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In * * there has Ъееп introduced a partially ordering 
of finite dimensional density matrioes /respeotlTely states 
over finite type I factors. In this simple case of finite-dimen
sional density matrioes we hare called the density matrix J 
•йоге mixed" or "more ohaotio" than * t i f ^ turns out to 
he a oonrex linear combination ( e mixture In the sense of Gibbs 
and топ Neumann) of density matrloes C= which are unltarily 
equivalent to <J* * Then and only then the eigenralues of $ 
are the tiansfoias of those of e* by a bistoohastic transforma
tion. 

Besides applications to matrix inequalities} to the defini
tion of "general equilibria» states" as maximal nixed etates of 
a giren ooapaot ооптех set of etates, to Kossakowski'B strictly 
irreversible quantum processes and to more general "evolution 

5 processes» ire mention explicitly three facts: 
a) GiTen Gibbs states 

, ( T ) - exP (- fl H; / Sp « P(-/3H), 
we дате 

b) If a density matrix $ oan he written as 

with the halp of oertaln hemltljm matrloes Ц tben for атагт 
density aatrtx * utlstylng 
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i t fo l lows from 5 —A «" neces sar i ly 8 » •* . 

o) For every set <хЛ1 ... , d-.» of posit Ire semidefinltc 

matrices , the sum of whtoh equals the I d e n t i t y matrix, we have 

s - ; L SpC«j?MSr«,-)~ 
i n these examples — s means the r e l a t i o n «more ohaotio" 

( "more mixed") with respect to the group of a l l unitary t r a n s 

formations ( see d e f i n i t i o n 3 ) . 

Wehrl and Albert l ( unpublished) hare generalized r e s u l t s 

of , 3 to i n f i n i t e dimensional dens i ty matr ices . A loer t l ' 

succeeded i n considering tbe ordering r e l a t i o n In question for 

p o s i t i v e l i n e a r forms of a type I von Neumann algebra wi th 

f i n i t e oentre i n a separable Hilbert spaoe» 

In t h i s paper we genera l i se these theor en a to the p o s i t i v e 

l i n e a r forms of countably decomposable W - algebras of type 

I and I I I . 

F 0 r some basic d e f i n i t i o n s and r e s u l t s we r e f e r to the books 

of Neumark 9 , Dlxnler l o and Sakal U . I t l a t p leasui 

P.M.Alberti and G.Lassner for s t imulat ing d l souse ions . 

Let us consider а С - algebra A, We denote by 

the group of *—automorphisms of A , 

A the group of unitary automorphisms of A , 

Л the spaoe of continuous l i n e a r forms over A , 

the cone of p o s i t i v e l i n e a r forma over A* 
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aut 
We adopt the following conventions ; with t * A the t -
transform of the element a « A is written о. ana the trans
form of a linear form f*A * a given by ff )(a) - fc<t*j • 
The autoraorphian V is called a unitary one iff there is a 

А т - t 
unitary element u t н with a = ua*A- , In this сазе we also 
denote a. and / by a and { • Let O. D e a subgroup 
of A a u t • In the remainder of th is seotion we express in 
slightly different ways the situation, that a l inear form f 
ie the weak limit of convex l inear combinations of the l inear 
forms я , t « G with a certain other l inear form £ , To th i s 
end we needed some definitions. 
Definition 1: A subset X of A i s called a G-set, 

if and only if 1) X Is weakly olosed 
2) X Is а ооптex set С with respect 
of the real l inear structure of A ) 
3) X ia Q-J.nvfirlfmt. i - e S f i f j M 
and Г€ <д i t follows / e J ' , 

We гешагк that the intersection of an arbitrary number of 
G-seta i s again a 0-aet. Krery oontinuouc l inear fozm Is contai
ned in at least one G-set* 
Definition g: Let X be a G-eet. A G-functlon J on X 

i s a real-ralued funotlon 

f - f(f), -~< *<*)**-
defined on X satisfying ths following oondltlons: 

1) jf 1° ««My uppsr-oontinuous, l .« . , fo r «rsrjr-xeal X 
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{ f«X / YW A J 
Is a weakly closed set . 

г) *jf i s a oonvex function on. X, i . e . , f a r о * P * "* 

3) j Is G-lnvariant: 

f<f> - ГсГ) , *<« 
If дЭ j denote G-seta, the res t r ic t ion on Y o f e v e r r 

G-funotion on X Is a G-funotion on У. Let us now consider a 

special family of G-funotions on A* 

lemma 1» For every a * A the funotlon 

Ф ( f . « . G ) • "P St f(ar) C l ) 

i s a G-function on Д , 
For the proof we only have to note that the supremum of a set of 
continuous funotionals Is upper-oontinuous and convex» The 0-
invariance Is a t r iv ia l consequence of ( l ) as well* The function 
( l ) i s bounded by j | f #-tfa.il and convex in the argument a ' A 
too. These functions are therefore norm-continuous both on A 
and on A . 
ДЬедгеш 1:, The following three conditions for two elements 

<J> ' * A are mutually equivalent, 

( i ) If X i s a G-net and f« X i then f*X t o ° * 
( l l ) I f X i s a Q-eet containing f and g then we bare for 

every G-funotlon jf on X the Inequality 

с 
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( H i ) For every a « A the Inequality 

is val id . 
Let us f i r s t remark that the theorem is rather at the 

aurfaoe. Indeed* i t really does not depend on the С - character 
of A ( see ) and the more I t does not even depend on the multi
plicative etruoture of A. To prove theorem 1 we note, that the 
step ( l i ) -* ( i l l ) l a covered by lemma 1. Now> l e t ( t ) Ъе valid 
and denote by ^ a G^functlon on X. The set / ^«Xi ! f ( / ) =f(Q)J 
la a 0-3et oontalning g and hence f. This proves (11) from (1) . 
Let ua now assume proposition ( H i ) to Ъе va l lc 0 Then Я «X 
and f4X for a G-set X will give a contradiction: There exists 
a weakly continuous real l inear functional V on A s a t i s 
fying *P(^> * •/ * f(f) f 0 * a l l A € X ( Masur). Furhter, 
f (JiJ « Suj» ¥ ( h v) i e a G-*unotion on A* withf<3)*1*W ) 

thus contradicting the inequality ( i l ) . Wow f4(fa* f{ti)~i¥(i&) 
i s a oomplex l inear form on A with J?t У « f • Because 
*f4 Is weakly continuous there is an element а с A with 

ЩЬ) *k(a) and therefore 4? i s of the fan» ( l ) . 

peflnition 3: Let g,f he two continuous linear forma over 
A. We aey that f i s Чпоге С-оЬ^о^о* < 'biore Q-jalxed") than g 
end write 

ft rtt. G 



i f and only if they satisfy the three equivalent conditions of 
theorm 1. 

This i s a transit ive relation» J < f » f -< ft Implies 0*ft. 
If y -< / аз w 1 1 a 3 f ^ ? » *• **lt« 9 ~ / *el G. She relation 
« •** r e l . 6" pro-rides ua with equivalence classes {f}6 

and the relation * "* rel«G" provides us with a semi-ordering 
of these equivalence classes, 
The set 

i s the smallest G-set containing g» i t i s the G-set "generated 
by g*« Because the norm i s not changed by - automorphisms and 
the norm i s a t most decreasing by performing convex l inear 
combination and weak limit a» the norm of every element of (2) 
i s less than the norm of g. If, therefore» A contains an 
Identity) the G-set generated by g la weakly compact* In th i s 
case» by standard techniques, we see that every O-aefc X oontaine 
a minimal 0-oet X» l . e M a G-set with no proper G-subset. 
A linear functional f Is said to be'maximally G-chaotlo t i f 
there i s a minimal G-set TC with 1*1* Obviously» in t i l e 
case» t i s the &-set generated by f# If a functional t 
i s a 0-tw«riant one» then f i s maximally G.ohaotlo. ( ФЬе 
converse statement i s wrong» in general). 

Theorem 2! bet ty be a G-funotion on the weakly oompaot 
G-etfc X. Вeiiotв by S the set of a l l pairs ( a , Л ) , а *A > A 
real number such»that 

*</> * Фс/,а,в> +л „и ^ e X - < 3 ) 

• 



4>if> = л» [4>if, *,&+*] • U) 

Sing to whloh IP la the supremum of the set of those affiae 
funetioaals f он X with X > f on X whloh oan be extended to 
effine oontinuous funotionala on whole A . There exists a *4 
an* a r e a l Л with # e Ач> • * * f t a j on X ( s e e the proof of 

theorem 1 ) . How f(.h > X * Rt t <a) al l V* fi and / t X 
and we only have to take the supremun with respect of the e le 
ments of G. Hext we remark that free J « 9 * t 9 ** / *•* follows 
/ » / * . rurther, i f S le a 0-set of hermitian funotionals, we 
may restriot ourselTee to the herraltian elements a * A 
in the proofs of theorem» 1 and 2: 

Corollary. Let 1 s t ' • Then theorem 1 reaains true i f we 
restriot ourselTes In (111) to al l hermitian a « A . I f the 
Q-set X oosslsts of heraltlan funations only, then theorem г 
remains true If we take Instead of S i t s subset ( ft, л ) with 

hermitian a a A . 

3. 
Let us now ooasloer a W*- algebra II and I ts group б » Mu 

of unitary automorphism ( - following usual oustoms, we write 
M* for A.ln the oaseof w*- algebra», as usual w» writ* f> ~ S 

reap. »<S в for two projectors of M i f f there la an elenent 
vt M with a . v v * a n d a . v* v resp. e в V *v .Ihus 
the relations * ы, •*" are defined as usual for jrojeotors 
of M while we use these symbols for elements f, ч « H* as 
Jjaioated by our definition 3. 
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We now assume в> A pt antt P^^Pi * о г t * 0 projectors of 

M. I f v\m»x and HV*i ^ we def ine ft,.4»(**fr* ( » * * ! 
11 

Repeating the arguments of proposition 2.2.4 of we see that 

the pi form a decreasing seguenoe of projections and 

and the weak limit r of the p.- . Hence we hare Z / f ? j 
for every p o s i t i v e l i n e a r funotional / . oV • £ o ( 

g ives us р } ry p A • However» flj ~ ( p« - p a ) *"* J*J* ft « h * 
Therefore there e x i s t unitary elements UA oonmuting with J°i 

and г and transforming p , into pi and o* i n t o Q; • 

Taking Into account that every continuous l i n e a r funotional 

i s a l i n e a r combination of p o s i t i v e ones, we obtain: 

Ьеиипа 2: If Q *• f> «ad Q ^ P f o r * w o project ions of а 

M - algebra) we can find unitary e lenents U f of M whloh 

oommute with p and s a t i s f y 

We denote by Z the centre of M. I f * , , • « • » z щ la a s e t of 

mutually orthogonal central project ions with sum £ , we have 

ф ( / , a z , M ; = Ц Ф Г / , a a , . , M u > (6) 



which I s toba seen from the fact , that 

« * £L z-u + ( • - * ) 

with unitary tij Is unitary again* 
Further, If а-сГеМ has a speotrum, consisting of a finite 

number of points only* we may choose the above-mentioned central 
projectors Z[ in such a way that the following assertion Is 
true for every x^a for the given element а с М : If X + ° 
i s an eigenvalue of the element 7 ;a and p the associated 
projector, the central support of *> equals *;. . Using 
equation (6), reminding that every hermitian element is the 
norm limit of elements with f ini te disorete spectrum and because 
the functions ф are norm-continuous, we come to the conclu
sion: 

I,aBwa 3: We have q - < / r e l . Mu for two hermitlan 
continaous functionals of M If and only If 

for a l l hermltian elements a с М satisfying the cou-UtVms 
( i l : Q hes f inite discrete spectrum,i.eja spectral decomposition 

а * А, рщ 4 ... + J » w ^ , Aj +0 CO 

(il)-the projections a4, •«•, *> m of (7) have the same central 
carrier с » с t Bj) , 

19 now rewrite (7) in the following manners Define the projectors 
and numbers 
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Ь ' Г< * />. * - * Г* ( 8 ) 

It Is 
(9) 

Theorem 3: Let H be acountably deoorapoaable W*- algebra of type 
III and M*lts oone of positive linear form». 
Every / * M* i s maximally H1*- ohaotlo and Q •*» / 
rel St" Is eunivalent to of*) * Л * ) f or a l l *« Z, 
Z being the centre of If. 

5he firat assertion, of this theore» i s a aonsequenoe of the 
second, во we рготе that* Let ft*K b» an eleeent satisfying 
the propositions ( l ) and (11) of Lenma 3. Sinoe И la of typo III 
and oountably deoonpoaabla, arery projeotion p, of (7) Is 
equivalent to Ita oentral oaxrier o. The game la true for the 
projectors e . , defined by (8). Fro» Af S Л t ... i t telle»» 
jff £ О and therefore 

If we choose a sequence of unitary elements и,- fulfi l l ing 
the conditions of leoaa 2 for the pair of projectors ai and 
then for every j the sequence / f о. u j ) , 1 » 1,2, . . . 
converges to ^(c.> . How J^ . ^ * ^ , _ * M„ » t b M 

Ф(/ ,« ,М и ; S Л, <$>({, c^M"). /CO. 

However» the ri£ht~band side of this Inequality oannot be 
analler than the lef t hand side tr ivial ly . Benoe equality holda 
and the theorem la proved, 8y the arguments of lemsa У we easily 
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see that , "because of this resul t , for every a • a # « M 
there i s a unique oentral element z - x f o ) with Itx.} • ф (a), 
fogether with theorem 2 we thus conclude 

ffheorero gk Let M he oountahly daooraposlole of type I I I , 
JOT every a * a*e M there Is a z ш z (a) in the 
cefitre Z of M with 

(10) 
Ф</. *, Mu) . / с * 

If X i s * M w - set of M + &Ы X- the res t r ic t ions on Z 
of i t s elements, then, ever/ upper-oontinuous and convex function 
F o ti X. oan ' 
prescription 
F o ti X. oan he uniquely extended to a M u - function on X hy the 

Vifi - Ftji . C l l ) 

Here I denotes the restriction on Z of the linear foaa 
/ « X S M * . He now turn to a oountably deoomposible type 
I 1,1 * n *,*.) «^algebra M . If R„ Is a faotor of type I„ 
and If Z la the oentre of M ( one Jmows that M Is 
• «isomorph to 2 & lM i whioh may he Identified with M In 
an obflous way» She elements of the for* 

a » £_ *. ® a. finite sum (12) 

with mutually orthogonal central projections * j and eleaents 
e , « I„ baring speotra' oonslstlng of f ini tely ввпу points only, 
proTia» us with a norm-dense subset of the set of h«r»i$lan 
elements of M . Berioe о -Ч I rel. M * for two element» of 
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M iff condition (111) of theorem 1 ie true for all elements 
of the form (12). *ith unitary ц. • I the element 

i ™ 

И • Z «, Ф Uj + l* - Z *j) © 4„ 

Is unitary In M and glTes, applied to (12), 

fi" » Z *j • « j U / * . 

On the other hand, «my unitary automorphism of U may be 

represented In this way for a giren element of the form (12). 

Therefore» with the aotatlon abore and l « М . we bare 

Ibere are finitely many projections QjS with QJt «6 Vii+f 
and ay . Zyi^if^. as indicated by (7)1 (B ) and (9). We nay 
assume ( erentually after adding a multiple of the identity) 
that a 2 0 and A. & A,t z ... fc 0 , Since м... шО we axe allowed 
to apply a result of Albert 1 ' showing that 

(15) 

In the oass Oj; iw ( in J^ on* oan show l ( see also l a w 
2) that (15) equals ф ( ^ e, I*) . / | « ) . Using the faot U , 
that ererjr trpe I W- algebra Is the aireot sua of iftalgrtra» of 
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type I t we can summarize the arguments above as follows*. 
Theorem _g: Let M he a oountahly decomposible W*- algebra of 

type I . The linear funotional f i s more M* -chaotic 
than the positive l inear farm о i f and. only If 
(1) / ( » )»J f* ) for a l l oentral elements of 
(2) ф(1, t>fMu) £ ф (oai Ma) foi* a l l projection 
operators a « M > which may he represented, аз а 
f inite sum of mutually orthogonal abellan projectors. 

We see further by (13) to (15), that for every ft * 0 of 
the form Q2 )» ф ( f, a , M u ) i s a positive linear combination 
of functlonaof the form $(/iP» M M ) J P Ьегпя а projector. 
If p Is an infinite sum of mutually orthogonal abelian 
projectors having the same central support z, then 

№).Corablning chip with theorem 2 we get 

yheqrem 6; l e t M be a countahly deocmposlhle type I 
wt algebra . Every M u-function on a oompact M1*-subset 
of M* la the supremum of functions of the form 

/ ~ ^ л *</•».""' • / ' " • 
where z is a oentral element, /* > 0 and every pj Is a 
f in i te sum of mutually orthogonal abellan projectors. We may 
rewrite theorem 5 In a manner which le for M • J— due to Alber-
t i . Let us deaote by К the nora-closed ideal of M generated 
by I t s abellan projectors. If ^ K and ^_ denote the r e s t r i c 
tions of / onto К and Z t one sees from theorem 5 that 
о -< / re l MM If and only if 
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t*'" t сю 
/к >- IK rtl.K"* . 

It Is to Ъе seen that the seoond condition refers to the normal 
parte and thus the f irst condition la essentially a condition 
far the singular parts of the funotlonals. 
In the special case M a I M we can express, following Albertl and 
Wehrl, the second condition of (16) in a simple way: There are 
operators tf J of the traoe olaas with 

Then the mentioned equivalent condition Is 
m m 

Z. Л- sa ZL Mi m • it 1, 3. ... 

where A , * ^ * . . . resp. ><*f */**4 * •«• denote the eigenvalues 
of J reap. Г . Namely» by a theorem of ly Fan 

Д, * Ла • ... • ** • * u ? /<Р*Ч dimf>-m . 

It is an open question, to obtain similar theorems for algebras 
of type II» It seems naturally to suggest that the following 
conjectures are true for general V*- algebras: Conjecture 1: For 
positive f the function Ф({,&,№") depends onlj оц the equi
valence class of the projector p« Gonjeoture 2: g is more IIй-
ahaotlo than f for two ров it Ire linear forms of II if and only If 
for all projections p 
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