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YlaocmiHOBble orpaHI!'IeHHSI H !jla30Bble KOH'I'YPhl B lli!OH-HyKnOHHOM 
pacceSIHHH · 

B pa6o'l'e nay'la!O'I'CSI 1!3ocnnHOBbie orpaHn'leHHSI Ha JlnqnpepeHul!anhHbie 

lf IIH'I'erpanhHble ( nonSipH30B8HHble H HenonS1pH30B8HHhle) p,e'leHHSI nnoH-HYK-
nOHHOrO pacceSIHHSI. OnpeAenSISI IIH'I'erpanhHOe ce'leHI!e 'i n) n ncnonh3YR 
Knaccn-ieCKne aepaBeHC'I'B8 MIIHKOBCKOrO H fen.ciepa ,nonyqaeM Wl!pOKHfi ·Knacc 

naocni!HOBbiX orpaan~eHIIfi.: HacblineHne . orpaHI!'leHnfi nay'leHo c I!CnonJ>aoBa
aneM ripellCK838HIIfio nony~eHHbiX 113 II.H<;:nepCI!OHHhiX COOTHOWeHHfi H 'l'eope'I'H-

qeCKHX ljlaaOBbiX CllBI!roB, pacc.1nTaHHbiX B UEPHe. 

flpenpMHT 061.e,nHHeHHOrO MHCTMTyTa lt,llepHbiX MCCJie,llOBaHMA. 
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The Isospin Bounds and Phase contours in Pion
Nucleon Scattering 

.. ln this paper we investigate the isospin constraints 
on differential and integrated (unpolarizeq and polarized) 
gors..:sections in the pion-nucleon scattering. Defining 
~~ -integrated cross-sections and using classicaL 

·• Minkowski 's and Holder's .i.nequali ties we obtain a .large 
class of isospin bounds. The saturation of the isospin 
bounds is investigated using the dispersion relation 
predictions and cr:RN-theoretic solution for the phase 

shifts. 
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Introduction 

. . . .. 
The isospin bounds for differential (unpolarized or . 

polarized?_cross-sections have_ been i~yestigated by many . 
authors I - 7 I. It was suggested by Hohler et al. I 41 that .· 
the' exact saturation of the isospin boimds.is in particular ·. 
connected with the zeros of diftererit scattering amplitudes 
and 0," -phase contours. On the other hand in ref/71 
we have investigated the most stringent isospin bounds. ori. 
polarization and spin . rotation parameters using a set of 

' bilinear. forms which. can be constructed with the scatter
ring amplitudes for two. reactions· coimected by the. isospin 
invariance.' Then, 'we have obtai~ed'that'the isospin inva- · 
riance ·implies much more restrictive conditions than 
those derived by· Doncel 'et aL / 71 ·. and'that the exact 
saturation of the isospin bounds. a~e strictly colmected 
with the . zeros of the' real and imaginary part of these 
bilinear forms. . · 

In this paper, in Sect. 2 we investigate the isospin 
constraints on the differential (polarized and unpolarized) 
cross-sections, in a similar way, defining the bilinear 
forins M ij ( ~) (1_2.a.b.c). The saturation of the is~-
spin bouni:ls in terms of the [ Re Mij ( 2), Im M ij (2)] -zero 
trajectori~s or (nTT;(n+-1-)TT) -phase yontours is .c:liscussed 
in Sect. 3._ In Sect. 4 we define r<n -integrated cross
sections and .we obtain a large class of isospin bounds 
using the results of Sect. 2 and classical MinkO\vski's 
and Holder's. inequalities. · · ' ' 

The saturation of the isospin bounds, using the disper-
. sion relation predlctions/9/ and CERN-theoretic solu- ·: 
tion IIOI. for phase shifts are present~d in -Figs. (1-8). 

'· 
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2. The Isospin Inequalities for Differential 

(Polarized and Unpolarized) Cross-Sections 

In order to discuss the isospin inequalities for differen
tial (polarized and unpolarized) cross-sections in the 
pion-nucleon scattering, in a systematical way, we intro
duce the following scattering amplitudes: 

-> -> -> -> +t- -> +--> 
G. = f.m +g. f ; G ~ =f. m'+f.f' , (la) 

I 1 1 I 1 I 

K(±)= f. ± (±) +t- +- (lb) lgi ; . K, - f + . f 
I = i - .l i •· 

(±) 
H ~(±) = f :++ . +- . (lc) H =f .. + g. ; + f . 

. 1 - I h· 1 - i . 

-+ ' . _, ' 

where rii , f . and ~ ' , f ' ·.are orthogonal unit vectors, 
f i arid g i - are the .usual pion-nucleon spin-non-flip and 

sp_in-flip scattering amplitudes; f t+ and .f i-- are ~e 
helicity non-flip and helicity-flip scattering amplitudes, 
respectively .. ,The indices. i refer to the charge ( +; -, CE) -
or to s, t, u_· :..isospin 0,;.21 5 .,211 , 21 u ) channels. 

4 

In terms of these· amplitudes we can write 

. ' -+ -+ 
_ dai _ G*· G 

(Ji = dQ - i 

-> -> 
= G'~G' 

i i 

( ±) 2 (±) 2 
(1 ± P. ) a. = I K. I = I K ~ I , 

l l l l 

(1 ± Ti )ai ,;.IH~±> -1: 

. (±) 2 
(1 ± A.) a. =IH'. I, 

l l I 

2 O+S.)a.=2!f. I; 
l l l 

-2 
(1-S. ) a. =21 g

1
• I , 

l l 

(2a) 

(2b) 

(2c) 

(2c') 

(2d) 

' 
·' 

I 
~I 

• <I 

.I 

- - +t- 2 
(l+R.)a.=21f. I; 

_, l . l l 
(1-R. )_a. =21f~l2 

- l l. - . .1' • 
'(2d') 

The_ results obtained in _this section may be conveniently 
summarized. by the following-inequalities. · 

Inequalities 1. Le~_Ii=ai ,(1±Xi )ai, Xi=Pi,Ti ;Si or 
( ~ ,A. , R i) be the differential (unpolarized and polarized)_ 
cross

1
-sections, i =+,-, CE . The most weak isospin bounds 

on I i implied by the isospin invariance are 

. 0 < I+ ~ 3 ( I_ :- ICE ) , (3a) 

0 .:; I_ S. 3 (!. + +I CE ), (3b) 

0 < !. <!. +!. . 
- . CE- · · + -

(3c) -

These inequalities are derived from s, t, u -isospin 
chann-el decomposition and · positivity ·- conditions for-

I. , i = 21 , 21 . , 21 . 
l . s t u 

In e qua lit i e s 2. The isospin in variance _alone impli- . 
es 'that the differential cross-sections for rr N. -sca'ttering 
at -any c.m'. -energy \js and any c.m:: angle. 8_, must' 
obey the inequalities:·: · · -. · . *' 

- - . - 2 .. . 
(I++ Ii .,-2 IcE ) ~A!.+!._ , (4a) 

2 
(I+ -I_ +2I CE) ·::;:s !.+ICE • (4b)-

' _- 2 - . 
... (I+-!._ ...,.2IcE }·_::; BI_!.cE• 

.. ·- . - . . ., ...... 
<:" .. ;,;, 

,' 

._- (4c) 
~. 

2 . . . 
( ~ ~ +3 !. _ -6 ICE ) :5 8 !.+ ( 3 !. _ .f- 3 ICE..:.!.).> (4d)-

-.. 

5. 
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, 2 , ·, , . ' . . ' 
(I -I) <4I '(I++ I -I E),· 

- + -. CE - C (4e)" 

• > ( • •• 2 , . 

(I_ +3I+ -6.ICE) ::; 8 I_ (3I+ +3ICE .:.I_), 
.. ' . . .. . . 

·' .-. (4f) . 

which are all equivalent to· 
. . . .. . ' .. 

.; ~ . ·. ~ ..... 

-A( I+,! -'~2!CE )> 0 (5) 

and also to 

~ ~ , ~ 
( I+ ) S ( I _ ) + ( 2 ICE } , (6a) 

I/ IJ. . I/ 

( I /2< (I )n +(2I {2 
- - + CE ' 

(6b) 

~ VI ~ 
(2I )::; (I+) +(I ), 

CE 
(6c) 

. " 
or.·· [(I+)~-(:~:_111 2 ~2 I.f:E~[(I+~ +(I_)~]~ (7) 

where 2 2 2 
A(x,y,zh,x +Y +Z -2xy-2xz-2yz. (8) . . 

. These inequalities follow from the trian~le inequa!itie~ 
app~ied to the scattering amplitudes: G i, Ki (±) , H<f>, v2 ri·.v·2~ 

-+, , (±) . , (±) - +- . . . 
and (or) Gi, Ki ,Hi· ,y2f i, 1=+,-,CE. 

Now, from·the inequalities (4a,b,c,d,e,f) for I\+) -;;(1 ±Xi)ai 
combined with those for I\->= (1 ±Xi )ai ·we obtain the 
inequalities 3. 

Inequalities 3. 
2 , 2 

(a+ +a_ -2aCE) +(X+ a+ +X_a_ -2XCE aCE) !::4(l+X+Xja+a_, 

(9a) 
2 . 2 -

(a+ -a_ +2aCE) +(X+a+ - X_ a_ +2XCE aCE) ::; S(l+X+XCE)a+aCE' 

(9b) 

6 

~ 
~ 

(! 

,, 

"I 

:I 

ll -
I· 
'I 
l' 

I 

2 2 , . , 
(a+- a_ -2aCE) +_(X+ a+ -X_ a_ -2XcEacE) 5: S(l+X_Xc.ta_aCE, 

(9c) 2 2 
(a++3a_ -~E) +(X+ a+ +3:X_a_ -6}\:E aCE) :S 

·_58(l+X+Xls )a+ (3_a_ +3acE:-a+ ), (9d) 

2 2 
(a -a )+(X a -X+ a ) < 4(1 +X X )a (a +a -a ) , 

- + - - + - CE Ot CE + - Cf. 

(a +3a 
+ 

2 2 
- 6a ) +(X a +3X a -6X a ) < 

CE - - + + CE C~ -

_58(l+X_X1u)a_ (3a+ +3aCE- a_), 

where 

x.,. 

xo, 

3X a +3XCEaCE-X+a+ 

3a_ +3aCE -a 
+ 

X+a+ + X_a_-XCEaCE 

a+ +a_ -aCE 

3X a +3X('L' aCE-X_a_ X ~ + + .r. • 

lu 3a + 3a -a 
+ CE 

.. , 

-~ 

(9e) 

, (9f) 

(lO.a) 

~· f 

, , (lOb) 

(lOc) 

The. isospin bounds (9a,b,c,d,e,f) are all equivalent 
to 

A.(X+a+,X_a_ ,2Xcf?'cE·)~.-X( a+, a_:,2aCE)... (11) 

7 .. 
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Next, if we define 

• _. 4 _. .. -to 

M .. (a)=G.*·G. =G~~G., 
. 1J 1 J 1 · J 

(12a) 

4 ~ 

. where G{tGi ~ is the scalar product of the scattering 
amplitudes G ~ and G . 

1 J 

M o:<±>) =[F (±) 1* F(±) 
i j i j 

(12b) 

F(±)=K(±),H(±) (y'2f,y'2g); K ,(±! H'<±!(v2f+t,y'2f +-) 

(12c) 

then the isospin invariance implies the following equali,... · 
ties: · 

I+ I - [ Re M+ ( I ) ] 
2 

= 2 I I+ I - [ ReM c f I ) 1 
2 

I = ·· - - · CE + E' 

=21 I_ ICE- [ReM_ cJI )]
2
1 = ·~ I_ I 18I 38 -[ReM 138 (.2) 1

2
1 =. 

2 4 . . 2 
= 4 {I

01 
.221-[ReM021(I)_1 I= 91 I 1u I 3 u-[ReM 13u

1
(2)] I= 

=- !A(I+,2_,2ICE)~O, (13) 

forany I=a,(l±X)a. 2 
Now , from the condition [ReM ij (I)] ·:;;:.. 0 we obtain 

-A( 2 +'2 _,22cE ).SA( I), (14a) 

where 
A (I) = 4 ;min I 2 2 , 2 I ICE. , 2 I I E, .49 I I + - + - C +. ls 

·4 I I , A
9 

2 I I 
Ot 2t lu -

(14b) 

and 

8 

Ji 
~ ,, 
--;, ,, 
i} 

. ] 
~l 
;I~ 

I 

l 

I 
:I 
;l 
'·' j 
)j 
1.1 

·, 
j 

f 

I 

:I 
'I 

(I 
.I 

i.: 
'! 
I 

tl 

Il·s = ~ ~-3!- + _3 ICE .T" ~+·L~·O• I3s =I+ ' .(15a) 

·I.
0 

= ..!.. [ I +! -ICE] > 0, 
t 2 + - - I2t= ~. IC_E' (15b) 

. . 1 . . -
I lu = y[3I+ +3ICE- I_] ~0, I3u =2_ . (15c) 

Hence, combining (14a) with (5) we obtain 

Inequalities 2'" 

. 0 ~-~ (.2+, I_ ,2IcE)::; A( I),· (16) 

valid at any energy and any c.m." scattering angle. 
Next, from .the cond~tions . 

2 2 . -> ~ I . 

O~[ReMi1. (a)]~ IM .. (a)! =L
2 

[l+P:P.]a. a... (17) 
. • . 1J 1 J 1. ', J 

we obtain the most stringent lower bound on the triangle 
function A 17 I. · 

In eq u·a lit iEi s 4 
. ·' . '-" . 

4H+_.5-A ((1+ ,a __ ,2acE).5 A(a), . ,(18a) 

where 

H.·. = ...1(1- P.. P. ) U. a;:? 0, (18b) 
1J . 2 . 1 . J · ~ _1 J 

~ . _.., . •· •" - : .. · . .·· ' . :·' ., .. 
P~P. . :P. P. +A.A.+ R.R.=P. P.+;T.T. +S.S. = •••• · 

I J .~ ·I J.·. I J , I J I. J · I J I·.] ' · 

·_ (i8c) 

The isospin invariance alone implies .that 16 1 
. ,· .. 

'4 ' . . '4 H =2H =2H =-H·· =4H ··=---H .· 
+- + CE - CE 9 13 u . 02t . 9 13 s (19) 

·9 
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The lower isospfn. bound (18a) can be .written in the 
following equivalent forms: 

2. .... .... . 
[a;:+a_-2aCE) ~2(1+P+P_)a+a~~4a+a-, (20a) 

2 . .... .... 
[a+ -a_+2aCE] {4(1+P+PCE)a+aCE-s_8a+aCE' (20b) 

2 ......... 
[a -a -2a ) < 4(1 + P PCE)a a ~Ba a , (20c) + - CE - - - CE · - CE · 

2 .... .... 
[a++ 3a_ -6aCE] ~8(1+ P+ ~s )a+als'S.16a+als' (20d) · 

[a_ -a+ ]2 
........ 

<4(1 +P P0 t )a a < Ba a 0 , - CE CE Ot- CE t (20e) 

2 . .... .... ; 

[a_+3a+-6aCE] ~8(l+P_ P10 )a_ a10 ::::!6a_a10 • (20f) 

Therefore; assuming· the isospin invariance, we have· 
improved the upper bounds (4e), . (9e) and (20e) on the 
difference between "-P and "+ P differential (pohirized 
and unpolarized) elastic cross-sections. These results 
enable us to understant the -small diffe'rences. between 
elastic differential cross.:..sections, at high energies for 
fixed momentum transfer, in terms of the small charge-
exchange differential cross.,-sections. . . .. · · . · 

·· The isospin bounds on differential cross-sections' can 
be investigated from experimental data, or using the 
available amplitude analyses, in many equivalent forms. 
In particular' one can use the Tornquist-type diagrams_'~ .. 
or other equivalent diagrams defining the complex numbers 
Z .. (I) by the relations: 

IJ 

ReZ .. (I) 
. l J ' 

10 

I 1..:.Ii 

I.+I. 
l J ' 

ImZ. ('5):; 2ReM i ·O:) 
lj'- . . J I +I . 

j 

.-: ~ 

(21) 

,\· 

~ '~ 
-~ 
lj 
l) 

fi 
. 'I 

! 
J( 

-·t 
l 4 

il 
il 

·;! 

' l 

I 
t 

'I .I 
·I 

I 
. I 
I 
l 

·I 
j 

. :1 

. ··!. . I 
}I 
J 
; I 
'~ j 

I . ' 

·,where Mq (I)·. is defined_by·(12a)~and (12b)~ The.(l, the 
data are· represented,· for. each ( s, t )·- ..:value,· by a point·. 
in~ide of a circle I z ij .I::;; 1. Tlie lower bound (f6) is satu- . " 
rated when I Z ij I = 1 , and the upper bounds for 
.ReMij (I)=O. _ 

Also, we can use 'the isospin bounds for ReZ ii (see . 
Fig. 1). In this case we see that the isospin bounds 

(I.) ~i.'s (I.) .. _, 
J min J · · J max 

·~,r 

(22a) 
·, 

are _equivalent to: .. 

a~. ~-ReZ.:(I)~b .. , 
lJ IJ IJ. 

(22b) 

where 

"" '•: .. " 

I. - (!
1
. )max 

I --

a ij :; I i + (I j )max 

I.-(I. )·. 
b.. = - 1

--· _L~ 
IJ • (22c) 

I, +(!
1 
.. )min ~ 

I . ~ 

·-· .... ~ ... 
The quantities ReZ i.i (I) and their'isospin bounds ·a ij , 

b i i. corresponding to the zeros of the s, t ,u · -channel 
isospin:..exchange amplitudes are given in Table L· There
for.e, these forms- ·of presentation of the. isospon bounds 
are in . particular::connected with the· determination of: 
(i) the zeros-positions of differentisospjn-'excha'nge ampli
tudes, (ii) the crossover points !i =I l , (iii) the _condi
tioned average quantum numbers .'H; and its•correlation 
with 'the relative phases of two scattering amplitudes and 
(iv) 0, 7T f , -¥- -relative phases of two scattering 
amplitudes. . . 

We note that. ReZ +- (I) and a+- ,b+- can.be also. 
used in order to investigate the validity of the Pomeran
chuk-type theorems in the high energy ·limit. 

As-an example, we give in Fig. 1 the quantities ReZ+·-(a) 
a+ _(a) and b+.:..( d) determined from the dispersion 

relations data· 9 -'· for the pion-nucleon· scattering at zerO· 
transfer momentum and beam nwmenta up to 70 GeVjc.· 
From~' Fig. 1 we see· that·the isospin bounds·(22b,c)'are 
saturated in the intervals: 0.01 - 0.3 GeV jc, L03 ·~'· 

:II· 
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Fig~ 1. .ReZ+-(u) · and its isospin bOunds at 0=0° ·and~· 
laboratory momenta up to '70 GeV jc, obtained from "N -
forward dispersion relations /9 I. . 

.. - .. ~ 

1.07 and 1.430 - 1.470 GeV fc. Using table I we see that 
the saturation of the isospin bounds at PLAB = 0.088·, 
0:130 and 0:300 GeV fc are due to the zeros of .u35 , 
u 21 and u 1s respectively. Azeroof. u

0 
-isexpect-

·. ed at threshold since ReZ+_(u)=O ~a+- 1 = -0.8 and 
b _ (u) =0 at p LA = 0 seems to be possib~e. Similar 
re~ults are obtaiiie9 from Figs. 2 and 3, (and table'!), 
where ReZ +CE , ReZ_cE and their bounds, in the 
forward direction, are determined also from the disper
sion relation predictio.Iis /9/. 

3 .. The Saturation of· the Isospin Bounds and. Phase 
Contours .. · .; , .. 

. In.general the isospm bounds (16) on differential pola-". 
rized ·cross-sections are saturated· on. the zeros-trajecto
_ries of.· Re Mq C~J±>) and ··Im Mii (~<±>)where Mii(~<±~ 
are defined· by the relations (12b)~ Indeed, from Eq. (13) 
we obtairi · 

. . . ~ ( ~ <±>. ~ (±) .. 2. ~ (±) ) - 0 . 
... A ~ +:' ~ ...;. , ~CE - . 

,).·:· . . . 
: . (±) . . . 

when Im M .. ( ~ ) = 0, and 
, IJ . • 

., A.(~<±>··~(±~2~(±))=C· ~<±>~~±,>=A{~(±)) 
' . + ' -·• · CE ij i . f . . ·· ' (23b)· 

· "(23a) 

(where c+- =A ,c+c'E =8 , . c-~E~s ·, ·~~~3~ . = i: 
.. · ' . : . 16 ., (:t) i . ' 

Co2t =16·, Cl3u= T) when ReMii (~· )=0. · 
, ·.-

Now, from the relation (13),· which can be written ·in 
the form: 

J 
! 

.l 
'I 

! 

f 
~ 

·l ."-:• 

l 
'l 

. l 

. :) 
. I 
I 
.t[ 

... 
+ 

~ 

.J..-n--. -
\ ~- . 

1""1.. 
r-... ,...,_ 

I I II I 

J 
~ 
+ 

. 
!·. 

.· ~· 
\ .· .·~ tf 

... ·. ···. 
·-.,. 

..,._ 

.. 

. 

: 

I 

L 
....-1' 

0 

-+l ·~ 

J 

_..,... 
l. 

1/ 

I 
I 

: 
I 

! 

. 

-

I 
~ 

_.,... 

'· 

~ 
I 

.. 

-

.l-" 

u.-'"' 
I 

J 

. 
! 

12 I! 

' 

.-., 
u ...... 
~ 
(!) ....... 

4:. 
1- ·: 
z 
UJ 

I: 
0 

s S::I: 

. 

I: 
~ 
LLI 
10 

1 $ .. 

·: 

s -I 

:;. 

·.._; 

13 
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'" .. lJ} -ll++-l-H-tt11 
~ " 

lli--1--1-+tlrrtll 

" ~ -= 
-..;;;::::: I ' 

,..... 
~ "> 

Ill 
tD ............... -1! ~ ~ ~ 

-, .J...L-'- M ~ !;!-
~~HHJr.~ ~ ~ 
~ ···· ~r1n-1 r-~ . ~· ~ ~ --- 1-r- ~ t--l 

.L.l-+-t-iHI-zp M \-:1]-ll-W-i+++t-t-mml t-~· \..1 
W-f-+--r-t11 § "t I 

<( 
~ 
z 
W· 

~ 
0 
~ 

F \,l±±t~~~~jtft~ ~~~~~ . ~~~tt~~++~il-ttrr=~ 
II y -""""' -= -~~ . 

I I J I 1 I I I I I l_ll~ ~ 

L 
<( 
UJ 
[!) 

~ 

I Ill_~ :_ (f 
I ~ . -'1""~2....1~--t--; tt~~~~~ij;_j~j~~~~--~- . ~LA~~rr~~ 
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. t- 0 •. ' t- ' 

-. .1..... 

~ 0 
+ . 3l+z a~ 

"l 
0 
I 
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. I 
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.: .. I 

·• -1 

<i 
,I 

"\ 
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" 
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~
Fig. 2. :ReZ+c~a) and its' isospin-bounds at_ 0=0~. and 
laboratory momenta up to 10 GeV jc, obtained from 1rN -

. for.warddispersion relations /9/. . . . ,. , . . : 
., . . ' ~ 

··. . 2. ~ : ·_ .. "2 . - ·; . 2 
[ImM _(I)] .=2[1mM CE("I)].=2[ImM CE(I)] = 

+_ .· ·.·· '; + • • . C7:.· ,·· i. 

4 . . 2·' . . ' ' " ' 2 -~4 -' , ... 2 ' . 
=9[ImMI3s <:I.)] =4[_t~~02t (~_))_ =.9Dm.~I3~(-~J1 ~-

1 ' . 
= :- 4 A (I+'.~:- ._}ICE),_ 

(24). 

we see that the·· zeros-trajectories. of lm M ij ( ~) c are 
independent of the charge or isospin 1iridices i , j , 
while the zeros-:. trajectories of· ReM .. "( I) are depend(mt 
oil these indices. · · · · ·· '.IJ •• · · · -· · ·. ;. <. 

If one of I+ ' I',:: . ' ICE' ~. s .,;IOt . II~·< lias· a. 
zero _'the iso"spfn boim"ds .(16) are 'degenerated;. so'_lhat 

. the- zeros' of. the" corresponding 'scattering amplitude~ in 
the physical' domain must lie on the"l.ntersection 'of the. 
z~ros-trajectorie~ of . HeM i i ( ~) =O'a~d of·' .)in M iJ (~)=0':· 
Therefore, in order to loc·ate the zeros of different scat-· 
tering. amplitudes FiC±l , it is pradical"to calculate;' 
from the a vaflable phase shift. analys'es", ·the~ieros:.:trajec-· 
tories' of · ·.ReM·.·.(~ <±~y arid Im M ·' (i <±> ) ~ : , ·. 1.1 . • . .IJ . >. . .• 

On the, other hand, if vie introduce the phases of the· 
ainpHtudes· F ~ ±) .;:, \ F? l ! exp [ io ~±) (I)]", f =i,j and express 
M .. (IC±)) (seeU2bJ)intheform . . 
.• •IJ_ ' . '", • ' ~'- : .: : 'i ·'' .. · ., ·:· ·, 

M.. ( ~ C±) ) == [ ~ ~±)~ _<±) ] Y, exp [ i o ~~) (~ )], ,._ .. (25) . 

"."'-·· 

.,, 

IJ I J I J 
•·,.··:-.·'"' 

then; the conditions· for th~saluration of the isospin bounds 
(16) on I<±> -differential cross-s.ections are .equivalent 
to 

''-- (±) . , 
0 .. (I )=017, 0=0,1, ... 

·IJ . 

·. (26a) 

J5 



: ·. 
l 
! 

.. 
(±) . 

if Im M ij (! ) ~ 0, and 
(+) .- . o.-: (I)= ( n + 1/2) rr 
lJ 

(26b) 
(±) 

if ReM . . (I ) =0. 
lJ 

(±) 
If I M ij ·1 = 0 the relative phases o ij _ (I ) + are not 

determined. In table II we show the values of o~:-> (I ) 
-related to the zeros of the I -differential cross~sections. 

Theref~re, the o ij = n rr -phase contours lie on the 
[ Im M .. (I±))] -zeros-trajectories while the o ~~) "' 
=(n + ih) rr -phase contours lie on the [ReM .. ( !<±~] 
zeros-trajectories. _ •1 (±) 

Our ca~culatt~n of the zeros-trajectories of ImM318 (I ) 
and ReM 31 s (I -> ) from CERN-theoretic phase shift 
solutions , are presented in Figs. (4_;8). In order to 
identify the n 1T ' and ( n +1/2) 1T -phase cowpurs in 
Figs. (4-8) we have given, for each [lm M31 8(I - )=0] -
trajectory (solid , line) and [ReM 31 (3:( I(±))=<l 1 -trajectory 
(dashed line), the signs of Im M31s(I ->) and ReM 318 (I<±>). 
Our additional input is the continuity of these trajectories 
in. order to separate the physical regions, where 
ReM 31 s (I<±>) and lmM~ 1 ~ (I<±>) are positivefrom those 
regions, where ReM 318 (It±)) and Im 318 (I<±>) res
pectively are negative. 
. We_ note that, at the boundaries cos e;,. ± 1 only the 
o<:?[(l+P) a ] 'oW [(l+A)a] and 0(+)[(1+ T) a] -

pht.!se contours are smooth continuation ofthe o<->[(1-P)a 1, 
o<->[(1-A) a] , o<-> [(1-T)a] _-phase contours (see the 
definition (la,b,c)). In Figs. (4-8) the zeros of the I(±) -
differential cross-sections are ·shown by small circles. 

4. The ~sospin Bounds on Integrated Cross-Sections 
and Average Polarizations 

In order to obtain a large class bf isospin inequalities 
we define: 

16 

1 
I (n) = [ f I n d !l ] n 

D 
L<n<+oo • 
2 

(27) 

where I are the differential (polar.ized and unpolarized) 
~.cross-sections, D .is a ·regioidn· the physical domain and ·· 

!l is a positive measure'defined'on'the physic_aldomain.'-: 
For the following discussion we start with the -inte

grals:_ 
.L 

I (F)= [f IFIP dp.j-P 
p D . . • -. . . - -

where F are in general a linear combination· of the scat-
tering amplitudes. - -- ' 

for 1 < p < + oo , (28) 

The integrals IP(F} have the properties:. __ _ 
1°._ 0 <I P(F)<+oo; I'P(F)=O ifandonly~flF.l=O 

in the entire region D , 
2°. Ip(aF)=l<l:l Ip(F), a -scala:.;, 
-ao~--IpJFi+Fj)~Ip(Fi)'+I}kFj), "' . 
4:. If'(Fi )~ Ip(Fj) if lFi l~IFi f-. in D 
5 .I P(Fi )--: IP(Fi )! ~ IP(Fi -Fi ). _ 

The properties 1°, 2°, and 4 ° of the I~ (F) -integrals 
are evident while the· properties ·ao and ,5° follow.-from 
Minkowski's_ inequality (a.3) (see·' appendix _A) ··since 
bFi. + F i 1 ~ lF d + 1 F i 1 . and p. is a positive mea~~~e fll 

Now, from the isospin relations 

F =F +if'F + - · CE ·==':-: 
(29) .. 

we obtain 
.;~:. ~ i ,·_,) 

1 P (F +) ~ 1 P (F _ ) +/~I P (F cE ), _,(30a) 

IP(F) ~lp(F+) + y21P (FCE)' (30b) 

r 
y'2 IP(FcEkiP(F+_)+ IP (F_ ). (30c): 

-· - ' '. . ~ \. "- . 

Therefore, if we choo~e .p =2n'· 
obtain 

' l•<ii <+_;;.,- ' then we 2 .''': r_, . ..t.- ' / 

~ .< .;,_ < 

-- -·(n)· ~--- ...;i(riY-~''·''-(n) -~ 
<~-+ ·) ~(I--_ J _+ ('2.!cE')·. 

(31a), 
~ il -~ 

17. 
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!'lg. 3 •. •Re.Z ~~ E (;) and. Us lsospln ; ~unds :it. e.; 0 • . and ~ 
laboratory momenta up to 10 GeV jc, obtained from. ···rr N -, 
forward dispersion relations /9/·. · ·· · · .' 

> • • -- - • ;.:·-' 

., 

. -(I(n) )Yl ·<(I (n)~)Yl· +(:fi (n)·)Yl 
- - + · CE (3lb). 

·, ,. ' - 1/ 
- - (n) 1/2 - · (n) 1/2 - (n) /2 

y'2 (:teE )12 ~- "( 2 + {2 + (I- ) (31~) 

which are the triangle inequalities for I (nf ~ntegra.fed 
~ross-sections defined by (27). This result is equivalent . 
to 

• J' 

[ ~ (n) .:_ 3: (n) J 2 ;· 4 ~- (n)('~·(n) ~ (n) _ f (n~ ) 
.. ,. . .... - · + . · """ .... CF> - + + - CE (32) 

... 
and also to 

-A [ I (n)I(n) 2 I. (n) ) 0 
+' - '. CE L " . (33)· 

:. . Hence' the result (32) · improves the theorem 1 from 
: ref. / 21 in the most general form for l (n) -integrated 
· (Polarized-and unpolarized) cross-sections. 

This result requires that if 
I '(n) (~ (n) + f (n) f -> 0 

C:E + · - s->+cx• 
then:. 

~(n) - I(n) -> 0 
+ s->+oo f· 

(34_b) 

or, . the·. I ~1. cannot vanish _for~ s ... + oo • if a Pome
ranchuk-type theorem (34b).on . I Sn~ -integrated,cross~: 
sections is violated .. 

·It ·would be interesting to compare the bound (32) on 
u-<n>. ' n =2' 3 , ... with the experimental data below the 

one-pio!l production threshold since' it was remarked by ,, 
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Roy 121 that in ·this region the upper. bound (32) on 
integrated cross section coincides with the experimental . 
'valu~'s of the el~stic integratE~d cross-section difference 
within the experimental errors. . 

Onthe:other hand, it is also interesting to obtain the 
experime~tal data Oil polarized differential and integrated 
cross-sections, in this energy region, and to investigate 
the ·isospin. bounds on average polarization parameters 
defined by-

- 1. ·' .· • 
X = -=- I ~ a df! '. n 0 s; .4rr (35) 

. . a no.-
·- (I) ' a == a . - integrated cross-section. 

Therefore, let us _conside~ the isospin inequalities 
(32) and (33) for n = 1 : and . ! <- > =:(1 ±X )a • 

·From these bounds we obtain 

. . 2 - -- 2 - - ·- - -· -
(a~ ...;a+) +(X_a _~X+ a+) ,.~4(1 +X01Xcgac~a ++a_ ~E,),(36) 

:where - - - -
X+a++X_a_ -XcE acE 

Xot 
·.~ a+ +a_ -acE 

The bound (36) are. equivalent to 

(37) 

A(x; ,x; ,2x' · '; . ><-A(a ,a.,2·a. > (38) 
+ + - - CE CE · + - CE · 

and 'also to those isospin bounds obtained from (9a,b,c,d, 
e,f) by the ·subst'uution: X4 X , a-+ ;; · 

Next, let us consider the inequality 
' -+ 4 ' . (+) (+) . (-) . (-.) 
2l.Re(G~*·G. ).!<IF. !IF. !+IF •. II F1• I 

1' J -· 1 J 
(39) 

which follows from . · 

2·-+G *· G-+ = [ F ~+> ]·*·F.<+> [ F ~-r 1 * F ~-> • .• 'I. J+.l .J 
1 J . (40) 

. • (± ). 
valid for any Fe 

(±) 

Now, from (39) 
·write: 

, F i -· ·defined by (12c). 
and. Holder's inequality (A.2) we can 

20 

-+ 4 . (+) . (+) ' .. (-) . (~) 
2 I I Re(G{-Gi) df!l ~ IP(Fi · )Iq·(Fi )+lp(Fi Hq(F j ),(41) 

flo 
where e 
Ie(F<±>)=[JIF(±)I{df!]_f-=[J(!<±\2 df!]+, (42) 

flo 
1 1 

0 >1 d -+-=1. L=p,q,p·_ an q p 
From the isospin relation 
.... -+ -_, 

G+ = G_ + -../2 'GeE 

we obtain 

4 -+ 1 
Re(G*.G )=-(a +a -2aCE)' + - 2 + - (43a) 

4 4 1 
Re (G~.GCE)=--=..( a+ -a_ +2a E), 

2y2 c 
(43b) 

., 

-+ 4 1 
Re (G*."GCE)=-=-(a -a .,.-2a ), 

- . 2y2 + - CE 
(43c) 

-+ -+ 
Re(G*·G ">= .l.(a +3a -6a ), 

Is 3s 4 + - CE (43d) 

4 -+ 1 
Re(~ikG2t )= 4 (a_ -a+ ) ' (43e) 

· Re(G*.G )=J-(a +·3a -6a ). 
. lu 3u 4 - + . CE (43f) 

So that, from (41) for p =q = 2 ·and (43a,b,c,d,e,f) we 
obtain: · · -
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• 

·. -.- - . - 2. . . _, - . - . - 2 
. O_s,{a+ a_[(){+-?'_) +77+- ~; 2 a+ acE[(X+"7'"XcE) +7J+CE ]; -· 

2 ;~~CE [(X_ -XCE )~+77_ CE]; :· ~sa3s [(XIs-X3s )
2

+77I3s.:];· 

- - - - 2 . '4 . ' - . - . 2 • .· 
4a a [(X -X

2 
) +77 ];-a a [(X -X ) .+11 ll:; 

Ot 2t Ot t 02t 9 I u · 3u ~ I u 3u . I3u · 

< -A[a ,a ,2;;CE], 
- + - • ' 

where 

- 2 -2 -2 ~ - ~ 
n = 2 -X . - X . - 2( 1-X . ) ( 1-X ) > 0 
'I ij I J I j ..;. ' 

- - -
3X a + 3XcEac~X+a+ X - - -Is -

3a- + 3; - a 
- CE + 

- -

-
X 3s 

-
=X 

+ 

X 2t = Xn: and X111 
given by (37) 

- - -
3X+;;+ +3XCEaCE-X_a_ 

XI = . u 
, x

3 
=X .. 

ll· -

3a +3; -a. 
+ CE -

(44a) 

(44b) 

(44c) 

(44d) 

(44e) 

The isospin bounds ( 44a) (see also relation (34a) from 
ref. 16 / ) are the best possible ones, since we can obtain 
the restrictive conditions for the average polarization 
c'omponents using only the unpolarized integrated cross-

. · section data .. 
, If . A ( ~ , , a_ , 2 ac..: ) = 0, the isospin .. bound (32) on 

a is' saturated, then it follows from (44a) that . . . 
~ ; -~ { -- ; 

;22 

:..{. 

X+ =X-~XcE= xi·s =Xot =X1u (45) 

for any X= P, A , R or ( P, T , S) , ... 
Therefore, it wq_u1d jJe inter~sting to obtain the expe

rimental data for P+ ,P_ and PeE · below the one-pio~ 
production threshold~ where· the isospin .bound (32) on 
integrated cross-sections· is saturated 121. :in order to 
see if the equalities. (45) are verified. Next, the isospiri 
bound (36) requires that 
if 

then 

ac (a +a r-> 0 
E + -

' S·-*+ oo 

a -a ---o, 
+ S-++oo 

- -p -P 
+ 

A_-A+ 

-
R -R - + 

__. o,· 
S-++oo 

--+ 0, 
S-+ +ex 

--· 0, 
S-il+oc 

(46a) 

(46b) 

(46c) 

(46d) 

(46e) 

· and, conversely, the rr N -charge-exchange integrated 
cross-sections cannot vanish for s -+ + ~ · if one of the 
Pomeranchuk-type theorems (46b,c,d,e) is .·violated. 

On the other hand,. if the mirror. symm~try ( P + = -P_) 
observed in the intermediate energy region is also preser
ved at high energies, then the above results. imply that 
l P+ ! = ! P :- ~ = !il:E !-+ 0 for .s-+ +"" . Next, if the violation 
of the Pomeranchuk theorem on the total cross-sections 
is the largest (permitted by uni.tarity-:-analyticity bound 
(I) from ref.· 2 · ) the above 'results (45)'can be improv-· 
ed if the isospin bound (33) on a is exactly saturated 
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for s -+. + oo or, if theorem 2 from ref. 121 is extended 
such that the bound 

2 
2 - - - - 2 - - - 2mrr 2 

[; __ ;;:+] +~X_o-'-X+ o+] ~A(l+X 01 XC~[oCE- -;r<Ao101 ) ]x 

x (u +u -a .) 
+ - CE (47) 

improves both the unitarity-analyticity bound (1) ref. 121 

and the isosp:ln bound (36) for s -+ oo • • · 

_ We note that the· saturation of the isospin bounds on· 
~ (n) -integrated cross-sections can be investigated by 
analogy-with the isospin bounds for ~ -differential cross- . 
sections. This is possible since, the isospin bounds (3a, 
~c~ and. (16) are preserved when we .. substitute_ ~ i by 
2. \" ; 1 = + , . -, C~ • · In this case the results presented· 
in Tables I and II are also preserved. . 

Finally, we remark that other interesting results can 
be obtained. if we write. explicitly the isospin. bounds on 
'i (n > -integrated cross-sections for ~ =2,3,: .. , or if we 
investigate the_ isospin bounds on I (n) for n< 1/2 using 
Holder's and M_inkowski's inequal_ities for p <_1 /II/. 

5. Conclusions 

In this paper we have-derived all theisospin bounds on 
differential and 'f (n) ,-integrated (polarized .and unpola-" 
rized) cross-sections. So inSect. 2 we have introduced-'6 .' 

the scattering amplitudes (1a,b,c) in· terms. of which the 
differentiaf (polarized and uriP<>larized)cross-sections are ' 
expressed as the square modules of these amplitudes. 
The introduction of the: ( G ; K<±> ,H,<.~!)-scattering amplitu- · 
des allows' one to discuss all the isospin bounds ori diffe
rential (polarized and unpolarized) cros·s-sections; at any 
angle ( or transfer momentum), in_ analogy to' the simple 
cases of backward and forward scattering. The isospl.n 
bounds have been derived -using a set of bilinear forms 

26~" 

- ' ' ' ~ ' 

• • p 

... 

·· M i . ( ~) (123.; b), which ~an · be. constructed from. the 
scahering amplitudes of two charge (or s , t, u ,-isospin)-. 
channels. This is the most simple form of_presentation 
of the isospin bounds on differentiaL (polarized and_ Ul}po- · 
·lar'ized) cross-sections ,which have .the _advantage that: 
(i) the exact saturation of these bounds can be obtained 
in terms of the Urn M. :-(~)', ReM .. (~)] · ;..zeros-trajecto-

. lJ . I J . 1 ·] . . . 
riEis or equivalently, in terms of [n7T ,(n+7)7! -phase 
contours (see Sect. 3); (ii) ~e zeros-positions_ of diffe
rent scattering amplitudes· are simple and unambiguously .. 
determined from· the intersection of these 
[ Im~.(~),ReMip:>~zeros-trajecto'ries (see Figs. (4-8))'. So 
that· ib Sect. 2; .we have obtained the' isospin inequalities 

'(3a,b,c), (4a,b,c,d,e,f), (9a,b,c,d,e,f); (16); (18a), (20a,b,c, 
d,e,f). These results (see (9e) arid (20e)) enable us to un- . 
derstand the small differences between elastic differential ·· 
cross-sections, at high energies and· fixed transfer mo
mentum, in terms of the small charge.:..exchange differen
tial cross-sections. On the other ha~d, if an~ a t;+o ~) -~ 0 . 
when· s .... + "" , t -fixed, then, from- (9e) or (20eJ written 
in the equivalent form · 

. 2 . .... .... . .· 
(a -o ) +(1-P+P )a a -:_4a (a -+a :-a •. 1.) (48) - + - · . - + -. CE + - ·· · ', . 

(we have. used (18b), · (18c) and· (19)), we obtain that . _,. _.... '- . 
a-~-+ .... 0 ' p- - p + .... 0 for s .... +"" . ' . t -fixed, in 'any 

spin reference frame. Conversely, if one of the Pomeran
chuk-type theorems on differential (polarized and tinpola- · 
rized) . elastic cross-sections is violated then acE -
differential cross:..section. cannot vanish for · s .... + "" , 
t -fixed. If the mirror symmet:r;y, obser_ved in intermediate 
region of energy, ( P + ==- P_ )is also preserved a thigh ener
gies, then ~c.; -: 0 · for s ++"" · , _ t :..!~X~d<' implie~i·.-· 

~ p+ !·.;.,!P- !==IP.:,.:!--0 · f~r ~--+"" and.· t -f1xed.The 
similar conclusions._on ~ <11> ..:.integrated cross_-sections 
are obtained in Sect. 4: Next, the saturation of .the isospin 
bounds on differential cross-sections iri the forward di
rection, below one-pion threshold, presented in Fig. (1-3) 
should be com~a,red with the recent;results _of Royl2/ · 
and Tornquist· ·_;_if· tlie l.sospin bound·(4e)on ;o -:-diffe_..:.·· 
rential cross.:.:sections is saturated in the entire cos·e ·:.. · 
region, then the' ·final polarizations· satisfy the relati~n 
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Fig. 4. The zeros-trajectories of: ImM3Is[(l± P)a] (so
lid line} and ReM3Is[(l± P)a] (dashed line) respectively, 
in the (phAR ,cQsfJ) ..;plane, determined from CERN-theo
retic solu 1on I 107 for the rr N -phase shifts. 

Fig. 5. The zeros-trajectories of: Im M31s [(1± A) a] (so-~ 
lid line) and ReM3Is[(l ±A)a] (dashed line), respectively,. 
in the (pLAB ,co.;; 0)-plane, determined from CERN-theore-. 
tic solution 110/for the rrN -phase shifts. 
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-p = p = p in the entire cos e -region (see also 
+ - CE 

(34) from ref. 161 ). If these equalities are verified 
experimentally then the isospin invariance is exact in 
this region. Under these conditions similar results will 
be obtained for the final average polarizations (see . 
Sect. 4). 

Next, our 
lmM3l-s[(l+P) a] 
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.. 

ed with the results of Hdhler etal. 141 on th~ 0 , rr ·-phase 
contours. We find an approximate agreement with Fig. 1 
from ref. 141 only for ImMals[(l-P)a] . in the entire 
(pL' ,cosO) -plane, while for lmM318[(l+P)a] these 
resu1Ps are quite -different only for p LAB> 1.3 GeV jc at 
the forwa.rd and backward ·c.m. angles. But both results 
are in agreement_ with our result ~fig. 1) obtained from 
the dispersion relation predictions I I. _ , -

. It w·ould be useful to obtain the· ImM318[(1 ± X)a] · -ze-
ros-trajectories, for X =A, R or (S, T), from the recent 
CERN I 121 and Saclay 113/ phase shifts and to compare 
these results with our results presented in Fig .. 5-8, 
since it was pointed out, recently by Hohler et aL1141, ·that 
these phase shifts lead to quite different predictions for 
spin rotation parameters in certain ki!!ematic regions. 

Finally, we remark that, defining· ~ (n/ -integrated 
·cross-sections, in Sect. 4 we obtain a large class of 
isospin-constraints. These constraints can be very useful 
to check the isospin invariance directly from the coeffi
cients obtained by polynomial fits of the differential 
(polarized and unpolarized) cross-sections, since . ~ (n) -

integrated cross-sections can be expressed as functions 
of these coefficients. The isospin bounds on 'f (n >·-inte
grated cross-sections ( n > .L) · are·. derived using the 
classical inequalities of Hotder and Minkowski .'II/ (see 
;A~p.endix A).: <~e note ~hat o_ur class of the isospin inequ- · 
• ahhes on ~ obtamed m Sect. 4 can be extended to 
1 the case n < } if we use Minkowski' s and HtJlder 's 
inequalities for p < 1 , and also, .the recent extensions 
of Minkowski's inequality .'15.'. 

· I would like to thank C.A:Gheorghe for use"ful sugges
tions and discussions. I also. wish to thank my colleagues 
S.Berceanu, S.Holan and F .Nichitiu who helped me in so · 
many ways. 
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Appendix A 

We shall prove the following inequalities 1111 

Let p> I , q > I , ~ + ! = I and a~ 0, b ·>-.. 0 then 

ab< aP bq _-+-
' p q 

(A.l) 

H o 1 d e r ' s · i n e q u"a li t y 
Let 11 be a positive measure, 0 ~I 1- <+ od , O;$I 2<+ oo 

two positive functions defined on the physical domain D 
If p> 1 and .l + .L = 1 ' then 

p q . 1 

p -
I I I I 2d ws. [ I I I d f:1 ] p [ I 
D D D 

Minkowski's inequality 

L 
Ii diLl q (A.2) 

Let IL. be a positive measure, O~I 1 <+oo ,0:5I 2 <+oo, 
two positive functions defined on the physical region D 
and l :s; p < + ~ . Then, 

I . I I 
p - p -· p -

[I(I1+I2) dri] P::;[I Ildll] P+[I I2 dll] ~ 
D D D 

(A.3)' 

The (A.l)-inequality can be proved observing that the 
function · 

.. p -q 
rp (X) = ~ + ~ ~ (/J (1) = 1 

p q . 
1 1 for x>0,p>1,q>1,-+-=1.. p q 

Now since ..£.. = p-1 ..9.."" q -1· ' ~ , p 
I I 

, we choose x,aqb- P, 
then we obtain: 

ap-1 . bq-1 
1<--+--

-pb qa 
a>O,b>O 

what P.roves the inequality (A.l) for a·> 0 ·and b > 0. 
When a= 0 or b=O 'th_e inequality· (A.l) is evidently 

verified. 

if . 

"34 

Next, we see that Holder's inequality (A.2) is verified 

p . r I dll = o 
D I 

or f I 2qdw,;·o~ D . 

" 

Therefore, we assume th~~ •• ·'1, 

.: . p . . . . . 
0 < J I 1 dll < +·~; .:· 

. -D 
o .< r .I~_dll<+ 00 

D 

-and we can define .. 

. II - I2 
a= . ;L ; b = . ..l.. . . fJ If dll]P .. ·fJ I~d11 ] q - · 

for each-point of D . Then, from (A.l) we obtain 

I I ··· ~ P . ~ q 
1 2 ~I ~2· 
I ... I··-$. +----

[II~d/L]P[I I~dll]ii" p[Jiid~] q[Jiid/L] 
D D . D D 

for each point of D . Now, if we integrate over D, since 
..L + ..1. = 1, we obtain Ho~der's inequality_(A.2). p q., ' . . . .. 

Next, we see that (A.3) is verified for p=1 .. and for 
p , ,• 

I< II +I2) df:l,;,o. Therefore, let p >\ and 
D .· .. 

o < I 
·o 

ThEm, we can write. 

.·. . p ·'.. .,.· 
( I 

1
. +I 2 ) dll < + oo • 

p . . p-I ; . . . . p-1 
I.(I1+I2) d/1"" I II(I1+!2) . ~ll +f·!2(I1;t-I2)··.dll. 
D D . D . 

Now, using Holder's inequality (A.2)we obtaill; 
. ·. . . I 

I ( I I + I 2 ) p d IL.:5 { [ I ! )l d /Lfp + 
D . · D 1 · · 

1 .. . I 
p - q(p-1) . -

+ [ f I 2 d ll J P }[ I.( I i + I 
2 

) . . ~] q • 
D · · D 

Therefore, Minkowski's inequality (A.3) is proved since· 
1 I q ( p-1) = p and 1- - = - . . q p 
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