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iz 1,23 thers has been introduced a partially ordering
of finite dimensional density matrices, respeuvtively states
over finite type I factors. In this simple case of finite—dimen—
slonal density matrices we have called the density matrix §
"more mixed® or "mors ohsotio® than € , 1f Q turns out to
be a oonvex linear combiration ( e mixture in the sense of Gibbs
and von Neumann) of density matrices €; which are unitarily
equivalent to O o Then and only then the eigemvalues of §
are the tmnsforma of those of o by a bistoohastic transforma-
tion.

Besides applications to matrix inequalities, to the defini~
tion of “generel equilibrium states® as maximal mixed states of
& given oompact convex set of states, to Kossakowski's strictly
irroversible quantum processes 4 and to more general “evolutiun
prooesses® > we mention explicitly three faots:

a) Given Gibbs states

Q(T) - e (-1H) /S ep(-PH).

) =T 4 T>T>0 or 0377,
b) If a density matrix @ oan be written as
-1
$ = 27 wr Aot ot Aba |
with the help of oertain hermitian matrices Bﬂ then for avary
density matrix &  gatisfying

SP "Li . SP Sbi , 1'. MLy ey ™



it follows from @ —<4 & necessarily § = & ,

¢) For every set Q,,.., Qm of positive semidefinite
watrices,; the sum of whioh equals the identity matrix, we have

8 = Z Sp(aye) (Spey) -y -

In these examples -4 means the relation ®more chaotio®
( “more mixed*) with yespect to the group of all unitary trans-
formations ( see definition 3).

Wehrl 6 and Alberti ( unpublished) have generalized results
of 23 to infinite dimensional dsnsity matrices. Albarti 7,8
sucgeeded in considering the ordering relation in queation for
positive linear forms of @ type I von Neumann algebra with
finlte centre in a separable Hilbert spaoce.

In this paper wegeneralize these theorems to the positive
linear forms of oountably dscomposable l’- algebras of type
I and III.

Por some dasio definitions and results we refer io the books
of Wewnark ®, Dicaier ° and Sskai 1 , It ia a plessure to thank
Pol,alberti and G.Lassner for stimulating discussions.

2.

Let us consider a C*— algebra A, We dencte by

put the group of *—automorrhisms of A ,

A the group of unitary automorphisas of 4 ,

A* the space of oontinuous linear forms over A ,
A+ the oone of positive linear forms ovar Ae



nuf
We adopt the following conventions : with ¥ « A the T -

transform of the element Q ¢ A 13 written O-r and the trans~
torm of a linear form feA’ is given by (f.s(a) - f(“ r)
The automorphisme 7° 18 called a unitary one Aff there 1s a
unitary element we A with u.' =z uu.lt-1. In this case we also
denote a.r and ,r by a"' and .fu. tet G be a subgroup
of Aa“1= e In the remaimler of this seotion we express in
slightly different ways the situaticn, that a linear form 1
is the weak 1imit of oonvex linear combinations of the linear
forms c," s, veG with a osrteln sther limear form § . To this
end we needed some definitions.
Definition 1: A subset X of A 18 called a G-set,
1f and only 1if 1) X 1a weakly olosed
2) X 1s a convex set ( with respect
of the real linear struoture of A')
3) X is Guinvariant, i.e. 1f fex

and v¢ G 1t follows .frz,r.

We remark that the intersectiop of an arul trary nwnber of
G-sets 18 again a G-set, Every continuous linear form is contel-
ned in at least one G-set.

Pefivition 2: _ Let X he & G-sete A G-function Y on X

ia o real-valued funotion

f = ¥y, =< Fjer=

defined on X satisfyimg the following comlitionas
1) Y 1s weakly uppsr—continuous, 1,e.,for every-real A



{feX/‘_i’(st/\j

1s a weakly closed set,
2) Y is & oonvex function on X, 1.e.,far O # P €17

\f(pp «-p 9) « p Y f)+a-p hd¢))

) Y 1s G-imvariant:

Yy - YY" , v<«G
If X'> Y denote G-spets, the reatriotion on Y of every

G-funotion on X 1s a G-functlon on Y. Let us now consider a

speolal family OFf G~functions on A,

Lommg 1. For every a¢A the funotion

P raG) - m Re pa) ©
is a G=function on A
For the proof we only have to note that the supremum of a set of
continuous funotionals is upper—ocontinuous and oconvexs The 0~
invariance 18 a trivial consequence of (1) as well., The function
(1) is bounded by Hfl-la-' and convex in the argument 2 ¢A
too. These functions are therefore norm—continuous both on 4

»
and on A

Theorem 1: The following three conditions for two elements
»
9 f € A are mutually equivalent.

(A)If X isaGeset and g¢X , than feX too.
(11)If X 18 a Gwset oontaining f and g then we havs for
every G~function ? on X the inequality

Yogr s Y9
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(111) For every a & A the lnequality

bcf o6 = $(g,2,8)
1s valild. .

Let us first remark that tbe theorem is rather at the
aurface. Indeed, 1t really does not depend on the ot oharacter
of A ( see 5 ) and the more it does not even depend on the mulHd-
DPlioative struoturs ol A, To prove theorem 1 we note, that the
atep (11) -» (311) 1s oovered by lemma 1. Mow, let (1) be valid
ant demote by ¥ & G-fusction on X. Tha set {7 Xi¥([) = ¥(p)
1a a G-set containing g and hence fo This proves (11) from (1).
Let us now assume proposition (43%) ¢o be wvalif, Then yEX
and ;¢ X for a G-get X will give a contradiotion: There exlsts

* satis-

a weakly oontinuous reel linear funotional ¥ on A
tying $th) £4 s \Pff) for all h € X ( Magur), Furiter,
¥ th) = sup ¢ (h¥) 1sa G-function on & maYged
thus oontradicting the inequality (31). Now B(hi= P(h)~iviih)
is o oomplex linear form on A with Re Y, = ¥ . Because
¥, 1s weakly oontinuous there 1s an element a & A with
¢,th) s ha) and therefore ¥ 15 of the form (1).

Definition 3: Lot gof be two continucus linear forms over
A« ¥g 8oy that £ 1s %nore G-ohaotiq® ( "rore fumixed") than g
ad wrise

F] < f rel. G



1f end omly if they satisfy the three eguivalent oconditions of
theom 1.

This is a transitive relation, 74 f » ; < h implies ’<h.
bt 4 74{ as wll as f47 s we write 7~ f rol G, The relatlon
* ~ rel, G® provides ua with equivalence olasses { ,}a
snd the relation ® < rel.G" provides us with a seml-ordering
of these equivalence classes.

The set

{{'74,:-&6} @

15 the smallest G-set containing g, 1t 1a the G-set "generated
by g% Because the morm is not ch a4 by * . aut phisms and

the norm 15 at most decreasing by performing comvex linear
conbingtion and weak 2imits, the noxm of every elament of (2)
18 1:68 than the norm of g. If, therefore, A oontains an
identity, the Gwset generated hy g is weakly oompaot. In this
casey by standard techniques, we see that svary G—aet X oontalns
g oinimel G-set ¥y i.c¢y2 G=sat with no proper G-subset.
A 1lizesr funotional £ 1s sald to be'maximally G-ochaoticy if
there 15 a minimal Geset Y with ’c Y . otvioumy, in tnts
case, Y is the G-set generated by £, If s funotional f
15 & O-tuyarimt one, then £ is maximally G.ohmotios ( The
oonverse statement 1 wrong, in genmeral),

Theorem 2: Let ¥ be a G=funstion on the weakly compaoct
G=tet X« Denote by S the set of all pairs (&,4 ), a Y] s A
real nuaber such,that

‘P(f) s ®(f0,6) +a alt fsx- &



Then
9’()[; = wp [é({, 0,G)+2a] . 12

The proof is Lssed on a theorem of Mokobodski ( ses 12 ), acoor~
ding to which W is the supremum of the set of those affine
fungtionals ¥ oz X with Y > ¥ on X whiok can be extended to
aeffine sontinuous funotionals on whole & ., There exists a &4

and a resl A with Re /m'a * P a) on X (see the proof of

theorenm 1)s Now ‘l’c)b >2a+Re l'(a) all ve 6 and JeX

and we only have to take the supremuwn with respect of the ele=
ments of G, Next we remavk that from 7-7‘ N ’4{ it fallows

’_. ," « Further, 1f 5 15 a G-set of hermitian functiopals, we

may restriot ourselves to the hermitlan elements o « 4

in the proofs of theorems 1 and 2:

Corollary: Let @= @ ® o Then theorem 1 reuains true if wa
restriot ourselves in (111) to all hermitian a &« 4 . If ths
G-set X oonsists of hermitian functions onlys, then theorem 2

Temains true if we take instead of § its subset (@, A ) with
hermitian a&d .

2

Yot us now consider a W*- algetra M and ita group G = M*
of unitary sutomorphism ( - following usuzl oustoms, we write
M¥ for Adn the casedf W*- algebrad. 4s usual w write Py
resps P<7 for two projectors of M ifr there ia an element
veM with f-vv'md geviv remp. ¢ = v *v  oThus
the relations '~, <" are defined &s usual for prajectors
"I M  while we use these symbols for elaments /, ’ «M* as

4.djicated by our definition 3,



We now agsume rz “ py ani P, NP‘ for two projectors of
M. If VV'F“ and vV 2P we define P”‘:(v )y (ngq)
Repeating the arguments of proposition 2.2.4 of u we see that

the form a deoreasing sequence of projeotions and
Ps

F,‘V‘*Z ?i with ?i'f’l."PiAl
and the weak limit »r of the Pi * Hence we have

Z feg) < o0
for every positive linear functional f F - Z 7‘
gives us PJ ~ P‘ « Howewer, ?J,-.. (P‘ - PI) andr;&%.r' .
Therefore there exist unitary elements U; ocosmuting with [P
and r and transforming P‘ iato Pi and ?’ into CN .
Taking into pooount that every ocontinuous linsar funotional
is a linear oomdbination of positive ones, we obtaln:
Lemmg 2: IT ?‘F and ¥~P for two projeotions of &
M*— algebra, we ocan find unitary elements u; of M whioh
oommute with P and satisfy

Z Iffp) - {(?"‘)l < oo, all /4[‘1', )

We denoie by Z the oentre of M« If Z eue, Z, 13 a set of
mutually orthogoual central projections with sum Z , we have

q;(f,az,M)=Z¢({; azj,N"‘) )



which 13 tote seen from the fact, that
U-szuj + (e-2)

witkh unitary «; 1s unifary again.

Purther, 12 a=d"eM has a speotrum, consisting of a finite
number of points only, we may choose the above-mentioned central
projeotors Z; in such a way that the following assertion is
true for every 2;a  for the glven element o € M : If A 40
1s an elgenvalue of the element 2;a and 4 the assoclated
projector, the central support of P equals Z; . Using
equation (6), reminding that every hermitian element is the
norm limit of elements with finite disorete spectrum and beoause
the funotions § are norm-continuous, we come to the conclu-
slon:

Lemmg J: We have ’<f rels M“ for two hermitian

continaous funotiomals of M 1f and only 1f

qu{, o M¥) 2 $(g,a,M)

for all hermitlan elements R € M asatisfylng the condisiane

(iV: @ hes finite discrete spectrum,i.e,a speotral deoomposition

B R Pt et AP, A w0 (€]

(11): the projeotiona Pesee*r Pm of (7) have the same central
carrier ¢ =cC (Pj) ‘
‘fe now rewrite (7) in the following menner: Define fhe projeotors

and numbers



§£ TPt Pt - P (8)

My = A=A, 5 Ansa =0
It 1s

a-)‘?"p... .;/;,,,?_‘, &
Thegram 3: Let M be acountably decomposabls w*. algebra of type

II1 and H*its cone of positive linsar forms.

svery J& M* 1s maxtnaily W'~ ohaotio and 9=/

rel M%is equivalent to 7(:) s f(z) for all 26 Z

Z being the cemtre of M.
The first agsertlorn of this theorem is a aomsequencs of the
secord, 80 we prove that. Let @A¢M be an alement satisfying
the propositions (1) and (i1) of Lemma 3. Sinoe W is of typo III
and ocountably deoomposable, every projeotion PJ of (7) 1s
equivalent to 1ts central oarrier o, The aame 1s true for the
projestors ?: s definad by (8). From A, za,T. it tollows
/“j > 0 and therefors

@(f, a MY = Z/u.l l(?lu).

If we ohoose a seguence of unitary elements uj fulfilling
the conditlions of lemmg 2 for the pair of projectors ?, and
then for every j the ssquenoe X( ?l' u; ) » - 152y aes

oanverges o /(:) + Now ,]' 'y 4/,‘ ot f, y thus

@ oM = a, ®tf ¢, MY feo.

However, the right~band side of this inequality omnnot be
snuller than the left hand side trivially, Hence egquality holda
and the theorem is proved. By the arguments of lemma 3 we easily

12



see that, because of this result, for every a = a’g¢ M
there 18 a unique central element x wZ(a) with /l:) M @ (a),

Together with theorem 2 we thus conolude

Theorem 4: Let M be oountably dacomposible of type III,
For every a =a"e M there 152 z « 2 (o) in the
cemtre Z of M with

@) o, MYyt

1r X 1sa M“ get of M* ama Xy tme restrictions on Z

(10

of 1ts elements, then every upper-continuous and oomvex function
F o Xy oan bs uniquely extended to a M*". function on X by the

presoription
Yify = F ii) .

Hare { denotes the restriotlon on Z of the linear fom

(11)

! e X s M" + Wo now turn to a countably deocomposible type
1'(1 €N Go) Wioigebra M. If R, 18 a faotor of type I.
apd if Z i3 the oentre of M , one kmows Il that M 1s
. ipomorph to F @ [, whioh may be identified witk M 1n
an obvioua way. The elements of the form

ax) 2, @ a;, fimite sun (12)

with mutually orthogonal central projeotions z; and elemanta
ay < I,. having spactra oonsisting of finitely many pointe only,
provide us with & nore-dense subsst of the met of hermifian
eloments of M . Renoe ’-4’ rel, M for two elements of



M* 1ff condition (111) of theorem 1 1s true for all elements
of the form (12). With unitary u e I, the olement

ue Z 3 ® u +(!-Zl,')@4,,
is unitary in M and gives, appliad to (12),
ot . X z ® a; ',

On the other hand, every unitsry automorphism of ¥ may be
represented 1n this way for a given slement of the foxm {2).
Therefore, with the motation above and { € MY, wo bave

$if oM o Z Bt L) )

fited s Jry; @), &€l
There are finitely many projecticns ?j, with ?Ji = ?ﬁ"
and  a; = X g gjs 85 indioated by (7)s (B ) and (9). We may
assume ( eventually after adding a multiple of the identity)
that a2 0 and A, = A4, 2 .. e 0, Sinoce /u’.,.-o we ave allowed
£o apply a result of Alberti 7 showing that

¢ ‘fh qJ" In“) - Z/"il ¢ ‘,J'ql'" 1"“) 1] (14)

Sifiqu, L)« Btf 2 @9, M%) . @
In the sase g ev ¢ 1n [ one oan show 11 ¢ see also lemma
2) that (1) equats  PUf), ¢, L) « {12) . Ustng the fact 11,
that every type I WL algebra is the direot sum of W-slgebras of



type I , we can swumarize the arguments above as follows:

Theorem 5: Let M  be a countably decomposible W~ algebra of
type I . The linear funotional f 15 more M“ ~shaotic
than the positive lipnear fom 9 if{ and only 1f
1) l(l) -’(Z) for nll oeutral elemenmts of
(2) ¢(,. P M“) <& @ {’»F- MY) for all projection
operatore pe ™M , which may be represented as a
finite sum of mutually orthogonal abelian projectors.

We see further by {13) to (15), that far every @ =0 of

the form 2 ), P ( l, a,M“) 15 a positive linear combination
of functions of the form Q(I,F, MY) ; p  beinp a Prejector.
Iz p is an infinite sum of mutually orthogonal abellan
projectors bhaving ths same central support 2z, then

é({,P,M") -fl!).cmn'bining thie with theorem 2 we get

Theorem 6: Let M  be a countably desccmposible type I
W algebra . Every M“-function on a compact M“- subset
of M*' is the supremum of funotions of the form

§ =~ Z g U pM o e,

where x 1s a oentral element, > 0 end every p; is a
finite sum of mutually orthogonal abelian projectors. We may
rewrite theorem 5 in a manner which is for M l.. due to Alber~
ti, Let us dencte by K the norm-closed ideal of M gonerated
by its abelian projectors. 1f [, amd /Z denote the restrio—
tiona of , onto K and Z , one sees from thecrem 5 that
’.‘, rel MY 1f and only if



-
z
¢ ae
.ll‘
fo = 9k rel K™
It 1s to be seen that the second conditlon zefers to the normal
parts and thus the first condition 1a essentlally a condition
for the singular mrts of the funotlonals.
In the special case M =I_ we can axpress, following Alberti amd
Wehrl, the second condition of (16) 4n & simpls way: There are
operators §, 3 of the trace olaos with
3c(w) » Sp(a®) [yto)=Splat),
Then the mentioned equivalent conditlon is
> 2 & O
A & med, 23 ..
llzl ‘ Y] A4 ’ v o ’
where A, 2A,2.. resp, i, & M, & see denote the eigenvalues
of § resp. § . Namely, by 2 theorem of Ky Fan

P .l"é b A, wSUp {(P“), dimp =m

1t is an open queatlon, to obtain similar thacrems for algebras
of type II, It seems naturally to suggest that the following
‘conjecturss are true for general v algesbras: Conjeature 1: For
positive £ the funotion ¢(/'P‘H-) depends only on the equi-
valenoe glass of the projeotor p. Conjeoturs 2: g ia mors K-
ochaotio than f for two positive linear forms of M Af and only if
for all projeotions p '

¢(,l’l"“) 2 ¢‘7lr'~u)‘



Referenoes:

1. p.Uhlmann, W1ss.2.KMU, Lelpzig, MNR 20, 633, 1971.

2. A, Uhlmgnn, Wiss.3.KMU, Leipzig, MNR 21, 421, 1972.

3. A«Uhlmann, Wiss.Z.KMU Leipzigy MBR 22, 139, 1973,

4 A.Kosankowsicl, Rep.Math,Phys. 3, 247 (1972).

5. G.lassner, G.A.Lassner, preprint E2-7537, Dubna, 1973.

6,

7 P.MeAlberti, preprint EMU-HEP~7305 , Leipzig, 1973,

8, Albverti P.M. Thesis, Leipzig 1973,

9 M,A.Neumark, Normlerte Algebren, VEB Verlag Wissensch.,
Berlin 1939,

10.J+ Dixmier, Les c*- Algebres et leurs representations,

AwWehrl, preorint , Wien, 197-.

Gauthiers =Villars, Paris, 1964
11.5,Sakal, c*- algebras and '*- algebras, Springer-Verlag,
NI~Heidelberg.~B,rlin, 1970,

12,P,A.Meyer, Probability and Potentials, Hlalsdell Publishing
Company, Massachussetts, Toronto , London 1966,
Russian translation "Mir®, Moscow, 1973.

Received by Publishing Department
on May 27, 1974.

7



