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tion of the H-point amplitude in the dual narrow-resonance model 
' ( the Veneziana model). !Phe faotoriaatlon. i s achieved through 

the иве of a f inite set of 5-^iraenaional U(4,l) invariant oscil la
tors . I ta main peculiarity Is that the level degeneracy increases 
not faster than some power of the Intermediate тевопапое masa , 
This peculiarity follows from the equation for the resonance 
wave functions 

HiY„>=n|y,>. »•» 
Here n is the Hamiltonlan of the system containing N .indepen
dent ( identical U(4,l) Invariant osoillators: 

t=.i 

As is known» equation (1*1) leads to degeneraoy of the 
levels, and the number of the states, j j with 11 fixed, is 

7 (sw--4)t 

It Is Just the eqeallty, that ascertains the above-mentio
ned peculiarity of the considered factorisation. However, note 
should в* aade that the power lnoraate of f• whioh stems from 
•q* (1Л) , i s only the тахИшя po» lUv one* In faot, the 
resonanot wave functions satisfy tq, ( l . l ) , hut they do not 
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exhaust the whole set of linearly Independent solutions of this 
equation ( for n fixed). In other words, the faotoriaation of 
the dual amplitude produces as resonanoe wave funotions only 
some of all possible linearly Independent eolutlons of eq. (l*l). 
Shis, sets one thinking, that there are some seleotion rules 
( or auxiliary oonditlona), whloh being oonsidered together with 
eq. (l.l) oould eliminate all extra solutions and lead to the 
unique determination of геаопапое states* 

The purpose of this paper is to reveal these auxiliary 
oondtlons and to consider then In detail* 

2* The (N+l) partlole state of the Intermediate reaonano» 
with energy n, which is obtained through factorisation of the dual 
multlpartiole amplitude, has the form* 

lY^4>=ZZ1...21^^ft,;-«,;^^J-»,->i;... ( 2 Л ) 

Here we have adopted the following notation* I 

a) P* Is the four-aomentuK of the k-th partlole;; 

b) & and £lea are, respectively» the veotor and eoalar 

oreatIon operators of the k-th 5-dl*eneiosal oeolllator» Ana

logously} ^ and в.Ки • * • the annihilation operators. HUB* 

operators satisfy the oomutatlon relational 

4 



^ (2.2) 

is the vacuum state of the h-th oscillator ; 

d> $j=\Z-Pi) is the total energy of the resonance 

ohannels and - the corresponding linear 

Regge trajectory ; 

e) J -^ . j is the (N+2) point Veneziano amplitude in the 

Baxdakol-Ruegg form, in which we hare written only a part л 

al l Invariant variables, namely 94. 

expression (2.1) ahows that the stata W >̂ is oompo-

eed of eigenvectors of the Hamiltonlan H -.-д- 1 ,

 Q J*,n

+

 л 

and eaoh of suoh veotors has the form 

1*>^КяЛ><^. (2 .3) 

Obviously, euoh expressions oorrespond to the two-partiole 
llnii in the multlpsxlpheral diagramsf which are connected with 
(2.l). As the presence of J3 . In the Tight-hand aide 
of eq. (2.1) ie дог* or less natural, one meets the necessity 
to mflerstaod the conditions ibloh £.ve rise to the regaining 
faotora of type (2.Э). 
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The states l ^ n / are elgemreotora of the operator r\K 

with elgenraluea 71^ • The general form of suoh an elgenreotor 
Is -

(2.0 

Hera and later on, for the eaV.e of eluplloltr, we will oalt 
the lnlex K. 

rirat of a l l one oan aee that the reotora l 7 * к / , 4 . (2 .3)» 
are lorenta-lnrarlant with reipeot to the alaultaneoui 
tranaforaatlone of p and Л* • This lnrarlanoe la a oon-
aaquenoe of the faot, that the external pertlole» oonatitutlng 
the resonanoe In atate (2.1), are aoalara. the generatora of 
the preoent Lorenta-transfarmatlon are 

Ms,~-'<$**-<**>n? 
(г.« 

*(&%;-?'%:) У'"*1-'-3 

ifp\rt ±г 
Then the lorenta-lnrarlanoe oonaltlon oan he written In the 
following wart ' 
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M ir) define the orbital momentum of the external 
particle with four-««aantum p, and - t'l^J.a^ - <z*a^/ 
the resonance spin» «j . (2,6) means, that In this oaae spin 
arises due to the external particle orbital momentum* In the 
narrow resonance model for scattering of scalar portloles just 
this situation i s realised and» therefore, eq. (2,6) oould he 
treated as an auxiliary oondltlonr whloh singles out of 
the whole set (2.4-) only the p^xt with the above-mentioned pro
perty* She general form of those reotore (2.4), which obey 
oondltlon (2,6) la: 

|J„w>=Z_ Л^^Л^К)>> С 

Ihus, the Lorenta lnrarlanoe Itself dees not result in the 
unique determination of states (2.3)* In particular, we see 
that eq, (2.3) does not contain a- a l l the faotor (&j.& J. 
In order to rule i t out we note that the operators 

L l~ , P a^- (2.8) 

are the creation and annlhllatlen optrators of one-dimensional 
osblllatlons» oollinear with p in the four-41*enalonal враое-tlme. 
Iq. (2.3) shows, that the transversal osoillatlons 

a*. ?"*>..p a -£L£ji.p 
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do not contribute to the £*el coherent states and therefore the 
following equation hoIda. 

( Й у - ^ ^ < ) К > = 0 м 

where 

It Is oorlous, that gauge oonditlon (2*10) i s the seoond 
auxiliary condition! whloh la satisfied ojr veotor» (2,3) . Being 
applied to raotors (2.7) the faotor Я* ff/* dlsappaars and 
Instead of (2.7) we get 

1^(р)>=^^(Л;;%;Г"%> (2.11) 

In this аашшг fron the whole set of Benlltonlan eigen
vector * Xorenti-lnrarlanoe (2.6) and longltudlnalltj oonditlon 
(2.10) seleot only reotora (2.11), Though they do not contain 
extra structures» they at l l l differ froa rectors (2*3)* In order 
to get coaplete oolnoldenoe a third oonditlon Is.required whloh 
should affeot the fifth ooaponent of tha< oiolllator. It- la clear 
that any obvious physical Meaning oannot he expeoted for-suoh 
a condition* 
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Let usaippose that the third condition has a form of a 
linear homogeneous equation: 

(^У'^+/^в»)1/^> = С|. (2.12) 
Subst i tut ing 00.. ( 2 . 3 ) Into ( 2 . 1 2 ) , for o ^ " ana /3 

(2 .13) 

( As far as (2 .12 ) Is a homogeneous equation, &^^ and /$ are 

determined only up to an arbitrary common fao tor , whloh value 

has heen taken to Ъе equal to u n i t y ) . Thus, (2-12) takes theform 

{z5r+ip'm<)\K> = o. 
(2 .14) 

How I t i s easy to Ъе eonrinced, that within a normalization 

о one t ant the l a t t e r oondltlon transforms (2 .11) Into ( 2 . 3 ) . 

In t h i s way we Ьате found three aux i l iary condit ions ( 2 . 6 ) , 

( 2 . 1 0 ) and (2 .14 )* When applied to the elgenreotors of the f i r e 

dimensional o a o l l l a t o r HaaJltcalan, they s e l e c t i n a unique way 

only the dual resonance s t a t e s . 

3 . As we have already Mentioned, because of the presenoe of 

the f i f t h o e o i l l a t o r о opponent, oondlt lon ( 2 . 1 4 ) has no obrious 

physloal meaning. Ihat i s why * sore Intent consideration of t h i s 
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condition Is needed. We sluul show that eg.. (2.14) considered as an 
equation for the states 

la an Inrarlant aquation with respeot to the representation of 
~5/.(J,K) «roup which has Ъееп deteralned In ref . 8 . l e t us Drleflj 
recall the wain results of thla paper. Let 

(J. 2) 

fr 
b. an arbitrary element of the group of al l real unlmodular two-
-dlMMlonal .atrloei ( the group SL(2,It) ) . It Is known! 
that the proJeotlTe transformations 

^ eti. * /3 C3.3) 

realise a oonf ormal traniformation of the ooaplex л plana and 
their motion i s transitive. And the whole plana deoompose* Into 
two homogeneous lnrarlant subspaoesi the upper and the lower 
half-planes. 

On the other hand, the on*-dimensional oscillator oohersnt 
states are uniquely characterised V the complex таг1аЪ1о Z • 



za г>=е |о>. < 3 ^ 
1.64.one-to-one correspondence exists between ooherent states 
and points In the complex B. plane. Therefore transformation 
(3.3) of this plane induoes the corresponding transformation in 
the ooherent state space, whioh has the form 

Г (3.5) 

This transformation realises a representation of SL(2,R) 
group in the linear covering of vectors (3.4). As well as In the 
oase of the complex plane, the total set of states (3.4) splits 
into two subsets: with > 0 and JhnKO. Similarly, 
in the linear ooTerings of these subsets the representation, 
induoed by (3.5) , splits into two representations. One of them 
does not take the Teotors out of the subset 
another one- out of the subset JmB- < # As both the representa
tions have similar structures, we will restrict ourselves to 
considering only one of them ,e.g., for ^ w i > £ ! . The subspace 
^rmt-O i s not inrariant and should he treated as a boundary 

case of the first two oases; 
It Is also possible to define a representation & (Э ) 

of flL(2,R) ia the flre-di^ensional oscillator coherent state 

I s given by: 



*vK*>=\pri?>f%?>< *•* 

i^aj_ + 2, a , 

i^;0=e to>. 
СЭ.7) 

l a 1B easy to s e e , that the subspaoe J"Z (&) ( С - f ixed 

four-veotor) which 1в a l i n e a r ooverlng of the veotore | z v c , гч^> 

l a Invariant irlth reapeot to торге Bant at Ion. 0 « 6 ) л 1 . е . , С м = - ^ -

i s an invariant of t h i s representation* By analogy with the one-

dimenaional oaae, - Q (c) decomposes into two invariant- BUO-

spaoes: П¥(с) for ^ « г , > ( ? and Q'(c) for 3mi4<0. 

The representation & (Q ) In the BUD space J2. (c) and r e 

presentat ion ( 3 . 5 ) of BL(2,R) In the one-dimensional o a o i l l a -

tor ooheient з-ate space are equivalent. 

An Important property of these representation i s the 

p o s s i b i l i t y to def ine In Xl^ic) an opera tor Inverse to the 

ann ih i la t ion operator ( the save oould Ъе made In П ~ С с ) ) . 

In fao t , l e t us take the transformation) 

5 = 64i) o.e) 

where 
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On the other hand, It is known that the coherent states are 
elgenstates of the annihilation operaotrs, I.e., 

Combining two equations (3*9) and (Э.Ю) gives: . 

This relation showa that the operator --Ь&цЪ In Its assenoe le 
Inverse with reapeot to (Хц , Eq. (3,11) Is well definedi as 
3m I y? 0 and S4 oannot take the value aero . For brevity 

we will adopt the notation 
(3.12) i = " ^ 

so far as for an arbitrary oohersnt stats with Zhv) й- ^> О 

the Identity 

- Sa4Sat = -щЪл^о = t 

holds. 
lbs operation Ou aotlon (3.11) from the left i with 

the help of (3.13), glTss 

-^-| г''>; г»>=6«1 г«^>^>- (3.1+) 
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Ibis equation shows, that the optrator . ̂ *. Is Invariant 

uifler the representation &(j) *• Its eigenvalues are 

Invariant. ( The same oouia Ъе рготей direotlT* showing that 

[a* y 8t})]^0 f o r arbitrary q ^ sb(2,R) ). 
Lei; us now return to equation (3,1). Being nultlplied 

from the left Ъу the ahove-defined operator ~r it takes 
Go 

the forn: 

Thia la poaalole If on* auppoaaat that J/-^ halonie to the 
oarering of th* flTt-diatnalonal oaolllator ooharent atataa 
with Зяччф D . Foxa (3.15) of •« . (3.1) «ho»» axplloitly 
tha SL(2ir) lnrarlano* of thle equation with vaapaot to 
the repxoaantatlon &()) whloh aoooapllahea the proof of our 
statement* С *hla statement oould he prorod In * ooomoa 
•annex without dirldlnf by the optrator tfy.) Seoauae of tha 
praaanoa of two - «praatntatlona 8*~(t) and & (f) In SI (r-) 

and SX (c) , raapaotlralf, It la ohrloas. that thaxa will ha 
two atuatlona (3*19) too, whloh ara lorarlant with raapaot to 

&f(t) and B i t ) • ( Им oparatora -i- la tha 
apaoaa _П.^(^) and SL~ (c) do not oolnolde). 

Taua wa aaa that tha third condition, whloh flxaa tha for» 
of tha dual raaonanoa a tat as, la ooancotad with tha praaonoa of 
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d e f i n i t e inner symmetry, desorlhed hy S L ( 2 , R ) group. 

+« i n t h i s eeot ion we s h a l l consider the general so lut ion 

o f the SL(2|R) invariant equation, аз wel l аз some mathematical 

questions oonneoted with i t . We s h a l l solve the equation ( 3 . 1 ) in 

the space • I f one r e a l i z e s the operators я and a, 

i n the form of the operators of mult ipl icat ion'Ъу a* and 

d i f f e r e n t i a t i o n with respect to QT oorresponainglyi eq. (Э.1) 

takes the form of a f i r s t order p a r t i a l d i f f e r e n t i a l equation, 

which general so lu t ion I s : 

( 2„ i s complex conjugate to г ) . We see that in order 

to explo i t eq. ( 3 . 1 ) In the framework of the Invariant space 

Q*(c) w« have t o deal with i n t e g r a l s of the ooherent s t a t e s , 

itiloh are taken not over the whole complex и-plane, hut only 

over a part of I t * Утоя t h i s point of view a l l a urns of type (4 .1 ) 

e s s e n t i a l l y d i f f e r from s imi lar ones» i n whloh the summation i s 

extended over the whole complex plana. In other words, expressing 

a l l In terns of the one-dleenslonal o s o l l l a t o r , here we have 

to deal with i n t e g r a l s of the type: 

[* Jjbbjlme у&,*)£*** |0> 
* • » > * (1.2) 
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whioh Ьпте the SL(2,R) oovarlant meaning. It is easy to see *,hat 
the coanon jptthods which provide results In the oase of 
integrals отег the whole oooplex plane, now are useless. Uore-
отег, етеп their meaning here becomes -jnolear , i s a matter of 

-AS 

faot. the usual faotor -£. whloh proTldes the oonvergsnoe of 
the оошвоп type Integrals, Is not invariant with rsspeot to the 
representation & (i) • After an SL(2,F) transformation It is 
no more out-off faotor. In order to olarlfr this question, let us 
introduced a new parametrlaatlon of SL(2.B) group. 

In this parametrieation trans^ornatIon (3.3) takes the form: 

(.*.*•> 

It »««, that the points Л<, Хг and Лл аго transformed inte 
0)1 «ad o o , correspondingly. Ibe transltlYity of the trans
foration (.4.4) «s»i eta tbut J<„Xi, X& oould lie ohosen axDltra-
Г7 С as th?y are real ( wu hare iaposed ordering oondltlon (4 .3)) . 
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On the other hand, the upper half-plane $m Ъ> О la 
homogeneoue and, consequently> втвгу point Ze with C?m2B>0 
oould he obtained from Я^-i. with the help of suitable 
transformation (4 .4) : 

Let us oonalder now the intagralai 

Ш*;*,Л,^=У 'y 2 Jjy~r(/'W i , .<Jz). (4,6) 
JmJ„>0 

Here t(i) ** an arbitrary funotlon and the dash denotas 
complex conjugation. After some simple oaloulatlona one can 
show, that the operator 6(h) ( he. •SL(XjJL) ) transforms 
reotor (4.6) In the following way) 

where Л , , / a and X$ are siren Ъу 

/ (*,', л', V)= ^ ^Vi). <*.8> 
Thua tba f a n of Inttfral (4.6) It Invariant with reapaot to tht 
rapraaanteisan О (f) • 
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Consider now the argument of the nonoperator exponent 
In the r.h.s. of (4.6) . For d^= а+t'tT It talc*» the form) 

Consequently, In Integral (4£ ) this exponent 1в а aut-off faotor, 
which exponentially tends to zero on the whole boundary of 
the Integration domain. Явное It foil owe, that If -f (z) 
growe on this boundary slower than exponent» then Integral (4.6) 
will oonverge for arbitrary Л^Л^Лз-

Now one should remember, that transformation (4.6) Is 
transitive in the spaoe of the parameters of the group. ТЫ» 
means that It 1в suffiolent to determine (4*6) far some fixed 
ralues oi the parameters Xif XA and Лд , and then, Ъу 
means of the representation &(t) one oan pass to other values» 
It i s convenient to ohooae as euoh fixed values the following 
ones: Л|лк О, АЛ = 1, Л^оо and then J(x) яе unit 
matrix. In this way, Instead of (4*6) we get 

The last formula gives the general expansion of an arbitrary 
state from Л + (с) In coherent states, whloh belong to the 
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same spaoe. In what follows we will l i s t some particular 
oases of this expansion) which proof is lef t to Appendix. 

The first particular case Is for _f(zi)= £ • £he calcula
tion of the Integral gives* 

«i_ л'-г'-Ё^ „i*r, ч -.'в' (4.10) 
(i-i) 

If one appllee to thle equality an arbitrary element of the 
repreeentatlon 8(?) one gets also the identity: 

Л > - ^ №*ЫЗт* J<**x*-v **"\«\ 

0oTlvtts37i (4*11) dBtermlnes a- function in the spaoe Q. (c\ 
formulae (4*10) and (4*11) open the possibility to obtain some 
other their modifications, given in Appendix. 

The authote express their deep gratitude to T.A,Matveex 
and Д.Ы.МигаЛтал for «any fruitful dieoueeions. 
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АРРВМЯЗС 

A. bet ue oaloulate the Integral (4-9) for S(% ?)— £ 
To simplify the notations we shall drop out the vaouum state 
and Instead of & we shall write down the l e t t e r o£ , 
treating i t as an arbitrary oomplex number. If £ & A * I \ 
in this oase (4.9) oan he rewritten in the form 

then 

CO 00 „*Ж±1 
CA.1) 

After simple oaloulations one can integrate over Л а п Л fi** 
the resul t : 

Tbusfwe have to oaloulate tha integral 

у(в)=Лу«~ * e*^ ' <f U.3) 
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where Z is an arbitrary oonplex number» The presenoe of the 
factor ^ ' guarantees the oonrergenoe at the point zero, but 
to get oowergenoe at infinity one дав to demand 

Л*ал>0. < A - 4 > 

Is y?(«i) i s an analytloal funotlon of г in thin region, 
for Хиаг<0 Integral (А.Э) oan be regularised, through analyti
cal continuation. 1ь order to calculate the Integral In region 
(A.4) wa first differentiate (А.Э) with respeot to & 

Л 0 ' 4 

jaia suhstltution 

</ e'u 
CA.6) 

laada to 4 

^ - ^ « « • * « - * " ' * а л 

Hh«r« tna oontour С la a L'JJ fro» tht coordinate origin with 
til* alopa iq\/ ^"* . Baoauea of the latagrand ana-

Ijrtioitj l_i tna aaotor hatwaan С and tha real axis and Лив to 
oondltlon (A.*), wa bar* 

fj .Vt -i'u-4- f .*& -г'и-

(A.8) 
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Then fron (A#7) we get the differential equation 

Whloh together with the Initial oondltlon 

gives the following result 

y(^=f3fe' e"1' 

CA.10) 

(A.11) 

Thus, for Integral (All) we obtain 

whloh ooSnoldes with formula (4*9). 

B* Consider the integral 

Jni>0 
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Using the Identity 

we oan Integrate by parts and bring Integral (B.l) to the form 

(B.3) 

Thusi we hare proved the Identity: 

-Ji . • « £ l _ 

J (г-гГ ^ £ = 
Jmi>0 <B-+> 

Ihe integral In the l . l ^ s . of (Э.О oan be calculated, taking 
Into cioount, that b l i Talues Is *'Ы) ь waere / ( V j Is 
glren by A.1), " ^ 

In an analogous way one oan prore the more general 

Identity! 
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3 (.у)- A W A » - . * . - • " • & - и * - ' d-ъу £ е г = 

In oraer to find out the funotion / ^ we f i r s t differentia
te (B.9) with respeot to o£ ana get 

Wow in (B.6) w can иве identity (B.2) to perform / tiaies 
integration ty par ts . In this manner we obtain: 

C/ U)=-U l&>dki.{i CM, - , % - - Л -JiMtUiJ. 

L. (Jbi<lh,i pit»), гЫЛ -j,Ai± 
W'JTZrr' WJ8fM~"T*~e»iz_.AbL. 

X:t>0 -)j ' 2-5 ' 

" x (B.8) 
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It followa from here and from definition (B.5), that /~\(x) 
is a polynomial of degree д • Actually, we hove already seen, 
that Pt •=• 4-л ,. l»e . f t i t la a first-degree polynomial 
( eee eg.* (B*4) ) • II ia eg.» (B.7) for M =. 1 we take ^ = 1 
and compare this expression with the r.lus» of (B.5) to.-: Л = 2| 
we get 

^ Ы = F?\*)*Fl%) - > F, („)j св.9) 

ItBtfP(^) i s a second-decree polynomial* 

The continuation of this procedure leads us to 

this aoooapllehes the proof of the Identity (B*5)» 
ta the Integral» In the l . h . s . of eg.. (B.5) axe Ц- t n 

dexlratlrea of 1U) with xespeot to aC It Is easy to get 

* • <B.12> 

therefore, If } (*) li an entire funotlon of the ooaplex 
Tarlahle 2 i then the Identity 
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Свлз) 

holds> where 

This result shows, that on the half-plane ЗтъъХ) the 
ooberent states present an oreroonplete basis , as veil as on 
the whole plane. The formulae whloh we have obtained In this 
Appendix, are easily transformed by oomplex conjugation into 
the corresponding formulae for the case C^*t*< P. 
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