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1. INTRODUCTION 

A. Physioal motivation 

The problem of the dlreot product decomposition of two spin О 
unitary representations of the supplementary series of S0(2h+l,l) 
( / { -posi t ive integer) arose in the study of a oonformal oovariant 
model of a self Interacting (quantized) soalar f i e l d ( see [M l ] ) . 
Им model originates from the Green funotion formulation of a 
(renormalizahle) Ф theory in six-dimensions given Ъу Symansilk 
[S l]some 13 years ago; the discussion of oonformal oovarionoui vra» 
fac i l i tated Ъу a modifioatlon of the equation for the propagator 
involving the stress energy tensor [it Э]. I t i s the desire to 
incorporate this 6-dimensional model along with the physioal 4 -
dimensional oase that led us to work from the outset With the 
general case of 2h-epace-time dimensions. This generality has also 
the advantage that we are able to cheok our formulas for k- £ 
with tile known oase of SO(3»l) ( see (k l ] ) « We are concerned 
throughout with the Euclidean formulation of the theory ( see, e .g . , 
[s 2J) in which the Lorentz group i s replaoed by 30(2h) and 
the oovarianoe under infinitesimal oonformal transformations 

of SO(2h,2)/j i s extended to glohal 0 + ( 2 h + l | l ) oovarianou 
( the arrow t indicates that we do not oonsider transformations 
whloh change the sign of the 2h + 2Mails ) . 

It i s shown in[,M lj that the oonformal expansion of the Euclidean 
Green functions allows one to diagonalize and solve the inf inite set 
of integral equations for these functions. As a result one obtains 
oonformal oovariant operator product expansions whloh have been 
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suggested In a number of papers ( see |Fl] , [мэ] and references 

therein). It i s also related to the problem of duality considered 

in [PI] . 
For background and further referonoes on the oonformal group 

and I t s applications to quantum field theory the reader may 
consult the recent reviews lM2]JTl] and [Hi] . Some preliminary 
results of this paper are quoted in Appendix A of [тг], 

В. A two-parameter family of infinite dimensional representations 

of the Euolidaan oonf ormal, flroup 

In order to f i x notation and terminology we start with a 
brief description of a two-parameter family of (irreducible) 
representations % = C £ C J of Qf(Xk*l,i) ( £^ 0 ,1 ,2 , . . . ', С i s 
an arbitrary complex number). ( A oomplete c lass i f icat ion of the 
unitary irreducible representations of SO ( « , 1 ) i s given in 
[H l] [0 2J . In the oase of nzlkti these representations are 
labelled by one continuous and к dioorete parameters.) 

We shall lntroduoe a space Cj of Inf in i te ly d i f f e r e n t i a t e 
С symmetrio, traoeless)tensor-valued functions 

...ftt(xXt...txxk) fy*/t...tW 
on IK , whose behaviour at infinity is dlotated by oonf ormal 
oovariance. In order to reveal the raeaning o£ the latter statement 
we shall first display the aotion of the representation X on C%. 

The Euolldean oonfonnal group 0K2h+l,l) aota transitively 
on the oompaotifloatlon Sl vt % . Here 5 is the unit 
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sphere In 2h+l dimensions related to IK through the stereographlo 

projection 

If- it-%- I 
(1.1) 

I tX 

Its aotlon i s generated hy the following transformations In r\ : 

a) translations and Euolldean rotations: х'~СЧ-Лх 

o) dilatations x ': fx , q ?0 \ 
o) oonformal inversion 

R*---%i (1 .2 ) 

The speoial oonforaial transformations are given Ъу 

where 7g i s a translation: 7̂  л i oc t-6. 
We shall define the representation % = LI,СJ of the gene

rating transformations а ) , Ъ), о) of <Й[2п+1,1) in Cz in the 
following way ( of. [Tl] ) : 

[U(aj)fl(zj= /fel(A%-a)) <i.O 

[Щ)(1Ы1 - fAy(f) ex.,) 
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faw/lw-J*£AW. 
where 

*Wf» =-&* + *%£ , T*:i 

and 

fe#VwL „ = V-W*..*^ 

(i .6) 

(1.7) 

(1.8) 

( 5 = /1,г ) . [(The exponent A+t in (1.9) la often denoted 
by c£ and oalled ( aaale) dimension of 4 .J 

How we are in a position to determine the btihaviour at 
infinity of the tensor funotiona /foe) g C."-j. . coaformal oovariance 

implies that If / б Су than aleo U№)£ € C% . Using 
(1.6) and the inrolution property (1.7) of t(x), we find that 

AooordiEgly» we shall postulate that for any f(v.) £ Cjt 
there exists a finite ( tensor-valued) limit 

£к (ИХ*/" 1(X)6ef(x) = Й . ( 1 . я ) 

We shall see la Seo.II that the representations % , so 
defined i oan he extended ( by an appropriate oompletlon of Cju) 
to unltaxy (lrreduoible) representations of 0* (2h*l;X) for the 
following values of с and (: 

С ~ pur* Imaginary (C= if ) , ^- arbitrary ( principal 
seriea) (1.10a) 
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, . „ . . rt.9\ ("(supplementary series) (ЫОЬ) 

С to 
( Note that our terminology follows the analogy with the Lorentz 
group O i l ) and differs from the terminology adopted in [KlJ 

L°2] ) . 

C. Online of_resuits 

We consider the problem of deoompoeition of the direot 
produot of two unitary representations of the supplementary 
ser ies 

*et > too.- £0,Ca] , 0--i,2. ( 1 . 1 1 ) 

into irreducible unitary representations. 
I n other words we would like to expand.eaoh> 

fa.*)*\*Cb • (I,12) 

in functions t% (z/ transforming aooording to the unitary 
representation %• of 0^(2h+l|l). 

For lc,ltlcj й к the direot produot (1.11) i s 
expanded in representations % - [t, Czt(r\ of the prinoipal 
series ( of. [Nl] and Appendix A to [Mlj)'. • 

A*, zj = f 'dpjdx • Y/z,c„ 2гсг; x Ъ) Fz (xj . ^i.i3) 

Here Z i s the representation dual to 

x) For к i i the representation f£,o] ( t-70 ) should be ident i 
f ied with the irreducible representation [£,с]ф [{ -с] . 
of the ful l Lorenta group. 
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(1.19) 

where 

9 vr) - Ы*Ы)\ I Пк-Ыг) I V x r (A t t-if] <i.i6). 

Is the Planoherel measure ( of [Ни] ) j f inal ly , V(x,cu i^; x%) 
are the CleoBh-Gordan kernels. 

We start in 3 e o . II by defining an invariant hi-linear 
form of the type 

(ty)% r jdx,jdx2 Ы Gffa-bJfifxJ (1.17) 

o n Lx я Cx, • 

The 2-point funotion (r% and the kernels V are determined 
unio.uely(up to a oonstant faotor) from oonf oanal invarlanoe . 
In writing: down explloit expressions for the Ягееп functions 6-j, 
and the kernels V i t i s oonvenient to use teohnique of 
homogeneous polynomials( see , e.g.,[T3] [oi] [zi] ) instead of 
multiple tensor indices. We write 

17/ ' 

ЬЬ-ъ^.А^ьь^. ( 1 Л 9 ) 
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where t, 2, I, are ( complex) laotroplo vector»: 

if*. •* i£-0 . (T.20) 

I t Is easily seen, for Instance, that the homogeneous 
polynomial (1.18) i s In one-to-one correspondence with the 
symmetric trcoeless tensors Vu ue . Indeed, each polynomial 
funotlcn /i i/ on the oone (I.20)can be extended In a unique way to 
a harmonic polynomial In r t I." by sett ing 

where "i It) Is the Jacobi polynomial satisfying the d i f fe 
rential equation 

and the normalization oondltion 

At1 l 

Then the inverse formula to (1.18) Is 

v ( . л . L L . . I v(... x£$j. 

The contraction of two tensors -f and О осп Ъе written In 
terms of the polynomials (1.21) as 

k fifr /» s №)P> чШ(*) 

10 



Fur ther , in S e c I I we study the Implications of the pos l t i v i t y 

condition 6> and e s t ab l i sh the u n i t a r i t y of the representa

t ions of the supplementary se r i e s ( I.10b) . The method used-the 

S0(2h-1) expansion of Q? (p) allows a lso to find r e s t r i c t i ons 

on С for Minkowski spaoe pos i t lv i ty oonditlon of the correspon

ding Wightman fuuotione. One has to use d i f ferent normalization 

conventions for the two a l t e rna t ive in te rp re ta t ions of d't : 

f i r s t , when Cry, i s regarded as the kernel of a 0*(2h+l,l) Invariant 

M - l i n e a r form; second, when i t i s considered as analyt ic continua

t ion to the Euclidean region of the t - funotion of two tensor 

f i e l d s , in the f i r s t ease, the adopted oonvention [see Eqs. ( I I ,24) 

(11.25) below] implies 

Jdy Qt (z, -y) Q-f (y-zj - Jffa -xj, ( i . 22) 

where Л stands for the uni t operator in the space of symmetric 
t r aoe less tensors of rank С > In the second case, the two-point 
function can be normalized in suoh a way that Wightman pos l t iv i ty 
i s sa t i s f i ed for 

The choice of normalization [given by Eqs. (11.40) , (II.41)J 

guarantees also the v a l i d i t y of a number of other desirable p ro

pe r t i e s of the two-point Wightman function l i s t e d in See. I I .D. 
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Seo.III Is devoted to the evaluation of the normalization 
faotor h't °* *be Invariant 3-polnt funotlon V (ill.4), 
which plays the role of a Clabah-Oordan kernel. The no-malization 
of V Is determined hy requiring a symmetry property with respect 
to "amputation of external legs" [Bqs, (111.^-8) and from 
the Planoherel formula, whloh Implies that Eq . (1.13) oan be 
inverted In the form (III.12), 

II. Invariant hl-linear forms. Supplementary series 
of unitary representations of 0*(2h+l»l) 

Л. govylant two-point kernels and their Fourier transforms 

According to (1.19) we are looking for a function Q/^x^j г1(* I 
which Is a homogeneous polynomial in each of the isotropic 
2h-vectors £ f and Zx of degree С and transforms oovarlant-
ly under the representation Z-[£tc] of 0*(2h+l,l), In other 
words we require that 

Gr(Az,ta, Aximi Azn AzJ ; 0-(z„x£j Zf,zJ . 
•foe AeD(zl) , az (afJ.-,aMj ; 

У U Ця„?*л • i u aj ^ Cr (z„ ъ; Ь, г,) jot j»Oj (Ж. 2) 

where the oonformal inversion R and its veotor representation 
%(x) are defined Ъу (1.2) and (1.7). 
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The general form of (r » satisfying the above condition i s 

where 

and Я#7 i s a normalization sonstant. The Euolldean and d i l a t a 
t ion invarianoe of ( I I .4 ) are obvious. The verif icat ion of i t s 
R-invarianoe ( i . e . of property (II .3) ) i s based ал the Identity 

г[Х()г(^,-Ихл)г(х2) = z(x,-zt), (и.б) 

The homogeneity property of Q% with respect to я,г i s a 
oonsequenoe of di latat ion invarianoe alone; the tensor struoture 
of Cti i s fixed by R-irorarianoe ( of . [Ti l ) . 

Using the integral formula 

gxfi j fe / (&* I J 

( I I . 7 ) 

( valid for ii< к ) we obtain the following expression for the 
Fourier transform of ( I I . 4 ) : 
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Sx (p- i„ V = \Qt (X ; .г.,ъ)е^е/х 

ил cose - 1 - tla&L 
(р*)(рь) 

CH.9) 

and we have used the following expansion formula for the 
Jaoobi polynomial 

Ы re fa) - ____ Z —ZTTTZp, I X J . 

r ' ofr*i^ 
[For comparing different representations of yt the i d e n t i t y 

S. n Xx Г(х) Г( 1-х) z x 

i s useful . I t implies, i n pa r t i cu la r , that 

1 ' Г(-с) Пск-lti) J 

Note that б In ( I I . 9 ) i s the angle between the veotor i, 
and 2^ In the r e s t frame of p ( i n Minkowski space). 

For rea l С we oan assume that the spaoe Cj ( see 
Sec. I.B) consists of real-valued functions. Then, the fci-linear 
form (1 .17) , defined Ъу Qj- i s r ea l and symmetric I t s p-apaoe 
p io ture 
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iUh -- ifa ty* № <%, &z 0* CII,1C) 

could be regarded as a hermitian form on the set of Fourier 
transforms 63 • To be sure, the reality of fix J implies 
that %(p) z f(-p), and C% (=• fC%) has to be considered 
as a vector space over the reals» 

B. Expansion in projection operators, Fositivity and normalization 

Thu representation % belongs to the supplementary series 
of unitary representations of ot(2h+l.l) iff the llermittian 
form (11.10) is positive-definite and thus defines an invariant 
scalar produot. The operators U (1.4-6) would be unitary 
in the {real) Hllbert spaoe Ti^ obtained from C% by comple
tion with respect to the scalar produot (1.17) [or (11.10)]. 

For fixed b the kernel uW/V *• an operator in the finite 
dimensional spaoe J/,, of S0(2h)-irreduoible ( symmetric, traoe-
leas) tensors of rank £ . A straightforward way to investigate 
the restrictions on & Imposed by posltivlty is to expand G 
in projection operators '' IpJ defined as follows. П lp) 
projeot onto the subspaoes ^jg.i (pj o f 3]i irreduolble with 
respect to the stability subgroup S0(2h-1) c. S0(2h) of the 
vector ' p . Note that the dimensione of the spaoe i7^ 
and of its subspaces J?^_ (5 = 0,'',...,£) are given by 

л* б! (Zi-l)! s±o 

eLm Г*=Тг ПЬ ^ &+*'*» (* +2s-3) . 
*** M-y.'s! (11.11) 
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In 4-diraenslonal враов-tirae < I . e . , f or 2h=4) the number S 
plays the role of spin. In terms of suoh an expansion posit lvi ty 
of Cr i s expressed as posi t lv i ty of the eoalar ooefflolents to 

П * , 
Let 

he the ( hermltlan) generators of the Index part of 2h-rotatIons. 

Then the funotionn 

n i i , х®1п1К , *& (II .13) 
П tp;t,,tt) = ^ *, /' <{>)** 

oar. Ъе found up to д normalization faotor as solutions of the 
equation 

, ._ (И.14) 

Л V *,.*; - 4^s [«f^'e^'S'. с»-») 
(valid for hoth 0. z 1 and u ; 2 -Cf . [T3j ) . The result i s 

The normalization constant i s determined from the condition 
that /7 are ( orthogonal) projectors 

n it .-,1s' p. п& (11.16) 

In order to evaluate rfgj we use the completeness 
relati. on 

Zr\\)-JI. <XX.17> 
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According t° ( l l i l S ) i t s Z - picture expression Is 

l Ы) Ни PJ M -- J, ( 5 7 . (11-18) 

where 4U is given Ъу (II.9). We multiply both sides by (f-u'J 
and integrate over *> In the interval £-l|l} > using the ortho-
normalization property 

(11.19) 
and the integral formula ( see,e.g. ,JM] Sq. 7.391.4) 

The result i s 

(11.21) 
t s Z lt-sl! fas-til (Mttts-3)! 

In order to expand the right-band side of ( II .8) in the 
projection kernels (11.15) we use the formula 
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Combining (11.15) t ( I I . 21) with (11.22) we -Пай 

№] 
i-, ,/•> rfctkti-ir(Usn) пь,..я , 

We shall f ix the normalization oonstant il(Z) 1л suoh a way 
that the ooeffioient to In thf: spin-expansion of 6y 
to he jus* (£')'': 

(11.24) 

x) 
This gives 

, _ (-,)1Г{сгЫ)Г(с-к-1г2,} _ rktkri)r(tl-C-l) ^ (Ж.15) 
' Г(х) r(c-htl) " rvc) r(t*k-c-J) ' 

We shall discuss the advantage ( and peculiarities) of this ohoiee 
in the next subsection. With suoh a normalisation we obtain 

<*£i W - <*s (<•) = Ы - : —• 
(11.26 ) 

- rCeti+>-ljrCi-I-c) _ fa/,-/)..- (ctA+s-A) _ 
~ Г(к*6-1-с) r(L-ltt) ' (l-c-ti-. (Ati-c-iJ 

The soalar distribution / W i s a positive measure on the 
spaoe of fast decreasing functions of p for a l l С ? ~к 

However, the soalar product (/,9jf С eee (I .17)j oan be 
x> We note that with th i s normalization the Flanoherel measure 
(1.16) i s given by 
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transformed to I t s p-spaoe form ( see ( I I . 10 ) with %'^-% ) 

without reoourse to analyt io regular izat ion only for c<.0 
[вАаое Eq. (l"i.7) ( with d s Art. ) оап be derived ш1пц ordinary 

convergent in tegra l s only in that domain]. Combining th i s with 

(11.24) (11.26) we see that Cr^ / ' W l s a Posit ive d i s t r ibu t ion In 

Cf * Cg for 

-A<c<o i- '--c 

(11.27) 
-(/-/;<с<.-0 « &?1, Art 

We shall see in the next subseotion, that the soalar product ('hy'lf 
defined for с ?0 via analytio regularlaatlon ( of. QJlJ ) is 
positive also in the wider region (I.10b). 

C. Equivalent representations and intertwinlim operators 

Similarly to the special case of the Xorentz group obtained 
for A.s.1 ( see [G2j ), the representations 

%~ £4<-J a n d k~L?.~cl (11.28) 

are equivalent. The intertwining operators for these representat ions 
are in tegral operators with kernels (*%1*а) and Q-f(iu) 
We have 

Щ £> = 6> Щ t (ffltl '- % Crf 
(11.29) 

or oxpl ioi t ly 

U-i. ( l I - 3 0 ) 

e: ( И . 3 1 ) 
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The last equation is obviously a oonsequenoe of (11.24) because of 
(11.16) and the property 

whioh follows from (11.26). ( That is one reason for our ohoioe 
of normalization .)Yfe leave it to the reader to verify that if, 
for instanoe, -f„(%) 6 Cg then 

In the previous subseotlon we have established the unitarity 
of the representation # for negative C, satisfying (I.10b). 
It follows from the equivalence of % and " that the represen
tation % is also unitary for suoh С . Henoe, %> ( or £ ) 
is unitary for both positive and negative С in the domain 
(1.10b). 

The ooeffioients o^slc) (11.26) become zero or infinite 
for S#i and integer с suoh that \c\ % h-1 « We oould have 
reversed the plaoos of zeros and infinities by a different ohoioe 
of normalization. With our ohoioe Gg is well defined for all 
positive с and that is precisely what we need in the phyeioal 
applications ( cf. [in] and [к] ) . 

The integer points with /c/^ ktl correspond to reduoible, 
but non-deoomposable representations of 0* (2h+l,l). Xo see that, 
we consider first the ease of a representation Я?*- [(, -C(„] 
with C/n = k-ht-m . In this case ̂ Xe n oontains a finite 
dimensional invariant subepaoe: the spaoe ^tn of all polynomials 
of degree SL(<n*£) =. $L(Cen~AJ ( or less). But £fo does not have 
an Invariant oomplement In CijL • The faotor spaoe ^&»/£> 
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Is Isomorphic to an inf in i te dimensional invariant subspaoe Fgn 

of %in ^b^b oonsists of a l l tensor functions p%J 4 ^ ' ^ 

whioh sat isfy the oondition 

j/(*J%Md* -О /ее k& l(»*ej, cii.33) 

where <*.(*) *s an arbitrary polynomial of x of degree * • 
Aooordlng to (11.24) (II .25) the momentum spaoe Green funotlon 

lr*. (fj i s a homogeneous polynomial In p of degree &(£mtA), 
Therefore (ffa acta as a differential operator, on t £ which 
annlhilatas the f in i te dimensional invariant eubspaoe £e4 • 
In t h i s oase the representations %-ы and I'ln are not equi
valent. The map (г%я- С}, -» ^Zix 0 Л*У establishes equivalence 
between the irreducible representations realized in ^->ti/£( 
and Fen С С^ч , 

D.WiRhtman Tioaltivlt^ 

Functions with the properties of (j% ( for real с ) 
arise not only in studying invariant t>l-linear forms, but also in 
considering analytio continuation of Wightman funotions 

Wh-^-.^.tJ- <.0(xtii,) Offi.iJPi (11.34) 

( o r f - funotions) to Euclidean points ( for which ^ A 1%^ ) 
i n a oonformal invariant quantum f ie ld theory ( i n the sense of 
Щ JTl] ) . Here Ofci) ±a a (looal) tensor f ie ld 

o(^>--^o,.,,^ t»*o,*,d. 
(П.Э5) 
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Wlghtman poeitivity for the two-point function implies that 

u>-(f> ;*,*)? с ( I I # 3 6 ) 

In Minkowski spaoe, 
Яде Fourier transform of the Wlghtman funotiott oan he obtained 

from G%(?) (H«8) Ъу the following procedure, Flret of oil, 
using (II.в) and (II.23) we find the following expression for the 
tl-spaoe V - funotIon 

r(Ctki-t) *--<> ^ (П.37 ) 

( p''- £ ' - po ) ( We are writing n^xj Instead of n(Z) , B i n -
oe we have to use a different normalization In the new interpretati
on of the 2-polnt function,) Then the p-spaoe Wlghtman funotion 
i s given Ъу 

ify) =-iB(N faffl- %lf>l] 

r(ctAtt) гЫ-0/Тс-АгЫ) П[г^*&0 <U.*i 
where 1+ = $({){ ( of, JM.J ) ; In deriving the la s t equality 
we have used the identity 

(a*ioj* -(a -coj* = мы** (-Qlx. C n - 3 9 > 
In this ease we shall use the normalisation 

Цс-k-t-n) 
- Ze r(ctk-i)r(-c)r(c-tii-i)r(c-titt+i)r,f}, f 

Пс+Ы-1) гЧс-A-t+i) ' 
whioh gives 

(11.40) 
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In order to es tab l i sh when the right-hand aide of (11.41) i s 
pos i t ive , we notice tha t the operator 

i s pos i t ive , slnoe, aoooi'dlng to (11.15) (11.21) 

(fh-<f n% к i) - л* />/K J' p,"ЧА"^ 4• 
(11.42) 

>'« for CO - I- P- я I .The l a s t inequal i ty Д.. .- t) 
1 р ъ 1 j . , -

i s fu l f i l l ed beoausei for £ * s u we have её j i i - £ , 4 *V. 
Therefore, ur(p) Is posi t ive for ( I I .43) 

4-1 ij- i-0; ctki-t-2 foe t--i,i, .. . 

This r e su l t was obtained by different methods also in [R2j and JF2J , 
Our oholoe of normalization (11.40) ensures the following 

addit ional properties of Uf~(pj ' 
( i ) For t =0| С --L (11.41) goes into the conventional 

expression for the two-point funotion of a free aero-mass 

f i e ld 
(ii) For oanonioal dimensions 

. , . (11.44) 
tzt*/L-L (hO) 

we reoover the two-point funotions of oonserved ( tensor) 
currents ( while the expression (11.26) for d/(<.) Is going to 
In f in i ty for suoh AC). 
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III. Pireot produot expansions and Cleosh-Gordan kernels 
«V« Oen̂ eral .form of .the nxpanaloqt HornallB^tlon_oondltlona 

We consider now the direct product space С\в,® *%в< 

С hw - [t'.taj ) of Infinitely smooth functions f(Xt,Xi} 
satisfying the asymptotic conditions 

î  -.*so 

whore (a &) stands for (l>2) or ( 2 f l ) . Уог с'л In 
ranee (I.lOh) то can expand f(*i,xj In IrreduolMa (unitary) 
representations of 0*(2h+l,l) as follows 

M.*J - faft \,'(%,c,t x^, z£j Fz(zJ t V. Г Cni.8) 

whore D.T. indicates ( posslhle) discrete terms and the summation 
and integration is spread ovsi the principal series of unitary 
representations ( see (T.15) (1.16) ) . 

The conforms! "Fourier transform" £1 (xj satisfies the 
symmetry condition 

(II1.3) Fit*!-- jfyfr-tffyyjfy-
Conformal lnvarlanoe implieR that the Clebsh-Qordan 

kernel i s given Ъу 

V(z,c,, \сй1х,%с^) 
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(of» [MJ Seo, IV.2C) . Here we have used the def in i t ion (1.20) 

and the following notat ion: 

The normalization oonatant /t£ wi l l Ъе fixed Ъу the f o l l o 

wing oondltlons: 

fa'VWCXtV ъУб^ (0Ct'-Xl) = \/(0Ci-C1>xtCl;Xil): ( ш л а ) 

U< y(x<c<> x;ct;ZiZ) G^(X^) a V(z,ctt x, -c,;^Zj; (тл» 

( Qc 1 B a shorthand for ^"Co,cj ) i 

CIII .9) 

where 

ffat'J ^ b£ fOr-r^t* (шло) 
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( Pt(v} le the Planoherel measure (I.IS) ) and the unit operator 
ie defined In the (я,ij -picture as follows 

. „£ (111.11) 

а a 
Eg., (ill.9) along with the symmetry property (III.3) implies 

that the expansion (ill.2) oan he Inverted and the oonformal 
Fourier transform of /^„«J is given by 

Fx (xj - J fa J fa Vfa -c, x, -eA; я %)f-(-xtl x.J . (111.12; 

We Shall see in what follows that conditions (III .7) and 
( I I I .9 ) are sufficient to determine the normalization oonstant 

l\'l . EQ.. ( i l l . в ) then oan be derived as a oonsequenoe. 

D. Amputation of scalar l ines 

We start with the exploitation of the symmetry property 

( I I I . 7 ) . 
The oaloulatlon Is based on the integral formula 

Я > дао «Э 

(к, *0 . Zki>C) 
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- UtbL-f^LJMu fa £>№**• 
' (±*Л)к4< и*<№ Ц*$*4* С1"-") 

( see [bl] [S3] ) and on the Identity 

* (III.U) 

where 3S (Ьь) differentiates with respect to X} to the left 
С to the right). Using the first equation ( П Ы Л ) and (III.13) 
we find 
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Т.Г.ГТ 

Changing the order of summation and using the sum rule 

Z (i/ (ijljlrf^ -~(-fJJ(jJ rip) rip-*) ana» 

( see Appendix A) for oi =• Cj, -J f f> - 0~C. -% 

we obtain 

UzJ \J(z,tu x;c,; x} JLz) £.£ (хг'-хА) 

(III.16) 

lUc^f) r(Arcrf+£jr(<r-c+i) 

Applying the obvious symmetry property 

we can derive from (III. 16) another relation of that type, 
involving integration over the first argument of V (ie^ X,' ) . 

Combining these two equations and oomparlng with (III.7) we 
obtain 

(1П.18) 
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С. The Planoherel formula 

In order to give a precise meaning of the singular equation 
(III.9) we start with the following regulariaation of" the left-
hand Bide: 

f?' U1 

It fa Ш, zji'ft') = L—7l— 77 . ' 

/ \jx,kxL Vfa -с, хг -d; x3 ZzJ У fa с, -Л£, z± сг; х, '%'i') 

and shall go to the limit £ ~* rO only after smearing with an 
arialytio test funotlon of if , 

Setting 
~ • , , , (III.20) 

and performing the integration in (III.19) over x± we obtain: 

Here we have used again (111,1,4) and (111.13). Further, we apply 
the binomial formula: 
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W-Zf'+i 

then change the order of eummatlon ia к and / , and in к 
and 1 , and use twioe the he smn rule (ill.15) with c/L=.#'tC.+£-j-t 

•.A-f-c.+t-j^&'.-A-r-c.-L';, /i = fi-C- -i < and d '=. А -еГ-С. +* -j \ p' 
The result i s . * f> 

lt fats», Him-) = &fz ш ' ( / / / / j p a ^ 

ffftf+ui -j-cj rfak-s-f+te'.y-t) 
z z ' cm.a) 

where 

(sk. flfa*". г(Ш /'fa,) ( m * 
J <»J* w - i&rtorm* b~z (JJ' 

•t 
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Beoauso of the distribution character of the limit t -*& 
[as i s already suggested by Eg_. (III.9)J we shall f i r s t smear 
the right-hand side of ( i l l . 2 1 ) by a suitable test function of the 
representation label 

с'=ЛГ-А . 

( III .23) 

Let 

Af* Arc , c=i<r (v-ieaC), (111.24) 
and let +(cj be an analytic funotion in some finite strip 

<>&№•< a, ( i n . 2 5 ) 

fast decreasing at in f in i ty inside the s t r ip . We shall evaluate 
the integral 

i!(**.r,u* jurfiwiithtifi.xtib'ifoj ( m . 2 6 ) 

in the limit £ -* i-O by dos ing the contour of integration 
in the strip ( I I I .25 ) . ( In order to simplify the calculation 
we have set £ - t , ) The result is 

dm l/!*-}Ш &m [4мЯх It t fr'J&* h] •• (т.27) 

For the f irs t residue we obtain fiom ( I I I . 2 i ) ( for / ; / ) 

(irt-ty.ljzW'' r(U'jur)j 



In writing down the first equality (111.28) we used that for any 
test function ЩЩ) • 

• x \ t i . 

( sinoe the terms ocntainlng derivatives of U(Xj) vanish); 

we also applied the identity 

гнк~(*1_ _rl)Hkw±Miilj±/.± 

Next we take into acoount that 

£н<-/(')Ш—= -1 — ( m. 2 9 ) 

( see Appendix A). Inserting it in(III.28)and(III.27) and reoalling 
the notation (III.20) and the expression for the Flanoherel 
measure (1.16) we obtain: 

-ftWRHltv- ffas.j (2?/. (111.30) 
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The orthogonality relation for ' Ф-i implied by ( I U . 9 ) , 
СШ.10) oan also he verif ied Ъу a s l ight ly more complicated c a l 
culation along the same l i n e s . 

Now we prooeed to the evaluation of the seoond residue term in 
СШ.27) . Setting г '*г (, l'~ £ ) for J* given Ъу Cm.£4) 
and using ( II .4 ) (11.25) we find 

- &<m fa It fa If A, z> t'iz'z) 
l-'O с'л-irtu л 

= " ft* ' 4np w£i£*№to-*iinr<-i;№M-ty;W+/j 

mte-jnitrepl №' J ^' 

ru±cj iirft-ftc. 4) rik'M) r(u -if+e-o 
'x r(f-c.ti) r(ftc.r{) r(ii-ir*e)r(*r+t)r(iA'tf-4) 

* $& (**'* 2, 3J • 

C m . 3 i ) 

On the other hand, as la shown in Appendix B, 

z 
J'J 

_ £l£(irtAti-i) (т.ы) 
$tt-))l r(i<r)r(i<r+li4) ' 
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Inser t ing ( I I I .32 ) in ( I I I . 31 ) we obtain 

Comparing (Ш.Я7) ( i l l . 3 0 ) ( i l l . 3 3 ) with the normalization 

oondition ( I I I .9-11) we find that for imaginary l£-h 

tit Ы, -c.j) Nt (Cr, c-. *-V = I, ( I I I - 3 4 ) 

Multiplying Eqs. ( I I I .18 ) with ( I I I .35) (side by side) we obtain 

( I I I . 36 ) .... r, 1 / 7 ^ 2 ^ ^ 
*ilLf'"l/sir(t* -f^)rK^ijr(h-f-c4)rfU^i)] • 
The sign of the square root can be fixed, requiring that for real 
dimensions and -4 i Cr S: О , lc./< ^<hitthe factors /t^ be 
positive. Notice that Eq. (III.34) ( whioh was not used In the 
derivation of (III.36)) la satisfied automatically by this expres
sion. 

The authors are grateful to Dr.R.P.Zaikov for acquainting 
tadm with his results prior to publication. 

34 



APPENDIX к 

A, summation formula Involving ratios of Г - functions 

Ea.s. (III.15) and (111,29) used In Sen, Ш oan both he 
derived from the following known formula for the value of the 
hypergeometrio function P-^i at the point x-/-

Pfa6-c П У~ Г(л+<т)Г(1+1») Г(с) Г(с)Г(с-а-6) 
' ' ' ' ' ' £Го г(а) ГЦ) r(ct*>"! " Г(с-а)г(с-ё) ( А Л ) 

( see e.g. [Oj] Во.. 9.122.1). 
In order to reduoe Kg. (111,19) to the form (A.1) we set 

k-j = m , l-j-s-n and continue to non-integer П » 
writing (III.22) in the form 

" Г(т-п)ГЫф^) _ №•<*.+»)Ф+j) (A.2) 
& r(-n)*i/ Г(р*/+*0 " r(/iTJt*jr(fi-4l) 

Here, we have used the identity 

/ ,i"» r(ntt) _ Г(т-п) > (А.З) 
r(n-mt<) " f(-n) 

So.* (111,29) i s established in a ttmllar way. 
There exists also a direot elementary proof of Еца. ( i l l .15) 

and (III.29) whioh exploita their similarity to the Newton 
binomial formula. 

In the above notation! Eq. (III.15) assumes the form 

iJaJJ = £Nm&l*L 0«">U - Мч (л.4) 

where a=tAfi , 6-fi+j (<n=i-j ) and 
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rN к 

Is the finite-dlfferenoe oounter part of the power x . 
In order to prove (At4), we evaluate the finite dlfferenoe 

•(x)t - l*-Qk = lx+кч-(x-Oj(x)k., = Щ., • 
Shu в i we find, the reourrenoe relation 

A fat)- f*(a, ё-J) = n/„.< (й, tj 
with the initial condition 

(A. 6) 

ал) 

(A.8) 

In order to fix f„Luti) uniquely we have to evaluate It for a 
partloular value of 6 • For 3-Q. we have 

Д (a, aj , (a,n £ ("Г (l) = M '(«Г* О. 

It la easily seen that the only polynomial solution of (A.7-9) 
i s given by the right-hand side of (A.4). 

Bo.. (111,29) oan alBO he reduoed to the form (A. 4). Indeed 
multiplying both sides by r(h*i-Tft) and substituting the 
summation Index / -» k=- i-1 we obtain 

i мк(Цщ 0 ' "^- №-$ u , 1 0 ) 

whloh i s aipeoial ease of (A.4) ( with Л-У, b- k+ir ) . 
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Appendix B# ^valuation of, a double aw Involving ' ' funotions 

We wish to evaluate the expression 
(B.1) 

s "'" " " -
First we maka a ohange of summation variables to x-£-j. i-t\)'. 

Using the familiar identity Г/x/Г(f• x) = l/ипЛх. 

and the definition of the Euler Beta-funotlon В wo may then 
rewrite (B . l ) as 

$-.rL#n\lr rto*L<U s', *«h (B.2) 
rfiin-A-JJ-1 

5'- £ (t)(l)8(1-irtr, i<r+k-l)B(-i-<rfi\ i<rt/i-£j'WrrU-i.ticrrl 

We now insert the standard integral representation of the 
B-functiona, 

/ ; l-i f l ,A-f 

й 

The result i s 

с,г'=о о о о ' * 

. (zy) г (f-ij 

Both summations oan now he performed with the help of the binomial 
theorem! this gives 

0 0 6 

The x. and и integrations oan be performed, aaoh of them produoes 
a JaQobl~polynomial op. 0)51 , formulae a.962.1 and 9.111. 
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This gives 

We have lntroduoed t-ll-i a e a new variable of Integration. 
Final ly, the t-lntegratlon oan also he performed with the help 
of the standard orthonormality relation of Jaoobi-polynomials, 
op. [G3J , formula 7.391.1. One obtains 

g' - f i ran rtirni -i) r(i-ir)l . 
HiitHj lr-ttxtl-1 

This has to be inserted into Eg.. (82). Spl i t t ing the sin into 
Г - funotione again, we obtain after some oanoellations the 

final result 

" (Ы-jJ! rdrjrUrtk-l) 

We remark that result and derivation are equally valid when к 
i s not an integer. The factoria ls [n.-rt-i)l f e tc . , 
have to be read as Г - functions in th i s oase. 
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