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Electromagnetic N~cleon Mass Difference, 
Sum Rules for Deep Inelastic Scattering 
and Equal Time Commutators 

In one-photon approximation the connection between the 
finiteness of electromagnetic mass corrections and the 
light-cone behaviour of the p:t;"oduct of electromagnetic 
currents has been studied. In the canonical case th~ com­
plete removal of; divergences leads to two sum rules for the 
scaling functions which are.equivalent to vanishing of 
certain equal-time commutators. Using the technique of the 
Jost-Lehmann-Dyson representation problems with subtrac­
tions are avoided. 
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1. Introduction 

Both the usual approach to deep inelastic eN soatteringl11 
and the theory of electromagnetic mass corrections_of nucleons 

leading t·c the so-called Cottingham foxmu1al21 

b'M.< : $'\0\ 1'- $\0\ 'I( 

s,.. P,ll:=- -n:o{ r d'r . -~,.v + !ff" 
( J' ~ '(l +<£ 

p_.,. 

T,.v' (P, 1 J 
are based on the one-photon exchange approximation. 

(1) 

When taking into account the experimental results for deep 

inelastic scattering there arises the possibility of a quadrati­

cal and a logarithmical divergence in the expression of the 

mass difference. Therefore two sum rUles are found as the 

consistency conditions between the above-mentioned two approaches 

inserting the automodel or scaling behavipur of deep inelastic 

eP-resp. en- scattering into the _virtual Compton amplitude of 
• I 

(1) and demanding finitness of the resulting mas,s difference.-

During the last ten years many authors have studied the 

pn-mass difference, respectively its divergent parts only, 

obtaining quadratical or lcgarithmical sum rules. Applying a 

Wick rotation to the.Cottingham formula they used dispersion 

relations for T(. .. Jy
1
r) at arbitrary, fixed q2 [J]. As a rule, 

however, these dispersion relations contain· .subtractions, so 

that further assUmptions are requiredj in particular about the 

number and the q2-independence of subtractions. In some cases · 
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these additional assumpt~ons influence the final structure · 

of the sum rules. Other authors investigating relations between 

the mass divergences and some equal-time commutators have used· 

integral representations· for the virtual Compton .ampl1tudel
4

'
5
]. 

They have not succeeded, however, in establishing a ~que 

relation between the logar~thmical divergence Bnd ETC. 

In an extension of an earlier papert6] we .will ~tudy the 

connections between finiteness· of the electromagnetic mass 

corrections, scaling behaviour and ETC applying a Dyson-Jost­

-Lehmann representationl7Jr~r the scattering amplitude of virtual 

Compton.scattering in'forward direction • .As basic _physical assump­

tion which is suggested by_experiment we choose the canonical 

light-cone behaviou;r of the .current commutator 

"Z . l ' . . .. ·. . (2) 
s .::..p G Lj/~),·jv[o)])t.,c-> ~ 8;r{tr1-iJ ~~r~ .. )[Gel"o)Er.-.)~{"''JtG,l"i:)lt...,)O{'-'J] 

i- "'" [ -rrP·· n t ( fr ~" tp/l, tr? )-'Jrv(f8 Jl] 6-zt--.Juv:.) (1( >("<) 

)('t~ () 

with 
r 

' I I I . 12 3 ('( _; -~') (', < r t .. r o -=- z f'"'- !; ) o r -, ", 6' 

I 

For the structure functions \(~ (1,r) of the current commutator 

defined by 

\\,·,.vrv )==- -;,. I .JJ~ e icr)(~P 6 na>"'), jv (o~] I rc;J (J) 

·. _:=.{f1r"f"'t/r 1J Vi + tPrfJ1>(fr'f.,+Pv7r)fr ~~;"(}1/J~ 
the ansatz (2) is equivalent to a scaling behav:~our 

4 

\ 

v1 (vi f)~ ~- kJr) -1- f 2 h'-t_("f) I 

Vz(v1 t}~? 1,.-z.('r) 
. • ' ~z for V ~ Lff -.)·too , l .:::- - J..:V fixed. 

(4) 

In the language of the pa.rton picture we take into ·account both 

spin 0 and spin 1/2 partons. 

UDPer this assumption we established the following sum 

rules 
-1 (p···) . 

JcL'r hv Cr! =C I 
c 1 (5) 

f) 
J~lt[rz~r:l'T)+frh.rJO- 1hrt1jlr"'l =- u 

which guarantee the complete removal of divergences from the 

expression of the pn..mass diffe_rence ( also in that case when 

both a quadratioal· and a logar1thm1cal divergenc.e exist) .In terms 

of ETC the· first sum rule is equivalent to vanishing ~f the 

operator Schwinger term 

t.C~t 6 /[t.Cx);.j;(•>]/p,c>~-~~ ~ 0 
(6) 

( i spatial _index). 

In addition we have found a . unique relation between the loga­

rithmical sum rule and vanishing of a more complicated ETC, 

namely,. 
(7) <::"./ r c (."' . . . , . . . (r .... ) <..'r•• n 'k~.fxJ+ r>('kfK}}, t;M]/Cf.'>x.==-v = 0, 

~ . . • tk i-<' )- • 
We remark, however, that this latter equivalence holds only if 

fcl 't 'r'l~fr)t;;p, ~speoiall;rF if the:r:e does not appear a quadra­

tic divergence fro~ the beginning, h0 (r}=..o 1 i.e. there 'are. 

no spin 0 partons. 

·s 
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II.-Scalirig Be~viour in the Framework of DJL Representation-

In the one-photon exchange approximation deep inelastic 

scattering is described"by the invariant, causal structure 

functions ~· ft
1
r) · orW;tu)ot: the- electroma&netic tensor 

Vv·r" ( 'f/ )"" (-'a rv + f~!v) Wet( tr ~ ;: 'lr){P~- :r rv) W2 -• 
(a) 

For the measurabr'e structure functions Wf the ·scaling behaviour 

reads· ., 

(9) Vv~ { v( '7 ) 6::: .fl'r) ~ :fv ~1 U) t 
. J yo:: '2f<t -::>t-"" . 

for { ~ ~ -~ fixed~ W, (v1 1} ~ ~~ {lr} -t ~ 'ifz(:r} 

The scaling functions of W; and · V;t· are connected by · 

Lt o tr) .:_ t [ ~t; 1"z ir)- -~L('n] 
1 

t..,.(-r) - f [ ;r }2(;)- 11rn] , 

(z. (ri ~ .- -~ 4 z ('t) 

. (10) 

Bog_olubov et al. (a]~_roved the cauSa.l.ity c£ these structure · 

functions so that w1th ·symmetry and spectrality .conditions they 

could use· a Dyson-Jost~Lehmann .integral representation. for each 
. - : of the structure functions Vi (~,f) . (IN; t~ f,. {-t I o,o, c J) 

~ . ' ":·. 

· '4 c uJ = Jfcl~\(.A.' zr'toJ rr 1. ~ -i.f-7.., t-.l ~; ~ ·(~,i''J · · (ll) 

with 

(;f.,c.\'): lt<71~ 1 I ._\'">-- (-t-l-c-Lt5"')'2 

6 
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On this basis they CODS idered the structure am. scaling · 

functions as tempered distributions of 'f _ • In the sense of 

convergence in the space of te~pe'red distrl butions[9] the .scal­

ing behaviour of the structure functions is defined to be the 

limit of the sequence of int egr~s fcL 'f ..:{tr) Vrv, 'I) for V-? t<>() . 

with arbitrary 4 6 S' . . 
To obtain a definite scaling behaviour the following suffi-

cient conditions for the _spectral functions of the DJL represen­

tatfon have 'been formulated 

.1_. 

or 

...-Cl-""­
t.\•-;,.. 

cy.r-u~,J..'J 

.A.'ll<. 
;;::-

yo(;(') 
r{kt1 J 

·-k> --1 
(12) 

. (lJL 

.TI · A-w.. ""4st1J (~?,<~-zJ =="f:(JL s~ o, 1,2 .... 
~\-z;...>-" '(. . ' 

.... \' . ~ . . .. . 
-~t-t/.{t1Jl_}~[f(~H)Jcl.'<f 1frit;l}~t1;.'8') is the (s~t)- pr1m1t.1v.e of 'f(.!,.t}with 

respect to J-...2. · • Note, that conditions I and II, imply a 
classical behaviour of 'Y(k'>,,l') for large· ,_xz .• These 

sufficient conditions lead to the following scaling behaviour 

for the structure funo tio ns ' :'/ 

V{v, 'r) P: v k Vt't J 

\l('r) ;=- 2Ci ['V'fr.{/'11)]-k- 2 

or 
V{v1 'f) r;:: v~t 1 V{'r) 

VCr) = r-1Jst-c n·(;fl.Y-'Jr-v~(tr;)} 1 S""1,~.---
. 1 

\/{1} ::=- .. 2-r< Jd.f J' 'Ya{l.rl) r s~ 0 

'; 
respectively. 

7 
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(15) 
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In eq. (14) the notation of generalized derivatives 
"{ < 

p(.,() _j__ f . -oc--t 
"'t•. (x)-=- P{_,() < ~'J 4r'3 )('J-x )+ 

has been employed[9] • 'fY.,{4'11) -is defined as 

+t ·( . < 

· s~t> f'Y-.,[1~1) ~(.P)-=:- jdl'-,s> 2 Y.(.P) 
-1 . c < 

'":? t S' . 

':f(y )- -f'(-Y) 

S' 

(U) 

(17) 

Let us consider the structure function ~ [ v, 'r) w1 th the scaling 

behaviour 

V~{v1 rJ ~ ~ t..c(r)+ .:¢-z. h.dt) 

Here h. 0 ('1) is determined by case II ( eq. 15) w1 th .s' = D • 

The determination of l-.,('f) requires further conditions for 

the spectral function in comparison with (12) 1 (13) ( see 

Appendix ·). In our special case ('s ~ 0 in (lJ) ) we demand 

~1,fu,ll .. J~'f;t~rec~\ ... J + X'(t,"r') 

with 

~-&.-..... 
~l .. _ _).,() ~} (~ .• l') = /(,(It)* 0 

From the analysis of Appendix we get 

1 

h t: Cr)-=- 201 Jeer r 'lfc (f) 
r 

8 

. (18) 

(19) 

(10) 

~ 1 1 

k/f )::ozv: t3/"o{jrl)-4"~<-}dr /·}.(/$1) t-hf'·ljf rc(l rt{J.;.)'l 
~ r 

+ {71, r 'x;lt11) . r 

(21) 

III. Derivation of Sum Rules 

Based on the idea about the electromagnetic origin of _the 

nucleon mass difference the Cottingham formula (1) determines 

the electromagnetic mass corrections in terms of the amplitude 

for virtual Compton scattering in forward direction ( for proton 

and neutron, respectively, averaged over nudeon spins) 

.• 

T r~ (4 f > ~ ~.t. 2: r ax 12 -it~~ <o. 6(1{-ir.r" 1 ~i.l~o) J! r c)> (22) 
rv 'I -ri\ G j G • I' 0 11 • 

Obvious~y the_ bebaYiour of lf." ('j
1 
f'} as <j' 1 -3>_ oa is important 

for ~he.oonvergenoe of (1). A more detailed analysis-sho~s 

that just the behaviour in the. Bjorken region and· the properties 

of the scaling functions are crucial for convergence. 

We remember tlo] that the T..:produ~t of (22) ~o~tai.ns an 

uncertainty at 'K r = c : 

Tr ~·r- (1< ).3··,io) )::: 8(~£),>.->i...-_M ·f er-k~Jiv (&)ire'<) t C...r-v (><) (2J) 

We choose the Wlknown quasilocal terms O..j..v ('<) so that the 

T-emplitude becomes gauge invariant. Then: assuming canonical 

light-cone behaviour ( eq.· (2) ) .the following DJ~representa-

. tion holdsl11 J . . .. 

Tf" {'fl p )r- i- (-~rv7l.t-7r rv JT. -t;f:l12
Prfv -Pr(fr'iv-+ P·'ir -). 

- -t- (f'rJ~j rv] T 2 
(24-) 

9. 
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with 

l (_, -.>) ·z. ... lfo-.__ '{-'< - ... l·+l'' 
Ti ( ~) = If d:tl cl._L'2 

}· .f. { ._-;:, ~V· j 

The 'f <{ <4.',~1) are the spectral functions corresponding to 

\4tr
1
r) • Canonical l.ight-cone behaviour ( eq. (2) ) c~ be 

reproduced by means of integrable spectral functions Y i(il1 .. l
2

) 

( see eq. (1:3) ). To simplify th·e following considerations we 

will.assrime these sufficient conditions WhiCh, as one knowsl12], 

are not necessary for the light-cone behaviour ( eq. (2)). 

Then the representation (24) converges without any subtractions. 

As a: matter of fact it is· possible to obtain all our results 

without such an assumption, analysing the integral. (1) in x-spa­

ce C see final remark :ln section .IV). 
·Inserting eq. (24) into eq. ( 1) and apolying two partial 

~ _,. · 1. ' 1 -) 1. · · · 1 - ~ -q - 9o · 
integratio~ns we ge{t ~ 3 2 . • 'f 2 '2. 2- ~ 
~'lr/.,== T rcik . .(,A ~-z./41.,1-{ ~F'? 't2[f,/{ti:itf-.t~oJ3 +~~) 4 'ffbol...lf-lt)~~3 

• ~ • > ( 2!J) 
Where the tJ {it,..,p}are the second primitiVES of the spectral 

functions '1f.;(t/11A~j with respect to ~2. • 

Now the q-integrals in (25) oonYerge and show the following 

behaviour for large values of A.z. 

. 3'l'l. 
('A If q . [ 2. ~ -> 'L I 'l. ' ']3 Y I 1'2. Cf e -('t -uJ - ...._ t-10 

=·- :lrz. • 
2 v\'2. "' 

(26) 

r . . . -'~' ·- 2 '1~2 1 2 .. (27) 

J d_lf~ (?~+1'oJ['lo2-(i~ilp--l~-tio]3 ~ 't:?. -t -f O(Js...,.). . 
The asymptotical behaviour of the spectral functions 

for large t.\.'1 was ( see eq. (lJ), (18), (19) ) 

10 

,f .. • ., ... ' --

~lj(~<l z.) ~ "'f} (.-1} .. ,\''l +){;(it) 1 

'¥t~ 1 r.t?.~l2:)0:::- Y-l-r'itJ 
(28) 

This_ means that the_ integral (25) :c'ontains both a l.ogarithmic 

and a quad:tic divergen~e for l.arge ~l /1.2 

S~:: Jl(~ fti._\'Jcl~ /lr-:tw'J~l1-+ X'ot;tJJ(~!)+ "tc?.CitJ21~} -t fl.tzc(if.'(29) 
. . .A" . . . . ' . .· 0 . . . 

We demand finite mass difference; consequently, 

J,tu> "~o~ f i2 1::-'; ~. 
II{~~ 

'3 

'(JO) 

j.cii> [lf;t.a)-2 x;,r~J] ~ o. 
. lilt~-< 

Let us express these collditions 1n terms of the scaling functions 

lt.1 ('f). To this end, we apply the relat~ons ( see: eqs. (15), (20), 

(a)} connecting the 8pe~tral functions. :.,ith sc8.l..ing ':functions 

1to{'f}~2lfJjrf"foYI§'/) 
1 

, 

. . '( ' ,, 1 ' .., ' ' ' 

k-1. (r):: 21< 'r 3 l' 1 (lrtl-~ii~fdrr~'h?mJ+ ltiijDlr s:Y 01/rrtf'-t J Cn) 

+ t'u. 'T ¥c{l11 ) . · · 'f · .· · 

l2tH ;o'21i'r'Vc~(trl)· / 
leading to 

'lf t:' (tH),- 2~t 1r ho ('1) 1 

V
0

{111)=· ~ _J1 ... l..o('rJ-f A~k_,fr)+ -~~err}·· 
II. '2.1( • ~. ' 21< I ' k ' I 

(:32) 

1f z(l'rr) = ..;:L L.. ('f) 
c 2J<t 2 • 

II 
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Now we rewrite the conditions (:30) into the final form 
. t · cr-... ' · · · · 

ft~~ l, D { 'f ) . = C ~ . _/ ; , 
0 .. . 

.·1 . .Jif: [· z 1() .-1 r.... \-I/ .--lr-.. 1 
.. l{.l f ko 'r +2 'r t,.z{ih-? ~?(,J}j ,,. = 0 ;· 
() . 

(JJ) 

The first sum rule guar~t.ees the vanishing ci':f'·tb.e qtWlratio". 

divergend~ in (29) and the .seoond suni rule does so f-or:'the 
• • r" ,· : •, -· ~ •• 

logarithmic· one.; So the divergenc:_es. in the exi>resSion 'of pn-mass 

difference are cXllnpletelyo .. r~moved •... 

In t~rms of the structure functions w.r· Ceq. (9)') rela­

tions (:D)' read 

-( 

rJ. 't [ 1.. r r ) _ ..:1. jJ ](r-... J J' 'i ""t" ~ yJ•""lz{fJ ;:;: 0 
c.. . . ' . . .·. . •t 

(.34) 

1 

I~rr[ 1)u- ~4/J J ~·~ 4zro ~·;~ ~;·iuJrr': ~- ~ .... 
D . . 

We see that the quadratic sum rule ; Contains 3.e~ding terms of 

(9) only. Therefore one can try to compare it with ·exper~ental 

data. 'The ~eoond sum rule appears as>a 'relation between: leading 

and nonleadiDg terms .in (9). 

We derived the sum ru~es taking into S:cciount the general 

case ~ 0 {'f)._ }[(j (z(~J-11 (F)]:/=4. From experimentai poi~t'of 
view it is not excluded that l,. 0 {'r) 1 0 J that means 

Vf (vi t )k. ~' ~,{r) A;..c{ Vz(v, ~ J ~· ~ .. h2 {f) 

In this. case there is one sum rule only- removing the logarithmic 

divergence in the expression of pn-mass difference [11;~,[6 J , : .. 
• • ~· • • ._. 1.. < • 

12· 

,·., 

l· jl 

:I. 
~· 
1. 
~ 

'~''" 

. ·,As:~o th.e. !Dath!l.matical str':lc~ur(! .of .th~ S?Jll. :t~·les,(JJ)~ we_,· 

note. _tpaot th.ey ar.e well:-d.efine.d, ~thout ~ fy.rther ·ad hoc .-~1 : 

reg\llariza1;ion, taking ipl:g .account·~.that.the .scalin~ :funct:~;ons 

inv-olved. are define~ a.•!hdistribut.ions. It: is, well-known., for 

exampl.~, that .the ,~ca1ing function, /t 2./T}: at r= o. ___ behaves,, 

lik~ P.V.)f [lJ,Jc _eg_nstancy c:f tbe total C!oss. sec~on 9f .. real . 

Compton.s~atteringl) •. The singularities of the. other . .scaliilg 

functions are un1cnown although t~e ·s~pt.; ·.ri9_~i~~()nS :,h.{:J'-::.t~,h) 
already lead to some restrictions. In ;this -connection 1t should·, 

• '" >' ' • 0 • ··-~ • ' • ;:_ • • -. • '., n :; ' • '• ~ ~ 

be ment~_oned·.that_.division by -'t,~A~ equatio~s.. {:32)_13;nd (.34) 

by no. means: gives· rise to inoertaintiea. since .~e sca;Ling l:l;m1~, 

is considered 1n the sens~ of.distrib~tions. ·;·t-'- # .... ·~ ~: 

.• An actual;Jlrobl.em is the pOssible existence of singular· 

o?:;ntrib~tions of the ty-pe :.~ I(.[{):~'jc'a)·,. Ao:ot).~"t.c~J 
~~{ se.e eq. {28) ) and,oorrespondingly"' h;{'f) ~ Si'f) cr S'(r). 
which are not measureable in deep inelastic scattering but·· 

nevertheless can contribute considerably- to. the aum rules. 
• ·,, '-·I;>· '" .•· .-

The dynamical origin .. ~f such,.terms 'would be :Feynm'an diagiams 
, ... ' ~ 

without aisoontinuity·:'in the s-ohannel. ·The missed experimental. 

information could be obtained by- measurements.of Compton Pail: 

production· y-+N.~rN .+-r~t-r.--: [1'fJ. .,._, :> 

!,;•,_.; . , .. ~ :.·' ;:·::- -i:····--· 

IV. Sum Rules in Terms of Equal-Time C~mmuta:tors. ·.·-!·.- .. 

Conne·ctions between. divergences. of eleotroinagne_tic mass 

corrections ani ETC have .~ee~ ·~tudle·~ ~Y ~~~e~al. "authors(JJ ,l!f J.f?J 
At first Bjorken has established 1n 1966(31 that some ETc det'erfni~e 
the contriliution from virtual pboions of very- high momentum to 
_.-...,:::~· .. _, ..... ·-.~. ·..- ~·. ~-.· - ·;.· ·~· ... ~:. ;.••,· ... ··-~ .... ~· 

13 :,,, 
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• 

the e1ectroinagiletic mass divergences. The quadratic dj.vergenoe 
' . 

ll the pn-mas~ di.fference is· known to be connected wit'h q-number 

Schwinger terms iii the commutator of charge and current· densi. ty. 

As far- as we know the ~-ogarl.tbmio divergence was ·studied • 

in that case. only, when the quadratic divergence ll the expres- -

sion of mass difference does not. appear. Cornwal1 and Nort~'n. (5J, 
e.g., considered the ETC of current density-and. its time·derivati-

-~~e, ·whereas ·Boulware and Desert4Jdisoussed the ETC' · ' 

[<J,,-fkt~J-a~~o(~<) 1 ~·1c(o)] withk'spatialiDdex. 

In order to rewrit'e our stun rules ( eq. (JJ) ) ll tezms of 

ETC 'it ·is ne oessary to formulate the telations between scaling 

behaviour and light-cone singularities. 

The scaling behaviour found ·for the J!'ourier transform of the 

current commutator in the region '/ ;;;= 12 f~ _.,. 00 I 'f';::- ~ ~ 
fixed/ is uniquely correlated with the asymptoticai behaviour 

o£ the commutator 

(J5) /""-' . :.-1 . . • . . • . Wr, rx.JF·J ..... y.;~ <fp, bn~,;.t ... ·> ,J,r~!J t f:') 
~ (~,. .. u-·~r~ J'V.r1<:,f'i+ Frrp.,.[}+ fp,.?~tp";Jr 'fr'J J-'arir.or}Vzfk;rJ 

near the light cone )(2 ~o [tS,l2]. 
~ 

To obtain the light-cone behaviour of a structure function \/(~rJ 
we need the J!'ourier transform of the DJL-representation for the 

structure function V(~1 ,.) :· 

f'V ' .... 

Vt~<,f) ~ '.:.. ?.~ jJ.J.l .,J(~t,.P)J)(~ .. ~\.t.} 
C·. 

(J6) 

with 

. .{. f. -r?'l( 
· .D()<,,(q--.... ('2tt ~l' ,(1 .e · Err, J · frcrz- c..L ~) 

I ()7) 

14 

Arx,--'.7>== fJ~;1;;; ~r;;~.\2J 

1 
= trr.jJ~~ 

<Ji....oV~ .l '1> -Kl 'Jl:fY,.. ,,l ~ ) . (JS) 
~x,;z...x:z 

For structure functions of type ~I( eq. (lJ) ) one get ala] the 

light-cone behaviour 
. ( . 

"-' --'f r · (: s--1 vr'l(l f') ~ dM .,,..,_. cf (>cc) <(xo) )(~ )+ ()9) 

where 
' 1 . .· 

G(><c)= 4o: J'~f' f -J•':;_fr "f.,(~) / 'Y:z.=x/-'l(t~x.2. (40) 
0 ' . 

"- ' 
Especial~, for V2(,., p) ( S-=- 1) : 

'"'- , -'--(( .· ' I (41) 

Vz. (x, P) ~ -ftjf2. G?("'c)t(~<:o) erx:l) 

with 
,.., . 

G'2(x 0 ) .:=- 'tr;: j..lf5' "'-:-:fxo Y~(.f') (42) 
!) "><'. () 

'"'-' 

In the oase of \i;f~f) we hav-e to evaluate the next to 

leading singularity. From our ansatz ( eq. {18), (19) ) 

¥ "(J>,._\"z) = "f-
0

1 {f) 8(J..t.) + 'd~z. /((s>,J ~) (4J) 

and 

.D (>s._~Z.) ~ ::/._ U><:o)fJ(Kl)- "'~~ Z{"'o)NKl):-f- 0{><_'} ·· 
21< ~ / 

(44) 
)(~0 

I 

we get finally 

C'-- l . , I · . 

~ ("',r) ~- 't~l Go(>e.)No:.)~(l(~}- -i; .. ~ 64(><,)£(Yo) er~1.) I (45) 

15 . 
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where 'f 

b .ftc) ;- h J 4 ~-. 
0 
\ t 

Et. (~c}::: ~ lA. 1 c{.ff 
(J 

''~.f'>< ~ 
k., 

Qt .. f>c:<:; 

><.: 

f;(g} F 

(46) 

~{f} 

In such a way we have reproduced the light-cone behaviour of the 

current commutator from ·eq. (2) relating the G;()('c) to the 

asymptotical behaviour of the spectral functions. Relations (.31), 

(.32), (46) constitute a definite connection between the scaling 

functions and the coefficient functions of the light-cone 

representation. 

Let us now discuss the quadratic sum rule given in terms 

of the spectral functions ( eq. (.30) ) 
~ . 

J J'r '(2 ·1r/ (1) c 0 
0 

From eq. (46) we get 

G,roJ = o 

(47) 

(48) 

We see that the quadratic ,sum rUle is equivalent to .. (c
0

(o}==o 
. . 

In the following we usc the formulae 

?o [ f\x-o)f{><'JJ;.-,"o ~ l-;;.[(;:') F 

(49) 

')'C l ~{ ... } G(i.:')J;,.,.' c = 0 I 

tJ [ ~(.,...•) (;1('<1)] =- 4 f(~<cJ d('l( 1 j 

and obtain at once 

l:c:::'"p.6I[·;.{'~")·~J·/oJ]IP6~· = q~ GcJo) ~· Sr;;') _ (50) 
~ .Q•. f ' . t•·r/K.~i) . < 
~ /"~ 

The removal of the quadratic divergencen the pn-mass difference 

is therefore equivalent to vanishing of the operator Schwinger 

16 

term ! 

r ~Pr(, II i·c.{IC) ,i; fD)] l f,£> 1)(-Q"="O - 0 ... 

To obtain_the conditions resulting from'the logaritbmio :sum 

:rule 

which 

( eq. (.30) ) 
·1 

j,(f It ['Y} f't ) - '2 ¥a(;-) 1. = o 
'{) 

is equi'valent to 

Gz(c)- '2 6 4 (D) =::- D 

we consider the commutators 

(51) 

(52) 

(5.3) 

~k D [ io f><), f; (e)] and · ~t.~D [ i&<(-:)
1 
i;(oJJ , 

From eq. (2) we get 

2.(p,6/LIJ 'd." tof~<J1 -f,·to)]/p6)><o""O := z~ ?itlk G2c{4tr.,(<~J~ b('<l)1 (f.f..,)t£(t"J1 
<: · -· · · l-o 

. . - l~ q~ {J~I> [GJ~e~Jlt"r>)S~lJ]/J<,~D " 
" ~ <. ' 

: ;-.; di ~(( [2hGo"tc)~{t) i- ~7i: tt/o)[[it)-(-. ~~ (o)Jri'i} (54) 

~12~ G,/(oJd;Ju.Sc~J- -~-t' J;Jv ~~~J[G.zr~J-:h.dOll 
and for ,( .t k 

'?' <:r.~>l [~oD~l((!<;J,~il~JJIP'>x-,~o , 
A.' . [ ·. ·. . . :1 (55 ) 

= 2~ c;); ~k !Jo .D Hz:(i('f6)fr..-,)r(Kl) t- 6J><~J!r~J B(r')Jf~c.-.tJ 
~ A.2.: fi:'(o} '6;21( r (;/) + ~~.: ~i:t ar~J fT~ ro) 

17 
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Finally we obtain 

~ c(f'C I [ 0(~1< jGCJC) ·t ';)t>-i ~< {x:J) '},•fo)J / t6> ll<., ... o :=- (56) 

::= 2cr.; G/roJ'd;'Jr. .. Sc>t)- ~'{· [6~/oJ-2G.,roJ]?iJ~<at;>).· 
If there is no quadratic divergence from tae ver,y beginning, that 

means that G2 (~0 ):: o 
1 

4'
0
('f}::.D ( or in other words, if there 

are spin 1/2 partons-only) we have (57) 

f ~ P ~> l[n(e>u1.d" l T-bt> .jk r"' 1), j / ro J] f f6>,. ... 
0

:;= ~ tr-c'[GztcJ-(61 r~/]t4~,.£~ 
Under this condition the vanishing of the ETC ( eq. (57) ) is 

equivalent to the removal of the logarithmic divergence·in the 

pn~ass d1ffe renee. 

Let us compare our result with those of C4J, [5] , where 

the following ETC have been considered 

Lc~G([eoi~<ld, i,.:roJ]}f>G>_k, . .,.c = (58)_ 
6 . -

;;= ; .. 'do(II .. ~~ )[46ot><~J~S + 6J>cc) ~e]!l<."'o -r 1; [ G?(x~)f~]l~<o"<> 
= 4; 6"£o) 'd~ ~(fJ -r,f2) tr~''tf>) b(>7}1- lf~[~1 (o)-G2(o)] 6{>lJ 
and - · -

f<rtl[ d~ivrll:'l,1~Kct>J](p')fJc-,;=o = _·(59) 
t \ 

""zr(- ?~<'~o['+6-ot"':-J1S t- ~1f~J~G-.J , 0-~2-<_ 'd"'2 d.,[G2{>r;J~e-J1 _ 
k ,~ ~ ~-Q 

::: ft,: GJo) . ?~ ~(;:) 

The ETC proposed in[41is the combination 

L Cf,,l[(?& ~~<fX)-~1< jcf1d), iv.to>Jipc),{,:: 0 -
c . - (60) 

:::- -12.: GG"rN Sr;t.i -tv,.; d(~J [G.,f~J-G.JoJ] 

II 

Obviously there _is no equivalen~~. t~ e~r~ssion C5J:) ,·even if G0l;:J;;~. 
'f~7 ETC [9.j,J~> ,j,·lo>t)C.,.,o_m~~tion~a i~ ~eLc~~lis' ~~s~ntiall~; -_, 

identical to Eq. (58) since from Eq. (2) f~r k•( a contri::.: 

bution of. G,__(O) . _does not app~~ • .Aiain there .is no eq~vaienoe .. ·-· 

looked for. 

But,in general,a quadratic divergence has to be supposed 
. . . . . . b -

in- the mass difference and consequently G.,{o) .i- 0 .In 

this general case it turns-out to be-impossibl~ to expre;s the 
. " '''- . . .. 

logarithmic sum rule (52) by means of ~ appropriate ETC - . . . 

( because it is impossible to separate the term with G:c·cl 

.by means of higher-order time derivatives ) .·suoh an equivalence 
. • . . . . '< ' ". I ·- .. t-71 . -

with. tl~e ETC of Eq. (56) would be valid,however,~f G:<w'trr\,lt-.;LI.,\q "'U. 
. ~ ~ • ' . 0 ---· ... 

•·"""-

As has already been rema:rked there is another approach 

to our_results which avoids a~sumptions about classical 

asymptotic behavi?ur of the spectral functions. 

Starting with the singularities of the commutator,Eq.(2),we 

immediately-get the singularities of the T-product near the 

light cone taking into account the correspondence, 
_:'j ' 

'<,(.)<.,) J,,.) --'P 
-A 

"-.,_ 1-; \.. 
and 

£.l><o) Glx<) ~ ~(xl--t-;'<..) 

Consideration of the Fourier transformed Cottingham integral 

S ..;\4-x 
'?!......... .-...-
~ T,.vt><,?1 

19 



• 

shows tha.t the. divergences now arise at x,..-o .Analysing this integral 

in Euclidean metric we· <tlrectly derive Eqs. (48), (53) as the 

necessary convergence conditions.Obviously these conditions fol1ow 

without any assumption about the.spectral functions. 

In order to get the sum rules in the form ())) it is useful 
. t:-tl] 

to refer to the technique of the quasi-limit which establishes 

the asymptotic behaviour. in the .Bjorken region ( i.e. 
. . 

the asymptotics of the funoti~nal S {l'>)Yl v;O c\. ~ . :for v->"" ) 

starting from the singularities on the light cone if defined in 

the sense of the q-limit.It is crucial that the connections 

between scaling functions \.\ :tt) and coefficient functions G~ {x~) 

given by Eqs.(:ll) and (46) remain true in this approach and 

therefore allow to rewrite the conditions (48) and (5:3) in the 

form (:l:l).Our derivation on the basis of the restricted class 

of spectral functicms ( this· one oonsid.ered in ref. [ .n..} is 

a more general class ) has been chosen for the reason of mathe­

matical simplicity only. 

The authors gratefully acknowledge the fruitful discussions 

with A.N.Tavkhelidze and V.A.Matveev. 
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To find the next term with ~~2 . in the.asymptotic.beha-
.. . . . . . \' . 

viour of structure functions 

\/(y,JJ ~ ')., ~c(f)-t-jr;1l-,.-r{f) 
(A.l) 

we make the ansatz 

f(~+tJ {J:.l~}"' "lfc {~}fi(•\1)-tY(s_,(l} With .p .... ~jl5;dz):=1';(~) (Ao2) 
•\ ~<t. • .. • 

This condition for '1({"~.\i} is caused by the .assumption we made 

that the riext·term in (A.l) decreases by an integer power in 

comparison to 4 ·' ~ (r) v.o.+t "·V . , 
On the basis of condition (A.2) we consider the scaling' ·' 

behaviour· in the framework oft8las a sequence of the distribu~~ 
tiona-structure functions in V·, with ~{'Crj as a test function' 

of ) • We get the decomposition · -

feU' V{~ ~) 4(f) ~ 1-~ (v) ·-t 'f,. (v) 

The integral 
1 "" .... , 

11 (v)= ~Jtrf?: f,lf)JJ._(t Jdr ·(T~~-z •ft 1- t1{,11-·f}[v~.1t 2~~~;111] 
[]., J,.; c;,xpression~ whlch remain bounded. fo~v.;:-::>-t.,;.J., 

1 

we evaJ.uate :l.n an analogous manner as ~t; was done in the case I 

of speotraJ. functions in[81with k""c ; taking into account 

additio~ly the (s+l)-derivative of -tCrl and aJ.l the terms 

which contribute to .the next order in ~ • We get 

:J,{v): :~. f.{J ~{FJ/{y Yo(tftJ](r-:)tl } 3 Yo(/~Uf~l . 

- z(~1J [ ~ 1tc(l~/)1s~n -t zr~-11-[~l'lto{tfl)]rH)j. 
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Now <'f oc +1 

:r,(vJ > '~, rJygL f JJ. > rr~,\'}frlr i ({~'$' +fr' t }(1-t l.j 
v j' 0 ~, v v 

and we detennine this integral in completely the same way as 

that for the spectral functions of type II inf8Jand obtain 

... 2..-
:Tz (v) .::- f+2 

v ]at .{tr)[fX/l~f)]rl·' 
with generalized derivatives 

r . 1 . - -s--t () I
f.. . . 

1 ( }") .=- P{-s)~ Jy ·{{J )(P- l) 
The final result is then 

V(vtJ} ~ ~' he {'r Jt- /~tl' L,1{1} 
with 

kc (~} 

l._., (~} 

[ ) J 
( S-1 } 

:= h. '? Y-J/'ft 
I . 

--= 2~ [ ~>y t,(m)Jrs~cfidr-t J[ ~'l Yo(!Hfl(s- 11 

-hrs-1) [j Y-o(/~l)](s-ll -t'2li ['j- ~(1~/)](s-) . 
For S'- o .· we get the formula used in eqs. ( 20), ( 21). 
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