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1, Introduotion

In this paper we shall be concerned with some applicationg
of the so-called relativistlc Markovian pseudoprocesses/l/to
the description of the T functicns of thc Minkowskl Quantum
Fleld Theory ( MQFT), Thus,the paper is a further continuation
of our formal studies of the stochastio pseudoprocesses/Z’J/
( or the quantum stochastio prooesses) based on the assumption
of exlistence of a pseudomeasure needed for the definition of
baslo nbjects of the theory like,e.g.y Feynman path integrals/4./
We shall remark that among various attempts toward the rigerous
definition of the Feynman path integral the nearest to our needs
1s that by C.De Witt-Morette’ >’

In the paper we follow clusely the known Ginibre's/é/ and
Symanzilk! 5/7/works on the Buclidean Quantum Fleld Th::ory,

( EQFT), in whioh they used extensively the theoxy of stochastic
processes , Ope knows that EQFT deals with quantities not direct-
ly physically interpretable and the discussion is restricted to
a dimension less than four of underlying space-time manifold.

We shall replace the Wiener prooess appearing in the Symanzik
paper ty the corresponding pseudoprocess and to get the
formulas for t-functions of realistio MQFT. Slightly more general
Lagranglans than those treated by Ginibre and Symanzik are
ponsidered here, however, the renormalization problems are

left untcuched, We believe, and 1t motivates our work, that
formulae for T - functions given here provide the basic
formal expressions which should be at hand when trying to ge-

neralize them in order to overcome the ultraviolet divergences.



A, The T — Functions in Terms of the VWiner Pseudoprocess.

Scalar Neutral Case

et )  ve a free neutral scalar £ield with a mass ™,
In order to fix the notation we shall write the relevant
formulae in sore detalls

[1-2)ag = Ka) =0, O=-9"3% , 90z -4 1, = s

[, aty)] = -CAG-ys0) (2.1)

Axyn) = i (en) b ISPt - Oxplipx).

For the T - functions of this field we may write fnrme.lly/a/
g () S16
ol Fa(x).--alx '
Ty %) = é”.,_l__(_L)?_i,_"‘_.__g, (2.2)
{0} S10)
where
s = Texp(iL 1)) (2.3)
N P nt
1s the S-matrix of a theory specified by iLhe interaction
Lagrangian
L fo] =fak({ae)]- (2.4)
int imt

A genevating functional J LPJ for the T~ functions

has a form

Jlpl =1 +§|"5\rf Cea)elpsXn]di,,
(2.5)
_ (oI Texpliap)Sloy
(ol Stoy




where the followlng abbreviations for convenience are used
Tlm) = Ty -y %)
elp;Xm] = Pia)-- Plrm) (2.6)
d¥n= d¥ - dk.
a~P = fd'x p(x)a.Lx].

The symmetric ‘T — functions may be recovered from TLP]
in the usual was

AT
T@m)= E[-id5i%n] Jey .
p=0
It 1s well known that the generating functional may be
expressed in terms of the Feynman funotional integrals as
follows/g/ )
Tp1= N fexp(544a-+iLofa) +i4p)dg (2.8)
% f . & { 7
= N-EXP(G. Lol —t;‘—,]) exp(—g_—PKP) ,
where
K'=-8°
(2.9)

K.I(x,«a) = ~&x-y)=- @.S%’%%’Fg)—d‘p

%) e refer the veader to this bock also for preofs of all
functional identities appearing in the sequel.



=1
The choice of the causal propagator for K is a consequence

N 2
of the presence of the regularizing term ——Léq under the
exponential sign in the functlonal integral which is always
tacitly assumed.
Now a part of out next cunsiderations will be valid

lfor Lagranglans of the form

(2.10)
Lqfa01 = J0q7e)
whick Includes as a speolal case the Lagranglan
q
LM[q(x)] =- gq(n) + —;,—‘ g'x) (2.11)

consldered by Symanzik in his Euclidean Quantum Field Theory.,
In this case we will have for the generating functional

- Cr 82 ] =
Tep) =N exp(e Jb55) expl- P Kp) o2

- N'exp(LJ[2ifz] exp(~%u.-5§: exp(—-(z—PK_‘F),
&

w=p
where we have used the identity

I exp(uv) = explus) Flvs ] @2
which 1s valid for any functional expandable into the Volterra
series.

Now using another identity valid for any symmetrio
operator R



exp (- &R E)expl-LpPKE) -

(?.14)
. | St
= exp[—%P(W’R)P] exp[— 3 Trim (14K R)J ,
where we put R= W, i.e.,
R(’"?}): LL(x)-E(X—?) (r.19)

we may wrlte for the generating functional the formula

TTp] = N'expl J-2i5)) expl- 5 p(k '*)H

(2.16)

ex\o[——Tr In (KHA) - %_—T'r[m K J

Furthermore, i1sing the "proper time® parametric representa-

tions/lo—lzr
a = —{ ldt eXP(Cfa) (2.17)
fnd' ~tnb'= (Hlexp(ita)- oxp(ith)] (2.10)

which hold for a;b having added small imaginary parts i.E, £»0C
we will get the formulae
-1 o R
(K+k)3/¥ = %—Sd{ O;P&C)'xf{){expl.{{(Dfu)]a'l (2.19)
1 o e .

TelalKru) - Teim K= s'_’t—u-e,xp(-iyx"{)]clz[eotpt;'f (D+a) -
c (2.20)

- explt), -



Here Y 18 some numver which 1s going to be sultably

chosen. We notice that the function
{5y =[exp irt(D +u)]w (2.21)

solves the following Cauohy problem
[3, -ty (O + wWJftym)=0 (2.22)
Linn etigne) = 8ly ) -
One sees from it that for Y= 2%;-‘_
Schrddinger equation for the transition amplitude describing

1
spinless particle influenced by the patential —};“U-.
Thusy aocording to a general theory’llwe will get

we obtain the relativistio

+
{(tyex) = Q:;{ exp 3 {wztd |

+
= M) eap y {ulzlde, (2.23)
ﬂ e

(kR
where = }n’n— N z{vw) 18 the Wiener pseudoprooesas with

o
values 1n the Minkowski space and M,,:; (dw)  1s a conditional

pseudomeasure on the space Q of all trajeotories of the

pseudoprocess 2(t). t
Notice that the functional SM[Z(‘!)]D!‘! on the pseudo—
/7/ °

process may be written as

t

] Wizt = (dfuG)g00t) = w3 » (2.24)
[d



where the random variable }(")'E;w)—caued the local time
of the pseudoprocess Z(‘C) — denotes an accupatlcn time of
the state %  during the period [0,%] 71,13/

¥

t
9()(){/(..)):-55[)(—1(1',:4)]0‘!. (2.29)

Therefore we may write instead of (2.20) and (2.21) the

formulae
-1 ad
(l“' u‘)glx =" % gabt e“P("A?us‘)SMJ;}; do)enps Wplted) (205
o a

and

Tebn (K] ~Tedm K =

(el
(gt 2 . ,
= joT exp(- 374 )z SMo:z(d@)[&(P%-_'Ué(t/m)* 1).
Q
Hence, for the generating functional —JT_F—I we will get

TU) - Conth exp(1202:857) expl f PALIF)BL) ooy

u=o,

where

Alyxu]= (K+u3;,x (2.29)

(2.30)
Blu] = exp| 4% exp( 4o (M (eexp y u 3]
a

(]

oo



and the constant factor 1s determinmed by the comdition J[O]=1.
The T — functions may now be easily oaloulated using

the formula (2.7) and the identity

o , m = 2may
& L pAlulp) = (291
e[ LA'FJXM.]QXP( ZP PJ
P=of 3 AP Xjsu] - LA, Xjasu]
JK< K4|
A= 2mm
Thus we will get for T,...,Xm)
0 ,m=2mu
Thiye o km) = {i02)
sz<ik4>(,()l x);l ] Jm-u’ ,}M) P m=2m,
where we¢ denoted
IP(X\)XIJ . -.,XM_UXm):
n
= comt. exp(i 2] B T (AT Kanu], =
k=1 'u:
(7.33)
ﬁ!’ J(dg ex Su,Klul
Koy 2 P )S 0, % (A3) q’[;(S-MJ,--~,;(sm,co~)]
2

and auxiliary functions



(P('a(s.,w,), . .A}}(sm,w,,.)} Plupbnw), . ,wsEnwm] =

(2.34)
w36 .

n=g

= comad. €Xp (L ][—ZLSM]) Blu] Exp[

=1

Expanding RIu] onto the Taylor serles and using the identity
(2.13) we will get for auxiliary functilons the final formula

(P[;(s.,w, ,.._,9(3,.@,.)}__,5_: ;%—n! f:g% XP(— gdh

{:.75)

tw, 2. m m
Ve 630 comt exp( 2300 £ 5]
(. -evem )

Thus we expressed the basic functions of a theory, T - func-—
tions, via formulae {2.33),(2.36) by the loeal times of the

Wlener pseudoprocess,

3. The Kirkwood-Salsburg and Meyer.-Montroll Type Equations

for T~ Functions. Socalar Neutral Case

Let us consider now a model defined by the Lagranglan
(2.11). In this case the J[4] rfunotional 1s

gl = fd*[— ——Q’(")+ z q(*)]———q +29. (3.1)



According to the formula (2. 34 ) we will have for the awriliary

functions

(P(’bh“.,;ﬂ): w,exp(igsé;;) Blu+a] exp[%-g_'(u+d)-9¢] , 3.

luso
where we denoted for shortness
) =905, wp) , 500 = 550 (3.9
and performed the translation
exp(ongtz)F[“-]=F[u+°‘] : (3.4)

Furthermore 1f we denote
%Sf"*eup( t)jdszo,,_(dw) -E[R(di)--- G5y !

then the functional B[U-“‘J beoome s
(3.6)
Blutol] = exp{ f?(dg)exp&(md)-g“ .

Following the ldea of nganzik the (P— functlons may be

recoverd from thelr generating functlonal as follows

LP(}':W)?" e[rgau]‘ﬂ:]} o 2 }{]i] G

where

6(33 =5 A (Rl Rldgo@30,.3m) 331

(3.8)

~
and the "measure" ‘R(da) 1s restricted by the condition

(3.9)
(R ey 5 3)F ) = F3) . ”

12



From the formulae (3.2) and (3.6) we will have for this genera—

ting funetlonal

${3} = comt exp(ig g%;:) exp{ f?(dg,)exp[%(uu).ﬂ ¥

+(R3)33) exp[%(um) . 5]‘]’ . (3.10)

Using the identity (2.,13) and also the formule

exp( m(a;)((;)ég—(—b)} exp{|RE)IG30)] = SR

exp{gﬁ(dg)il(}')g(é’) +{R (dé}((a,)g{g,)]eprR(u%G)g%g)z

we may find for the first derivative of 45'{]}
the expression
. 5 (112
_ A g1, a2
¢3133-9*P[I°‘9+%—5]9*P[ [REFIK(; é)s:g@}

k)= 1- exp(%53) B
Ju)= Jwexe(1537) - o1

Now, 1f we expand the last exponentlial and perform needed
functional differentiations according to the formula (3.7) we
will get the set of equatioms of the Kirkwood-Salsburg type



s -sgn) = exp[F <+ Lo B2 ]

(3.15)

oo L

4 _ - —_ -
Z -;I!) ]rJ’ S‘R(dé))k(?‘)%)cp('bl/l}""-)b‘)rjl) .

g=0

However , after iterations of the formula (3.12) we will end

up with the expression
= L3t a, 4 ¥tz el o g
4’;\".343}—exp[idg,w%z;,au+a—g;‘u,;3«]. (18

P{ [RUHIK (- 3m3F) 55 g}f?lJ, N
where

K(’au-“nanj§)= 1- exp[—igg(%...qp).g] (317

3,40 3)- 16 x| Bl 3)7] o

Expanding now the last oxponential in (3.16) and putting J=0
we obtaln the set of equations of the Meyer-Montroll type

W)= eyt RIS P ]
(3.19)

o L4 _ =
E_}—gg SIC A CRI W AT R

for M- even.



We shall not discuss these equations and thelr consequences

here since 1t 1s a separate subject.

T — Punctions in Terms of the Wiener Pseudoprocess,

4. The
tP- Functions. Scalar

K-5 and M-M Equations for

Charged Case

All the previous consideratlons may be easlly translated
into the case of complex scalar selflnteracting fleld with the

Lagranglan

Loalerdt] = (ot el a ]
Kax) =Kd =0 a.1)
00, )] =L AG-gix)

The generating functional for the T - {functions

* + +
(O TR - Qi) O Lgs)- - ) § 10D .
Ty X Yoy Yon ) = IS (4.2)

may bewrittenin one of the following foms

(4.2

¥*
_<oTexpi(af+a p)Sioy _
Tief] (15105 -

=f: ,,.,,L:"—,:?gd:m Sd%“_c(xm,l*-)e[ﬁ)xm] elpiyn] (4.4)

m,meo

:{\]Y(exp{,;g’fl(q+£LMH;4]+L'|;‘]"‘5PZHDI‘7“‘T (4.5



= Kllexp(i Lm[-ig%.-i aSF])eXP<“§Qi’) (4.6
=W exp(i -ih)exg-ifl (KWTP]@‘Fth(KW)'T“"” 'Z'Ju. n
= comt.expl A exPCPALIP) B, 0

where A{.u'] 5 B[""] are given by e formulae (2.29) and
(2,30 ) respeotively while the constant faoctors are deter-

mined by the normalization condition

Jlool=1 . .

the T — funotions may now berecoversd frnuT[Filg_] using

(4.9)

the formula (4.6) and

PR Y (4.10)
Xom,Yn) = €[ ~0 5H; ¥om | €155 ”
Tl o) = €[ 5325 % € &Hm’ﬁ\f,:g;o

and also the ldentity

ef-¢ ;;r?;x,,,] e[—.‘.g‘%;'ﬂ exp(ipAl] P)l |== y

O, m#m
(4,11)

ZESLA["ng‘K(-)}u']' - LA[X""’%”"“” u] , m=m
w ~m

From this we infer for the T - funotions

1]



{0 MM

T, g )= ( 4.12)

‘“Ze__sj’("u‘érll),--u""‘:g“(") ) M=y,
where we denoted

qJ(x‘,na,,, oo Ry 5“)= (4.13)
cowd EXP (,: jpig%]) B (AlxoYou]- - LAfxm.‘jniu]’

Ww=0

Introducing new auxiliary functions ( different from those of

the previous 5ectinn)

Lp['b(s.,u.),. . .,'a(s..,uw)] =

(4.14)
= comat. exp(i It &) B exp[—%élu-;(st,wd]l
weo
we will get using (2.26 ) the result
Wogs - om )= -

) 2 i cnp ) M) ]
k=) 7 fel

>

Finally, expanding Bz[“] in the Taylor series and using the
formula { 2,13 ) we will get for the auciiilary functions



LECRRP N, ST

( tue,Zu (4.16)

1Mo, 7, (d, )Comtexp(i:l[‘—;—*g}(sz,q) 217(‘, J)])
Q £1 .

Furthermore calculations will follow closely the Symanaik

work valid for the Lagranglan

(4,17
Liala.47=-2(dq)"+ o dq=J(d49] -
Usains the previous notataion (3.3) we will get now
‘P(}u. ) Comit. exp<‘z&£fl)exp[3{%|(u+d).5L]. (1)

. eXP{ S;— e/xp( ~—-£‘ go)z (Molz(olw)exp—{(uuz)é f) ,

u=o
Comparing this formula with the corresponding formula (3.2)
for auxiliary functilons in the case of neutral field one

notices that they agree after the substitution
}—) 2
2
R-» 2R

in the neutral case formulae.

(4.19)

Therefore we may get lmmediately relevent Kirkwood—Salaburg
and Meyer-bontroll type equalions for our new functions perfor—
ming the above substitution in the formulae (3.15) and
(3.19) respectively. Hamely, we will get th» K-S type

integral equations



P ign)= explio+ Bgr, g2 o

(4.20)
o Q £
f‘; 1[) r]f‘R(dga)K@l.}, C(es-- ;}1\,5” ,5 )
=0 3 '
and M-M type cquations
(4y .-, -xz‘ " Tt g s as,
P(i--13m) = explE 2z gu+ & g:snj S 2]

oo, (8 _ _
G RO)K G35 )66 3)

3

wherc notation are the sgme as in (3.3) and (3.17).
We consider derived formulae for ‘T~ functlons as a
starting point of a battle wlth the diversenciles which should

be undertaken from the probabilistic standpoint.
The author wishes to thank Professor D.I.Blokhintsev for

his kind hospitality dvving tue :.ay at the I .boratory of
Theoretical Physics in Dubna.
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APPENDIX

In order to arrive at the usual perturbatlon expansion

for the ™T-— functlons one has to perform the followlng
typical operations

L= (a1
8= =2 i o Q2 g - e}

°

E

oe

o= (% P[0 Q{60 3] *

>

in the basio formulae ( ;,33)y ( 2,35 ) and (4.1%), (4.186).
Atoording to the main formulae of the Markovian relati-

71/,

vistio pseudoprooesses ~‘we may write

Q{0 30mal} <

(A3)
5 T Tz
= [dtu fdtay - - fat, X T Y] - (T 2mce1; 519) 5
[ o o
where the transitlon amplitude is
(Aed)

(tluxu(u) 3T ,'x‘lfldl)) = (21'54{0“? &‘P{_AI P’(‘[‘u.. ~Ta) - tp 61 [ )(.lm)z .

The time integrations may be easily performed by changing
the varlables T ~Tu= Oy and taking into acoount



2
that & has a small napative Imapglrnary yart. As a resul-, oo

will get for A'

< 4
b=—¢ (.)": )"%Sdc(x—x,,(,,)d (Xney - X'n(z))"‘ A X am™ ‘a) .

' (4

Ipn the calculations of A one shoulc
that (‘»2,4(4; )X S,

easler to find first the derivative of A

taxe into account
and that 1t i3

2 with recpect
to xi and then to solve elementary Cauchy protlen,

We £ind in this way the reswdt

2™ xmx(.;d(xmxm A(" (meiy = Xm)
4,= (_"—) 1?;5 .( ) - (4.6

It 15 clear that the all troubles of the Quantum Field
Theory will appear when some of the points XK,XJ ¢olncide
and i1t 1s just the case when interaction Lapgrangian 1s a local

one.
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