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I. INTRODUCTION 

As is well known
1 11

, the conformal invariance condition in 
QFT allows one to determine total two- and three-point functi
ons up to a few constants . Any higher n -point function (n~4), 
generally, depends on some set of arbitrary functions of 
n(n-3) / 2 independent harmonical ratios. These functions can 
be determined from dynamical considerations only 1 1·21 • For the 
solution of this dynamical problem, it is convenient to use 
the partial wave expansion over three-point functions . Such an 
expansion allows one to write any n -point function in terms 
of (n-1) -point and three-point functions. Thus , one can obtain 
any n -point function from two- and three-point functions . Ho
wever, (n-~ -intermediate integrations are necessary for this 
aim. Hitherto this programme is applied effectively only for 
scalar / 4/ and tensor / &/ fields. 

The aim of this paper is to find the general form (without 
dynamical hypothesis) of conformal covariant n -point functi
ons for the basic fields (from a class Ia of 181 ) with arbitra
ry spin and scale dimensions. The conformal covariant n - point 
functions for the fields which are transformed according to 
arbitrary irreducible representations (IR) of SL(2, C) are ob
tained by the method of homogeneous functions / 7/ for the rea
lization IR of SL(2, C). This method is presented in our pa-
pers /8, 91 . In Sec. III the explicit form of some four-point 
functions is given. The y5 -invariance condition is discussed . 

All our considerations are applied both for the Minkowski 
space-time and for the Euclidean space-time. 

II. CONFORMAL COVARIANT N -POINT FUNCTION 

Consider basic fields r/t a (x a; z a• x ,.) (a_= 1
7 

.... , n ), where z 
is a complex two-com~nent spinor Z= (z, z) 1 1 (in the Eucli
dean case z =(z, w) 10·11), )(=ld,Jt,j2)1 labels IR of SU(2, 
2) according to which the field r/t (x;z)--is transformed. Here 
d = d¢ -h-j2, d .p is the scale dimension of o/J, j 1 and j 2 la
bel IR of the subgroup SL(2, C) (SU(2) • SU(2) in the Euclidean 
case). 

For finite-dimensional representations 
and for infinite-dimensional ones j 1, j 2 

~ •c•t•'T I 
c~.:....... . .. .. • •ul'lattd 
r' L..,..- .- .. .. _,.,._ .r .-J I A 

j 1' j 2 .. 0 , 1/ 2. 1 •.... 
are generally 
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complex numbers. The irreduc ibi lity for the field 1/!(x; z. X) 
with respect t o the SL(2, C) (SU( 2 )eSU (2 ) ) s ubgroup takes the 
fo rm of a homogeneous condition: 

2Jt - 2j2 -
1/J (x;,\z,,\z) = A >. v(x; z,z ) (2. 1) 

where >. is a complex number. 
Let us consider the n -point function 

r,<n) I (x ;z ) =<01 n v lxb;zb .x b) I O> , (n = 2,3, ... ). 
X a a a b=l 

(2 . 2) 

The conformal covariance condition (in infinitesima l form) · 
(with respect to SU(2 , 2) or SU*(4)) has the fo rm: 

n 
I X~8rt> l(xa ;z a) = 0. 

k =1 X a 

(2 . 3) 

k where XAB ( k = 1, ... , n; A,B = 0 , 11 2 1 3 , 5 , 6) represent 
the generators of SU(2 1 2) which are realized in the space o f 
the fields 1/J ( x 1 z 1 x ) . The irreducibility condition (2 . 1) 
for an n -point function F (n) takes the form: 

2 b 2' b 
(n) . n Jt J 2 ( n) . 

F.l I (x '>. z ) = £1 >. >. F I' I (x a ' z a ) 
Xa a. a a b= 1 "'a 

(2 . 4) 

For the finite-dimensional r epresentations of SL (2, C) eq. 
(2 .4L must be added by the condition for polynomiality on z 
and z . ( ) 

If the functions F n depend on x a I z a a nd z a by the in
dependent relativistic invariants of these var iables, the n the 
relativistic invariance condition (i.e., XA 8= P il, Mil11 ) is fu l 
filled. These invariants are cons tructed in Appendix A. Not e 
that in this case invariance condit ion for the function 
F1~) l(x a; z a ) takes place instead of the covariance condi-

a (n) 17/ 
tion for F I a 1 I ... Ian I 

It follows from (A . 3) that the r elativistic invariant n - po
int function is of the form: 

(n) (n) 2 - - -
Fix 1<x.;za) =Fix 1cxik ,z 1lZb,zaHb,za~Jkzb, .•. ) 

a a. 
(2. 5 ) 

2 

,. 

The irreducibility condition (2 .4 ) will be required in final 
results 

The change 

x
0 

... X 
4 

= i.x
0 

, (r:., z) -+ (z, W) , 

u ~ (u 
0 

, !! ) ... r = (i u 0 , !! ) , (2 . 6) 

realized the transition from the Minkowski space-time M4 t o 
the Euclidean space-t~ E 4 . In M4 the function F (n) is the 
Wightman's function ( x Jk = x~k x tk - i<X Jk ) ) and in E 4 - y (n) 
is the corresponding-Schwinger function I g (n). 

The scale and special conformal invariance conditions (in 
an infinitesimal form) of the n-point function (2.5) lead to 
the equations: 

n (n) 
I D It F I 1cx ; z ) = 0 , 

k = 1 Xa a a 

n k (n) 
I K,Fix~xa;r:.a) 

k = 1 r a 
0 ' 

where 

D = i xfl a fl + 6 , 

K fl = - i l2x ll X II a II -X 
2 all - 21 X II [ gllll ~ + I 1!11 ll 

1 a - a 
6 = Hd + -2 Cr:-a- + r: -=->l, 

r: az 

1 a 
IJ-111 = '4 (r: • a; )[ Yp. • Yv ] ( 

a 
ar:. 
r: 

) ' 

(2. 7a) 

(2 .7b) 

(2.8) 

and Yp. are the Dirac matrices in a representation where Y& 
is diagonal. 

If we extend the conf ormal transformations with the yi -
transformation eqs. (2 .7) take place instead of the condition 

I rr ( k) F {n) I (x a ; r: ~,) = 0 • 
k = 1 x .. (2.9) 

J 



where the generator of y 5 -transformation has the form: 

1T= i [K +
2
1 (z_i_-z~). (2 . 10) az az 

Here K is the y 5 -dimension of the field 1/J (x; z). 
In Appendix B the general solution of eqs. (2.7) is obtained: 

(n) ) n 2 °jk te,p,q, ... l 
Fl ,<x .. ;z .. =. n_ (xjk) ~ ¢ (b l ,h2''"' hn(n-3) / 2) X 

Xa J<k-1 !f,p,q, ... l 

n z l~ jk z It ) 
fjk n ( Zp ~p,p+l Z p z p~ p, q z p 

X n ( n -
Jh=l 2 p,Q= 1 X 2 x2 

X jk 
qf,p,p+l 

p,p+l pq 

- qk 
n Z j X jk X kfC Z f jf 

x n < - ) n < 
IJ,k,f) .., l ( xiixk2f xJi>\-i IJ,k,fl=l 

ZjfXjk~kfZf 

( 2 2 2 1h 
x jkxkfx Jf) 

) 

-k 
q Jf 

k 2··· k n- 2 

Ppq 
) 

)( 

n 
x n < 

l1t 1 ... k 0
1:1 

z X X k '" X k k Z k r kt k n 
It 1-k 1 k2 k2 3 - n -1 n n ) { 2. 11) 
2 2 2 2 )1,-i 

(:r. X ... X k k X k It 
k1k2 k2k3 n-1 n 1 n 

Here 

sJk 
1 n 

(n-l)(n-2) [f:ldf -(n-l)(di+dk)], (2. 12) 

X 

If, p, q ... I 
¢ lxl are arbitrary functions of the independent harmo-
nical ratios. The spectrality, local ity, and positivity condi
tions required some restriction on these functions . The last 
factor in (2 . 11) has the form zk xk k ... xk k zk at even 

1- 1 2 - n-1 n n 
number n and z k x k It ... i k k c z k at odd n . The limits 

1 - 1 2 n-1 2 n 
in the sums in {2 . 11) can be obtained from the irreducibility 
(2.4) and polynomiality conditions, which give 

4 

n 

It: 1 f jk + 

k .;, j 

n 
I. 

m=l 
m ~ j, j+l 

n It . 
p jm + ~- q ,D + . .. = 2j f ' 

It, f '- 1 J< 

n 
- m . k 

p km + ~ q kf + "' = 2 J 2 
m,f= 1 

n 
~ f jk + ~ 

i "' l m e l (2. 13) 
j f, k mf, It, k + 1 (j, k = l, .... ,n). 

Here j + k J+k > n j+k-n. Hence, there exist 2n dependences between 
the powers in (2.11). 

In the case when we require the y
5
-invariance in addition, 

it follows from (2.9,10) that: 

0 
It k 

0 
k 

I.(jl-j2) = ~ K (2. 14) 
k = l k=l 

Thus the invariant n-point function exists only for those re
presentations of SL(2, C) for which eq. (2.14) is satisfied. 

The corresponding n -point function in terms of spinor indi
ce~ can be obtained from (2 . 11) by taking the 2j~ -th and 
2j 2 -th ( k = 1, ... , n ) derivatives with respect to z k and 
zk ' respectively, and performing a symmetrization . 

One can verify that the function (2.11) is a totally confor
mal invariant. 

III. COVARIANT FOUR-POINT FUNCTIONS 

The known two- and three-point functiom/91 were obtained from 
(2 . 11) when n = 2 , 3. Consider in detail the four-point functi
on. In this case only three of x Jk are independent and hence 
eq. (2.11) reduces to the term 

z J ~ jk i kf. ~m z m 

(X~ X 2 X 2 X 2 ) 1,-i 
Jk kf fm JDl 

( 3. 1) 

Taking into 
independent 
(2.11) when 

account (A.S), we obtain that there are only twelve 
invariants of kind (3 . 1) . Thus, it follows from 

n = 4 that: 
1 4 

4 -[ ~df-3d ·-3dkl If I 
F (4! (x ;z ) .. II (x~f f = l J I. ¢ ~ ... ,r (h ,h )x 

lx .. l a a. i < k=t Jk If - I t 2' 
' Q, q, q, T 

fjk - - Pjm 4 zj~jltzk) z .x. " + lzJ z j 1£. jm z m ) 
X n ( ll ( J-J•J - X 

J 'It= 1 2 J, m,. 1 x2 X~ 
ih 

X jlt 
mf,j, j+l j, J+ 1 JID 
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k 
4 zJ~Jk~kflZf qJf 

-k 
4 z i ( x Jk ! kf z r q if 

" n < > 
j.k.f= 1 (1.2 x2 ~,2 )lh 

n < > 
j. k, f = I (X~ X 2 I. 2 ) 1h 

y ( 3 . 2 ) 

Jk kf jf 

4 Z J!!ikXkf~fmZ m 
x n < --------. 

j,k,f,m= 1 (x2 X2oX~ x.2 )% 
jk kL ~m Jm 

r kf 
jm 

Jk kf l 

h .J. l f. p, q, q, r I (h h ) 
w ere "'h. a I 1 ' 2 are arbitrary function of the 

harmonical rations: 

h 1 = 

2 2 
X 13 X 24 

2 2 
X 12 X 34 

h2 

2 2 
X 14 X 23 

2 2 
X 12 X 34 

The irreducibility condition (2.13) (in the case n 
the form: 

4 

k
} f' + 
rj=l Jk 

4 

4 
~ 

m = 1 

mFj,j+1 

4 
,, k 

p. + ~ q f + 
JID k, f r 1 j 

4 
~ r kf = 2j i, 

m. k, f = 1 )In 1 

k.k f.;, j mh F fFJ 

4 4 

(3. 3) 

4) has 

(3.4) 

~ f + 
k.;,j= 1 kJ 

4 
~ 

m= 1 
Pjm + 

-k 
~ q jf + 

k, f = 1 

~ r kf _ . i 
m,k,f = 1 tn)-

2
J2 , 

m-/j,j+l kF Ui mF k t Ui 

and the y5 -invariance condition requires 

4 4 
~ (j~-j~) "' ~ I( 

k=l k=1 

k (3. 5) 

One may deduce from (3.2) the explicit form of the four-po
int functions for some fields: 

a) Scalar fields j ~ = j ~ = 0 (k "" 1 , ... , 4) 
1 4 

4 -[_I dy -3d . -3d l 
F<4> (x ) z n (x~ ) 6 r:1 1 k c/J(h h) l d l a Jk 1 2 • 

a J < k=1 

( 3. 6) 

where ¢ is an arbitrary function of the harmonical ratios. 
The y 5 -invariance condition (3.5) requires 

6 

~ 

j 

4 

~ l(k 
k = l 

0 . 

b) Tensor fields 2j ~ = 2j ~ = ok (k = 1, ... ,4) 
1 4 

4 -[~de-ad -adkl 
F < 4) < . > - n < 2 > 6 f... J 

l I X , Z - X .k 
Xa a a j < k = 1 l 

x ~ ¢lf.pl(ht,h2) ~ ( g(xJk) 

lf,p} J·< k "'1 x 2 
jk 

fJk 4 
) II 

j, Ill= 1 
m F j, j + 1 

X 

(,\ J ) p j m 
J+1, m 

i~e re we denote 
X !l X ~ 

jlll j k jlll Jk Jk ) -
g(x k)=g (x k) ~, (v =(g - 2 zlollzi zkullzk 

J J ,.. X 
jk 

and 
/1 ll 2 

j X jk X Jf j 1 jl- X jk 
'A kf = < -- - --) ( = - z J o z J a lo ( --) 

x2 X 2 ll 2 ll X 2 
jk jf jf 

(3 .7) 

(3. 8 ) 

One obtains from the irreducibility condition (3.4) the equali
ties 

4 
p :: 0 -~ q j+k > 4 

j,j+2 i k = 1 Jk-Pj,J+3'j+k i+k-4. 

k F J 

The function (3.8) is r 5 -invariant when the condition (3.7) is 
satisfied. 

c) Two scalar and two vector fields, i.e . , n 1 = o 4 = 0, 
0 2 = 0 s = 1. 
In this case it fo llows from (3.8) that 

1 4 - r ~ dr -3d . -3d J 
( 4) 4 2 6 f = 1 J k 

F (x 1' X 2; ( 2' X 3; '3. X 4) = n (1. Jk ) X 
j < k • l 

7 



g(x23) 2 3 2 3 
xl¢ 1 (h 1,h 2) 2 +¢2 (h 1,h 2 )>.13>. 12 +cfJ 3 (ht,h2).\34.\ t2 +(3 . 9) 

X 23 

2 3 2 3 
+ ¢ 4 (hl,h2) ,\13,\24 + r/>r, (hI ,h2) .\34,\ 12}' 

The ¢ 1 , • •• , ¢5 are arbitrary functions of harmonic ratios 
(3 . 3) . The transition to the ordinary vector indices can be 
made by differentiating (3.9) with respect to ~ 2 and ~ 3 , 
i.e., 

a 2 <4> 
F (

4
)(x )., F (xl,x2; ~2.x3;~3•x 4) . 

IJV a aefa~ ~ 
(3 . 10) 

Because of the fact the.t (3.8) and (3.9) depend only on ~ eqs. 
(3.8) and (3 . 9) can be written in tensor indices by the change 
of the variables g(x jk) and ,\jkf by the tensors: 

a 2g(x . ) Jk Jk 
Jk X ll X v 

g IJV (X) = /l V '= g IJV - 2 
a{j ae k X jk 

and 

<>. !e > 11 
a 

a~ll <>. kf > 
j 

X jk 
_./!._ 

X 2 -
jk 

Jf 2 
X 1 X jk 

_ll_ =- a ln (-- ) 
X 2 2 ll x2 

jf j f 

with the subsequent symmetrization and subtraction of the tra
ces with respect to the indices 1111 and lvl , separately. 

d) Two scalar fields and two fields with spin -1/2, for 
example x 1 .,1d 1 ,~,!0l, x 2 ·:1d2 , 0. ~l and x 3 .4 =1d 3.4 , 0 ,0 l . 

One obtains from (3 . 2) 

(~) 4 2 ($jk Z1!.12z ~ Z1!.14X43!32Z2 
F(~) ., . n (x Jk) I¢ 1 2 + ¢ 2 ( 2 2 2 2 ) 114 I • < 3 . 11 l 

J < k=l x12 x14x43x32x12 

If x 1 ., (dl'~, O I and x 2 =ld2 ,~.0I one has: 

(~ ~) 4 S.k. Z 1 X13i32lZ2 z1~.14X4~z2 
F ' = n (x .2 ) J I¢ '1 - ~ + ¢2 S{ I . < 3 . 12 l 

j < k - 1 Jk ( 2 2 2 ) ( 2 2 2 ) 
- x12X1 3 X23 x1~14x24 

8 

The y 5 -invariance condit i on implies that eq. (3.11) exists if 
(3 . 7) is satisfied and for existence of (3 . 12) we must require 

4 

~ Kk = 1 , 
k=1 

e) The Dirac fields , i.e. X1,2=1d 1,2'~'0\eld 1,2'0, ~ } 

(3.13) 

Because of the conditions (3.7) and (3.13) in this case the 
four-point function is a combination of the invariant functi
ons (3 .11 ) and (3.12) only. 

4 2 8Jk 'i12 i12i43i32 
F= . n ( x ik) 1¢ 1 (h 1 ,h2)-2-+¢ 2 (h1 ,h 2 ) 2 2 2 2 ,1,(3.14) 

J< k= 1 x 12 <11~1 4x34x2s> 

if 
4 
~ K • ., o 

j = 1 J 

and 

4 S X13 Xs2 X14x 12 2 Jlr. 
F = II (x ·k) I¢ 1 2 2 2 ~ + ¢ 2 2 2 2 ~ 

j<k= 1 J (Xt3X 23Xt2) (Xt 4X 24 X 12) 

4 
if ~ K j 

j= 1 

~ ll 
1. Here x = x y ll 

APPENDIX A 

(3 . 15) 

_ An arbitrary n-point function depends on x j , z J, and 
z 

1 
• Translational invariance requires that the dependence on 

x i takes place by means of 

X j, k ., X j - X lr. (j, k : 1 ,. , . , n) . (A . 1) 

However , only (n -1) of the variables (A. 1) are independent . In 
general, we shall use the dependent variables. The question on 
independence will be discussed in the final result. 

From the spinors z J and z j one can constrnct the following 
tensors: 

9 



Zj<Zk, r. 1 cr.k, z i~/lzk, 

z1 ljJ. iiv Hit, z1 ca11 ~v'ik, 

- -
r;J ~/1 uv ~.\z t' (A. 2) 

r. J~p.uv~.\urllk' z j cup.~v <7.\~r z k' 

and so on, where c = ta2 = ( -~ ~ ), u = (u0 •£ ),u =<uo. -£;) 
1 0 

u 0 ... ( o 1 ), u 1 {J= 1,2,3) are the Pauli matrices . The tensors 

(A. 2 ) are not independent too. 
From the four-vectors xjk and tensors (A.2) one may form 

the following relativistic invariants. 

x2 
Jk ' (A. 3) 

zacz b--zbcza, Zac zb =-tbcz a, (A. 3a) 

r.ax Jkz b, (A. 3b) 

za~jkXfmUb, Za C Xjk ~fmZb, (A. 3c) 

- -
z ax Jk a fm 1 ta'l r; 1 ' (A . 3d) 

- - - - -
Z X X X X c r. , r. c X X ~ X X Z , 
a- jk fm- pq u b a Jk ....l m pq -rs b (A . 3e} 

where a -= xiL u and x = xiL u" 
- -11 r Usirig the equalities 

x:i-x 2 , 

- uvpr 
xyz - (xy) ~ -(u)!+(yz): +1€' x

11
yvzp!!r 

(A.4) 

one can verify that, if some variables x Jk in (A . 3) are depen
dent, then they may be expressed by means of the quantities 

10 

written above. All terms in (A.3) are products of no more than 
(n- 1) x kf as a consequence of the dependence of the n -point 
function on n -1 linea r independent x Jk • 

The relativistic i nvariant n-point function depends only on 
the invariants (A . 3) . For example, when n = 2, we have: 

( 2) 2 . 
F = F(x 12 .z1c z 2 , z 1cz 2 , z . x 12zk), (J, k = 1,2). 

J_ 

APPENDIX B 

To construct the conformal invariant n -point function, it 
~s necessary to form, by means of relativistic invariants (A . 3), 
conformal invariant variables, i .e., the quantities which sa
tisfy eqs . (2 . 7). It is easy to verify that CI variables have 
the following form: 

h 
mn _ 
kf -

x2 x 2 
fk mn 

x2 x 2 
k m fn 

-z j~ jk z k 

2 
xik 

..\ j = 
zi~J.j+1 z 1 

j+ 1, m 2 
X j, j + 1 

-
z j ~jk X kf c z f 

2 2 2 ) I~ 
( X Jk X kf X jf 

z i 0 Jk~kf Zf 

2 2 ~ 'h 
(xikxkfxjf) 

zk 1 k kik k .... xk kzk 
1 - 1 2 2 3 - o-1 n n 

( 2 2 2 2 ) 'h 1 k k 1 k k .... xk k 1 k k 
1 2 2 3 n- 1 n 1 n 

zk 1 kk .... xk kczk 
1- 1 2 n-1 n n 

2 2 
(x k k .... x k 1 k 

1 2 n- n 
x 2 

ktkn 
)'h 

The variables x Jk in (B . 2. 1 
It follows from the equality 

j j J 
..\ ab + A be = A ac 

(B. 1) 

zi~Jmzm 
-2--
x jm 

(B. 2.1) 

(B.2. 2) 

if n is even, (B . 2.3) 

if n is odd (B . 2.4) 

n ) are linear independent. 
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that only n { n - 2) - >.~0 are independent. There are only 
o ( o - 3) /2 independent harmonica! ratios. 

The general form of an o -point CI function is a pol~?mial 
in the variables {B. 2) with the coefficient functions f: (xJ~). 

These functions satisfy the equations: 

n 
I 

j = 1 

j n j k 2 a lal 2 
x l'di+ I (XI'+X/-I)xjk lf 0 ( x ab) = O, 

j<k=l ax ~k 

n n 2 a lal 2 
I d. + 2 I x Jk I C n (x ab ) = 0, 

j = 1 J j < k = 1 ax 2 
Jk 

Ia I 

(B. 3) 

i.e., r n satisfy the equations 1ft invariance 
elds. It follows from (B. 3) that f a has the 

n 

of scalar fi
form 

8 lal 2 ° 2 Jk lal r n (xab)= n ( x jk) ¢n (h1, .. . ,hn(n-3)/2) 
j< lr. = 1 (B.4) 

where 8Jir. are given by (2.12). Hnre ha are conformal inva
riant independent harmonical ratios (B.1). 
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