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INTRODUCTION

At the present time the question of appropriate vari-
ables for the description of many-particle reactions is
becoming more and more important. Let the » 4-momen-
ta of a system of n particles be p;..... p_ . When
investigating Lorentz invariant varlables for descnbmg
the state of this system one has to consider, in addition
to the simple invariants (the Minkowski scalar products),
the determinants of the components of the sets of four
4-momenta. This is a consequence of the fundamental
role of the 4-dimensional space-time. We emphasize
that the simplest structure of space-time which underlies
any physical theory, a causal one, is the flat Minkowski
space 72/,

The determinant of components of four 4-momenta of
a reaction with only four particles in a final state denoted
by Aj234 is shown to have a simple geometrical
interpretation, ‘reducing essentially to a volume in the
3-dimensional p space. Thereforegroups of three partic-
les may play a special role in the invariant description
of four particle groups in a final state. Some details are
given and a digression on :} particular case of the general
problem of invariance is included in Sect. 2, only *
to illustrate as an example how this determinant may

appear.

*The theoretical significance will be discussed in
another paper .



The aim of this note is to suggest to try if A ja34
plays any exquisite role in the ’’mechanism’’ of inter-
action. The best way for testing it, for the beginning, is
to get the hystogram for A j234 computed from ex-
perimental data using the components of the 4-momenta
of the four particles in final state and compare it with
the phase space hystogram for the reaction with respect
to Ajgss. _

Finally we wish to point out that the determinant is,
as a polynomial of the momentum components an obser-
vable so it permits a physical interpretation in the frame
of quantum mechanics. It corresponds (its values) to the
spectrum of one observable projected on a subspace of

the ’four particie’’ Hilbert space (H out) 4.

2. INVARIANT DETERMINANT FOR FOUR MOMENTA

We consider a set of four 4-momenta p,, Py, Pj, Py.
These are vectors in a Minkowski space.

PiPkx = PSPk ~ ﬁi Ek-

Let us for a moment look at Pyy Pa, Py and p, as
4-vectors in a real 4-dimensioual space R* each
pi having the components pg , p!, p?, p}? , (i=1,23,4).
From the components we can form the determinant

Q o [=3 o
Py Py PSPy
1 1 1 pl
\ plpl, Pl opl W
12347 2 2 2 2
Py Py Py Py
3 3 3 3
Py Py Py Py

We wish to recall that A ju34 is invariant with
respect to all linear homogeneous transformations of the
vectors which have the determinant equal to unity. Indeed,
let A be the matrix of an arbitrary linear homogeneous
transformation with the real coefficients and P the
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matrix from (l). Denote the matrix product P = A x I’
then for those transformations for which detA = | one
has det P = det A detP: S0 Aj934=det P is invariant under
all the linear transformations represented by 4x4 matrices
with the real coefficients and determinant equals 1, i.e.,
i the group sL(4,R).

The invariance with respect to proper Lorentz trans-
formations follows as a special case (being a subgroup
of SL.(4,R)). So the invariance of A 23y is evidently
independent of the metrics (Euclidean or Minkowski)
defined on p -space.

The determinant A ;934 is also directly connected
with the Gram determinant attached to the set p, , p, ,
$g » P, It is the determinant of the matrix with the coef-
ficients being the scalar product of four-vectors,which
we denote by G and by 1,5, det & sO

1 172 13 14
2
n
b PiPy T PPy TPy D)
1234 © 2
PyPy PPy P PP,
2

As it is immediately seen, if the scalar product P, p
(i,' =1, 2,3,4) would mean an Euclidean one P;P;

. then the matrix 6-PT» P (T medns
transpdsed) a:{d in this case D234 (Euclidean case)
would be always positive, being the square of det P

For the pseudo-Euclidean scalar p; p;=p$ PS —Biﬁj we



must multiply the space components by +V-1=i then
we have *

. 2
D ygge= 348 1ggy) @)

Now since the elements of A ;234 are real, the
D934 is always negative, which is one of the con-
straints for defining the physical domain 14/ Though
(2) establishes a relation between A ;234 and D ;334 One
can not say that (2) permits to express A 1234 in the
"simple Lorentz invariants through D 1234 since the
signum™of D234 appears. It is well known that the Gram
determinant, and thus also the determinant of the com-
ponents vanishes ifandonly if p; , py,py and p,are
linearly dependent. A rather complete treatment of the
Lorentz invariant variables, algebraical and geometrical
properties of the physical regions for the exclusive and
inclusive processes with n  particles, one can find
in ref. /5/,

Let us now have the elementary particle reactions
with four particles in a final state

ﬂ+b—'ﬂl+a2+83+a4. 3

In the center of mass system (c.m.) of the colliding

* Indeed,
/pf ip: ipi in’ LA D N P
N RS B (AR
R | CHE S
R S A SRR
** It is obvious since \ (227 is a pseudoscalar and

not a scalar.
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particles, according to the conservation law of four
4-momenta, we have:

4

T p° = s

i=1 1

then the determinant of the components of the momenta
of particles in final states (we kave not specified "'in
center of mass system’’ since A 444 is invariant) can
be written

° o o e

L SO

pl pl »1 0 _— . e s
Ayosg = 12 g 32 = Vs (p; xpy)epg

Py Py Py 0

(4
g3 PO p3 0
1 2 3

Here p| ,p ..p are three-dimensional momenta, taken
in the (c.m.) system The mixed product represents the
geometrical volume defined by the three dimensional
vectors. So A ;,3, for a fixed s hasa simple geometri-
cal meaing (not a "’physical’’ one yet?).

Le)t us denote the absolvete value cof this volume
V(l;-;" B, %5 53; then
{ceom)
f2s ° (3)

The cundition of the stability of the particles, i.e.,
the Iact thd.t the components oi p; satisfy the relatlon
(p3 )2 ~ip,1%- m? was not used. So the same relation holds

when a 4 plays the role of "'anything’’ in inclusive reac-
tions.

A 234 | - VsV



The ordering of the momenta (of the particles) in (3)
is, of course, nonessential. Thus, in fact any combination
of the three momenta can be chosen. So it is worth
noticing that all the volumes Vi,i,i; for any combi-
nation i)+ iy Fig# i, with i, 35,13, igy= 1,2,3.4
are equal * to each other.

It is obvious that for a resonance decaying into four
particles the mass of the resonance appears instead of
Vs in (5).

Now if we choose the rest system of one particle
which is stable, for instance the particle corresponding
to the momentum p, . and which has the mass denoted by
m, we get analogously A jq3q - —m 4 (py % p Y. pa Evidently,
Pyop 2 , p must be tak?n) in the rest mass of the particle
a, 1Ay234] = m;\’m, (4) just indicates that the
volume \r‘“ has to be determined in the rest system of
particle a Now using the fact that A 1234 is invariant
we get the transformatlon formula for volumes

v o .J-E- v ( cam) (6’)
123 m, 123 °

We note again that we could get any three vectors,
so in general the following relation holds
Vs fipig
= . (®)
m iy v ( c.'m)‘
Tyiglg
The same relation holds for an inclusive reaction. In
this case in general the ’particle’’ ai, corresponding
to "anything’’ is not a stable one and then mj, in (6)
is not a constant, it depends on the individual event.

It also might be interesting to mention the relation
which follows when some of the values are taken in the
laboratory system for instance in the rest system of the
particie a or b from reaction (3). Then we have:

* A well known geometrical property.



ProPy Py
(c.m) Ly (L
. (L) 2 2 2
€Vs Vygg +e Vigs =P PSP, Py (D
33 3
PP P
12 3

wheree ¢ 5=+1. E‘" is the energy in the laboratory sys-
tem (of the rest mass of one colliding particle) in which
the components of p; , p,, p; in the determinant from
(7) must be taken.

Let us now make a digress. We consider a certain
process with arbitrary number of particles n > 4 in
final state. The mechanism of reaction is expected to be
described by a function f{ of py....p, . Assuming
Lorentz invariance and that the function f(py,...,p ) is
invariant we have

flp seesp } = T(A D Ap ) (8)

for any transformation A Dbelonging to the restricted
Lorentz group. By definition,_’ A leaves invariant the
scalar product p; Pj = P p‘} -p;p; . Then one would like
to write the function f explicitfy in an invatriant way,
i.e., as a function of the scalar products p;p;, i, j = li.csn
which actually means, as function of the symmetrical
matrices axn (Gram matrices).

Let us denote the mapping which carries any set of
n  four vectors p = (py,«.,p,} in a Gram matrix by
» compactly written #(p) =G. For the simplest case when
f is a polynomial it was stated by Weyl ‘17 that any
Lorentz invariant polynomial P(p) admits the following
decomposition -

P(p) =Q (= (p)) + b A oo
L4 ! 180 <ig<iy<iygn 123

Q (n (_}_)))

fjigigiy

Thus a Loreltz invariant polynomial P(p) can be repre-
seated explicitly by the polynomials Q and Qijigigiy



of the scalar products and by n(n -1) (n-2) (n -3)/24 de-
terminants of the type A ijiyizi, . They are not
independent for n> 4 satisfying, the following constraints
rank of the matrix »(p) < 4, and

Biyigigiy(R) Byip1,0,(0) +

+det (py Pydici,ig,ig i i=iyeigsizis ™"

For the general case when f(py,...p,) isnotpolynomial
several details can be found in ref. /6/,

Here we would like only to recall the content of the
equation (8). Let us consider a certain pointp = (p,...,p_)
and apply all the transformation A to it. All the poin’ls
(p} +eespg ) =(Apy,, Ap )  obtained in this way form
a so-called orbit. The relation (8) means that f (p, ,...,p,}
does not change as far as the point p{ ,...,,p’, describes
an orbit. It can change only if we pass from one orbit
to the other. In other words, (8) says actually that we
define a function { on the space of orbits. As to an orbit
there corresponds a Gram matrix *eq.(8)leads in g na-
tural way to the necessity of defining a function f on
the space of the Gram matrices. After this short digress
let us give some kinematical relations which come imme-
diately from the usual kinematical constraints.

3. ”CONSERVATION" RELATICN FOR THE
DETERMINANTS

The quotient mark is used just because the determi-
nant we defined above can not be defined for the initial
state where there are only two particles, so it is not

* Gram matrix is not always enough to characterize
an orbit al}q in general ‘the problem is much more
complicafed 7%/,
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a relation of the conservation of a physical value from
initial to final state, what we are going to speak about.
Let us consider a reaction
a+ b » ap + « + ag {(n > 4.
As before we form the determinant A ;234 . We replace
the fourth column according to the conservation law by
3 n .
P,=P,*Pp~ 3 P;- % py - This gives immediately ’a
i=1 k=5
conservation relation’’ for the four-dimensional deter-
minants

n 1 if i=a,b
2 a, A . =0 a, = {
) i 123i 1 -1 if 4<i<n
i=a,b,4

This relation can also be expressed by using the three
dimensional volume using successively the rest system
of the particles in which respectively the corresponding
volumes are computed. Thus we have

n tm;)
z e;my Vigy =0,
i=a,b,4

where ¢; states for *1, depending on the ordering of
the momenta. It is obvious that instead of p; , Py, by,
p,  we could take any other four momenta.

Remark: This note is particularly referred to the
physicists-experimentalists who possess the experimen-
tal data for the reactions with four particles in a final
state, both.the exclusive and inclusive ones as well as
the decaying process in four particles, or five particles
in ae final state, and also three particles in a final state.

One can also use the variable A for the reactions
with three particles in a final state. Then the determi-
nant A gy 9 is directly expressed in azimuthal angle
and the perpendicular components of the momenta p | and
Py - We mention that the correlation with respect to
A b1 1s a new information to those correlations which



are already established in azimuthal angle (in the sense
that it gives an independent correlation).

It is also interesting for reactions with five particles
in a final state to have the plot - which correlates the
parallel momentum of one particle with the values of
determinant of the remaining four particles.

Finally, it is tempting to help the reason for doing
so. The reason is that one gets the new correlations
which are strongly connected with the creation-multi-
particle reactions, for two in two processes obviously
this variable does not exist. Besides, recent studies of
high energy multiparticle processes have exploited seve-
ral model independent properties, just because
not even one model for multiple particle processes can
hope so far for a theoretical background. Therefore, it
becomes rather clear that it is imperatively to look for
empirically ’dynamical’’ constraints of the interaction.
This arises actually from the fact that the theoretical
frame in which one might in a proper sense do the phy-
sical interpretation, see /7/ and the references, leads to
the results which are very far 4/ from a possible direct
connection with experimental data.

The authors like to emphasize also that it is very
easy to get the hystogram on A and compare them with
the phase space hystogram. But, obviously, from a single
experiment no one conclusion can follow. So it should
be desirable or rather necessary to have such hystogram
for different multiproduction reactions: annihilation pro-
cesses, electro-production, photo-production and had-
rono-production, and in every case to perform it for
different energies of colliding particles and different
sets of the particles in final state. Then it might be
possible to get a gess of how much the '’"mechanism’’ of
production depends manifestly on this variable.
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