
c 32~.4 
I-lG ;, /:2-~ 

D.B.Ion, F.Gh.Nichitiu, A.C.Mihul 

THE SATURATION OF MOST 

STRINGENT ISOSPIN BOUNDS 
IN TTN -SCATTERING 

E2 - 7961 



F JINR PUBLICATIONS 
nmunications of the Joint Institute for 

,..nnsidered to be original publica
•• - •- A nf the JINR 

, consists 
2777/ 2- 74 pr, in one of 

! Ion D B 
~~L • a o 

!he Saturation o~· 
Stringent . cations of 
-=-~!..:::::~...:~~s~o~s~p~in •• the index). 

79 6I e language 

~-~-t -
'ibuted only 

~ r.t r.atel!'orv 

D.B.Ion: F.Gh.Nichitiu: A.C.Mihul 2 

THE SATURATION OF MOST 

STRINGENT ISOSPIN BOUNDS 
IN TTN -SCATTERING 

If 

Submitted to PbyBicB Letter8 B" 

E2 - 796i 

l On leave of absence f rom Institute for 
Atomic Physics, Buchar est, Romania. 

2 On leave of absence f r om University of 
Bucharest, Department of Nuclear Physics, 
Romania. 



-~ ; 

l 

In a recent paper /l I it was investigated the isospin 
bounds on polarization (P) and spin rotation parameters · 
(A, R) in the pion-nucleon scattering using a set of bi:
linear forrns which can be constructed from the scattering 
amplitudes of two charge or (s, t, u) -isospin channels. 
Thus, it was obtained the most stringent isospin bounds 
on H (see definitions (2b), (5c) and the bounds (6a,b,c)) 
which include also the· recent result of Doncel et al. I 2/ . 
These isospin bounds are exactly saturated on the zeros
trajectories of the real and imaginary parts of th~ diffe
rent bilinear forms. In this paper we discuss the exact 
saturation of the most stringent isospin bounds on H using 
the CERN-phase shift solutions 131. · 

Therefore, let f i+. and f :- be the helicity non-
. I • 

flip and helicity flip scattering amplitudes corresponding 
to differentcharge (i=+,-,CE) or(s ,t,u) -isospinchan
nels ( i = 2 Is, 2 I t , 2 I u). Let us consider the following bili
near forms /1/: · . 

. . . 
z·.~o>=[f :+-+J* r:+-++ [f :-J*r:-

IJ I J I J 
(la) 

z :.o~il[f .++]*r:- -[r:- J*r.++ 1, 
IJ I J I J 

(lb) 

(lc) 

(ld) 

(le) 
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·1 Z; (n) .] 2 ·1 Y ·1 2 · 0 1 2 3 and let usca1culate . ij . and. .ij. . , o= , , , , 
in terms of measurable quantities. 

Then we obtain 

IZ'(O) 12 = l(l+P. ·P. )a. a. =-H .. +a. a. 2,.0, ij . 2 ~ J 1 J 1 J 1 J 
(2a) 

(2b) 2 ~ ~ 

IY .. j = ..L(1- P. ·P. )a. a. =H.
1 

2..0, 
. 1 J 2 l J 1 J 1. 

(2c). IZ :.<n) 1
2 =H .. + Z ~1.~n)z :~n).? 0, o =1,2,3, 

1j 1J 1 J J 

where 

Z ' (l) P. • Z ' (2) A • Z ' (s ) R · · kk = kak' kk =- kak, kk = kak (3) 
~ 

and a k , Pk = (I\ , A k• R k ) , k = .i, j are the unpolarized 
differential cross-sections and final polarization (when 
incident polarization is 100%) corresponding to tlie .i , j 
charge or isospiri channels. . ' . ( ) 2 

Now, from (2a) and (2c) and the positivity of UmZij n ] 
and[ ReZ'.~n) ] 2 we obtain the following inequalities: 

1J 

maxi•L .'. l <H.. <min I U .'. l ,:' . 
· 1) - 1J - · · 1) 

(4a) 

where •L lj and U lj are defined by 

•L
1
.'

1
. =I O;[ReZj 1~n) f -Z'.<.n>z. :~n) ;[lmZ :~n)] ~Z ~<.nz :~n); (4b) 

11 JJ 1) · 11 JJ 

0=1,2,3 l, 

. U ~i ·=I ai aj - [ReZ~/O) ] 2
; ai aj - [ ImZij(0)]2 J. (4c) 

From the isospin invariance alone we obtain (see the 
relations (24), (25), (28) and (29) from ref. I l/ ): 

[(ReZ' (n) )2 -Z ,(n)z ,(n)l=2[(ReZ'(n) ) 2-Z'(n)z' (n) ]= 
+- ++ -- +CE ++ CECE 

: (5a) 

4 

l ' . 
. I. 

<(/ 

.IJ 

) 

., 
tj 

2[(ReZ'(n) )2·.-z,(n_)z, (n) 1= ... = ..l.,\[Z'(n),z,(n!2Z'(n) l 
- CE -- CECE 4 ++ -- CE CE' . 

•. 0 1 2,3 z , (O) . 
n= , '. , .k k = ~ ; 

[lmZ ,(n) ] 2 =Z[Imz '(n) ] 2= 2[IIDZ' (n) ]~,' ... = 
+- +CE · -CE · (5b) 

{

-H- f-,\(a+,a-',2aCE)·2,.0 for 0=0 

= H-~,\(Z'(n) Z'.(n)·2Z'(n) )>,0 forn=12,3. 
4 . ++ ' -- ' . CE CE - ' 

and 

2 ··2 4 H . 4H · · 4 H. ( .. ) 
H=H+- = H+CE= H-CE"" 9 l3s= 02t = 9 l3u ' 5C 

where 

,\ (x,y ,z),x2 + y 2 +Z 2 -2xy- 2xz -2yz. . (5d). 

Therefore, using (4a,b,c) and (5a,b,!!) we obtain 

maxi•L'l.5 H ~niio!U'l (6a) 

where 

•L'=IO~L,\[Z'<n> z.,(n) 2Z'(n) ];LA,(n) ·n-12.31 
- ' 4 ++ ·' -- ·' CE CE ' 4 ' - ' ' 

(6b) 

, , · ) 1 A , (0) t 
U =I- A,\(a+ , a_ ,2aCE , 4 1 

(6c). 

and 

A ,(0)_=4H+A(a+ ,a_,2a CE)+.4min{ -a+a_,2a+aCE, 2a_ aCE' ... l 

A;(n)=4H-,\·(z'(n) Z'(n) 2Z·, (n) )+ 
++ ' -- ' CE CE 

.(6d) 

. ·+4~~~.~~;'(n)~~(~) ,:_2·Z,(n)z. ~<~} .. ·,-2Z'<~>z;·(·nJ. ,:.l. 
. ++ -- ++ . CECE -- CECE 

:. . .... l • ~ " . . • 

- .... ., ~ ; .f ~ --

0=1,2;3 .. 
.. ;.· ~ '. . • • .; - '; :;. - .f ~ ,_; ·:,· · (6.ej ·. 

: L 
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The bilinear forms Z~. (n) have the following relevant 
properties IJ 

(i) z •.(o > are invariant under rotations , of the spin 
referenc

1J frame. while ZiP > , Zji<2 > , Z 1[3) · one trans
form as the components of the. polarization vector; 

. (ii) the zeros-trajectories of ImZ '1~n) in the plane 
(s,t) are independent of the charge or isdspin indices ,i, j , 
this property being independent of the isospin reference 
frame for any n =0,1,2,3. • . . <) 

Note that there are no restrictions on H when ReZij n = 
= 0, n = 0, 1, 2,3 (see the relations (5a)). Therefore, for 
the study of the exact saturation of the isospin bounds 
(6a,b,c) we have used CERN-phase shift solutions 131 in 
order to calculate the zeros-trajectories of ImZ ~.<n) 
n= 0,1 ,2, 3 in the (pLAB, cos()) -plane, wher:f 8 is 
the angle in the centre mass reference frame. These 
trajectories are ·shown in Figs~ la,b. In order to estimate 
the errors and nearness to the bounds we have defined 
(see also ref. /4/ ) 

2 l/2 
F ' ~ [I - 8H I ( I a 1 · ) ] , 

i=+,-,CE 
(7a) 

F ,(O~[l +2A (a+ ,a_· ,2aCE )/( . I a
1 

)
2 

]
1
/

2 (7b). 
1=+,-,CE· 

F,(n_)= [l-2,\ (Z ,(n) Z ~(n) 2Z'(n) )/( ~ . .,2]1/2 (7c) 
++ ' -- ' CECE ·. "" a 1 J ' 

1=+,-,CE 

in terms of which the bounds (6a,b,c) can be written as 

F '(o) ~ F '_:s min I 1 , F ' (n) l . (8) 
l< n<3 

Then ,we have chosen a standard distance IF'{nlF'I=O.I 
for all the F •(n), n=<>,I,2,3, and we have determined the 
hatched regions, sh()wn in Figs .. la',b;·from the conditions 
:IF' (nLF'I:;;:O.I,n=<>,I,2.3: In the same'way we have obtained 
the. :zeros-trajectories of lmZ ~~n) and the hatched 
regions presented in Figs. 2a,b, where Z 1\n) are obtained 
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from (la,b,c) by the substitution f++ ~ f , f+--. g, where 
f · and. g are .the usual spin non-flip and ~pin~flip pion-'--
nucleon scattering amplitudes. We remark· that,.. ·· · 

(iii) at the . boundaries 0=0° and .180°, the . zeros
trajectories of- ImZ 1-<~ > and ImZ li~> .·.are .smooth conti
nuation of the zeros.}trajectories bf ImZ '1f0 > .. (so thaL 
in this · points the isospin bounds · (8) are degenerated).:. 

. We note that z .. ..<o>=z$~>: and Z~~l) =ZO > .: The signs 
. . lJ lJ .lJ lJ J 
shown in Figs. la,b, 2a,b, refer·to the signs of. ImZ~~n . 
and ImZ in2. . ;, r'espectively, from which th~ signs of any 
lniZi1n) (ImZ\j>. ) . are determined according. to ·the 
relations (21) from ref. I II. · . . . . .· ·, 

As we can see from Figs. la,b (an 2a,b) the isospin 
bounds are exactly saturated at certain ·value~ \)f cos 0 
and p LAB on the zeros-trajectories oflmZ'1i~"{ImZ 1<r>) · 
and are nearly saturated in -the unhatched. regions·. We 
expect that the true structure . of the' zeros:-trajecto,ries 
is much simpler and smoother so that the small details 
in Figs. :la,b, .2a,b. cannot be taken seriously -becau8e 
of the uncertainties of phase shifts·. Thus the exact posi
tions of the zeros-traj~ctories of all ImZ '1.<n> , rr-=0~1;2,3 
dep~nd mainly on the theoretical'assumptibns. Therefore~ 
any suggestion, based on intuitimi (see re('l41 .:') or· 
a theoretical appro~ch~ for a simple .. zeros-t.ra~~~tor.ie~ 
pattern for all. ImZ ij(n · shoUld be u~eful. 1n ·o~~er to 
solve the problem of the ambiguities present' in the phase 
shift analysis. On·the other hand, ifthezerositrajectories 
of all ImZ 'Jn> , n =0,1,2,3 will be well kiiown from 

lJ the experimental data these can be used for the construc-
tion (or as a fundamental test) of the different theoretical 
models.· · . · ·: · · · 

Next, our results on the zeros-trajectories of ImZ 'ii(n) 
can be compared with the results obtained in refs:f5

• •
1
1 

and 181 . We find that the isospin bounds (6a,b,c) are· 
nearly saturated in the entire cosO -region below one 
pion threshold where all the differences, IF ,(n .l F 'l < 0.1 
(respectively :1 F (n) - F:l < 0.1 ) for· all n=O ,1,2,3 are zero 
within the experimental error limits. This •result is in . 
agreement with the saturation of the isospifi bounds on 
unpolarized integrated cross sections observed by Roy I 81 
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in the same energy region. Also, it will be intet~sting 
to obtain the zeros-trajectories of all ImZ'i1n)(IrnZ,it: . ) 
from Saclay 191 . phase shifts and to compare these re:
sults with our results presented in Figs .. 1a,b, 2a,b since 
it was pointed out by Hoh~er et al! 101 that these. phase. 
shifts 'lead to quite different predictions for spin rotation 
parameters in certain kinematic regions. 

Finally we remark that the continuations of Figs. 1a,b, 
2a,b to higher energies are of great interest for an ampli
tude analysis and a phenomenological investigation of 
the. pion-nucleon scattering., 
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