g-1 a 

0 
g - .!...¢-1y

0
¢). {4.10) 

1 - _ 00 2 

In such a way the sequence I X \It) I k = 0, 1, •• • I can be construc
ted. The conserved currents (3.6) corresponding to this sequen
ce, in the case when C 1 =1 coincide, up to linear combinations, 
with those found in / 9, 10/ . 

The construction of the sequences I X ~)I and I X<:> I 
the symmetry of the Ansatz (A) discussed in Appendix A. 
this aim it is sufficient to require the nonsingularity 
matrices C 2 and C3 • Then with the substitution 

X (-k)= X (O)X ( k ) (a = 2 3) 
a a a • 

for the X (k) Ansatz A reads (see (A. 3)) 

D X (k) = (y ) f3 (D -A (a)) X (k+ 1) (a - 2 3) 
aa Sa f3 f3 a -. 

where 

A (a) =(X (0) ) -1 A X (0) 

a a a a - ( k ) 

uses 
For 
of the 

(4 . 11) 

(4. 12) 

(4 . 13) 

Consequently, any term 
from the corresponding 

-(a) 

of sequencti~ IX a I 
term of IX ~ I with 

can be obtained 
the substitution 

Aa ... -A a • 

11 



The first two terms are given by (4 .8-10). In such a way we 
<•> (-k) - (k) 

are able to construct three sequences I X 1 1 , IX 2 = (X2)X 2 I 
(-k) - (k) and IX 3 =(X 03) X 3 I which in all probability are linear inde-

pendent because of (4 . 3), (4.6) and (4.10). To these sequences 
there correspond three infinite series of conserved nonlocal 
supercurrents . If we substitute one of the currents thus found 
into (4.1), it is easy to see that no new sequence arises. But 
it is not proved that there do not exist other linear indepen
dent sequences, and, consequently , other linear independent 
series of conserved currents. 

Because of the fact that the field G(x ;8) is transformed 
according to the adjoint representation of the non-Abelian 
group GL (N) , U(N) or O(N) when N > 1 the corresponding 
charges are not in involution / 1/ . In all probability, conser
ved supercurrents thus obtained are generated from some infi
nite-parameter non-Abelian group / 14/ one manifestation of 
which is the dual symmetry discussed in paper 1151. However, 
the last question requires a more thorough study. 

APPENDIX A 

The Ansatz (A) possesses the following symmetry . Suppose 
that there exists a nonsingular matrix satisfying the equation 

v U(x;e) . (O + A )U( x ;8) = 0. 
a a a 

Then the Ansatz (A) with the substitution 

- -X =U X and Y = UY 

is written in the following form 

0 a Y = (y 
6 

'V ) a X = (y 6 ) ~ ( 0 f3- A f3) X (x; 8) , 

where 

- - 1 
A a (x; 8 ) = U A a U 

From (A . 1) and (A.4) it follows that 

OaA .u-1oa A U=O, 
a a 

12 

(A. 1) 

(A. 2) 

(A. 3) 

(A. 4 ) 

(A. 5) 

if eq. (2. 7) is satisfied and 

- - -1 
I 'II a , V til = U I V a, V {31 U . (A .6) 

Consequently, X and Y must also satisfy the second-order equ
ation (3.11). 
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