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1. Introduction 

In this paper we shall be concerned with some applications 
of the so-called relativistic Markovian pseudoprocesses to 
the description of the t functions of the Minkowski Quantum 
Field Theory ( MQFT). Thus,the paper is a further continuation 
of our formal studies of the stochastlo pseudoprocesses ' 
( or the quantum stochastio prooesses) based on the assumption 
of existence of a pseudomeasure needed for the definition of 
basio objects of the theory llke,e.g*t Feynman path integrals . 
We shall remark that among various attempts toward the rigorous 
definition of the Feynman path integral the nearest to our needs 

/ 5 / is that by C.De Wltt-4!orette . 
In the paper we follow closely the known Ginibre'3 6' and 

/7 / Symanalk'з works on the Euclidean Quantum Field Theory, 
( EQFT)TIn whioh they used extensively the theory of stochastic 
processes . One knows that EQFT deals with quantities not direct
ly physically interpretable and the discussion is restricted to 
a dimension less than four of underlying apace—time manifold. 
We shall replaoe the Wiener process appearing in the Symanzik 
paper by the corresponding paeudoprocess and to get the 
formulae for t-functions of realistic LIQFT. Slightly more general 
Lagrangians than those treated by Glnlbre and Symanaik are 
oonsidered here, however, the renormalizatlon problems are 
left untouched. We believe» and it motivates our work, that 
formulae for ТГ - functions given here provide the basic 
formal expressions which should be at hand when trying to ge
neralize them In order to overcome the ultraviolet divergences. 
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P. The X - Functions In Terms of the Winer pseudoprocess. 
Scalar Neutral Case 

Let &-C*) ъе a free neutral scalar field with a massif. 
In order to fix the notation we shall write thn relevant 
formulae in some details 

(п-^)^х) = клс^ = а, a = --§ Vr 1 ^ < V , з 0 0 = -<s*K= i , * -

[U-ix^atyJ ^ - i A t ^ J i ^ ) C2.1) 

/ Q / 
For the T~ - functions of this field we may write formally 

<o|S|o> 

where 

S = re^p(iL;,ltLa]) (2.3) 

is the 5-matrix of a theory specified hy Lhe interaction 
Lagrangian 

A gennvatlng functional TLPJ tor the X - functions 
has a forw 

-jlpj --1 +S , w ( c t , , - 5 e t p i M ^ n 
( 2 . 5 ) 

- <QlTe^p(iap)51o) 
<oisio> 
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where the following abbreviations for oonvenienoe are used 

T(x«0 = -cc*-.,... , x x ) 

etpiX^=pW--p(x„ l ) (2.6) 

d ^ = Д - d ^ 
а р = ( Л pMAt*). 

The aynunetric ТГ — functions may Ъе recovered from TO] 
in the usual wa/ 

It is well known that the generating functional may Ъе 
expressed in terms of the Feynman functional integrals as 
fol low/ 9 ' ' *> 

TW = N [ехр(ЙЧ+' U t f + £1P)d1 

= N exP(iU t[-i^]) exp(-$rpKp), 

(2.8) 

к-'=-4 с 

^ - ^ ) = - ^ § g ^ V P 

(2.9) 

*^ We refer the reader to this book also for proofs of all 
functional identities appearing in the sequel* 
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- I 
The choice of the causal propagator for К is a consequence 

2. 
of the presence of the regularizing term — l€<J, under the 
exponential sign in the functional integral which is always 
tacitly assumed. 

Now a part of out next considerations will be valid 
for Lagrangians of the form 

(2.10) 

which Includes as a special case the Lagrangian 

L J ^ - ^ + jri'M ( ? Л 1 > 

considered by Symanzik In M R Euclidean Quantum Field Theory. 
In this case we will have for the generating functional 

TCpJ - N- ex p(i X-$) exP(- £• p K'p) 
(2.12 ) 

= N'exp(C3[-2i^J)ex P(^al-: i ехР(-£-рк~р) -

where we have used the ident i ty 

F[STT] e x p M = exp(u.,r) F["4&] ( 2-«) 

which is valid for any functional expandable into the Volterra 
series. 

Now using another identity valid for any symmetrio 
operator t? 
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= exp[-|-p(k4R)pjexp(LJf-rU(1+K'R)] , 

where we put К = U- , i . e . , 

we may write for the generating functional the formula 

T [ P ] = N"'exp^-3[-2ini])exp[-^p(l<t,A)p] 

. ехр^-Тт-(/П(К+и)1- i-Тт-ик' I 

(?.14) 

(2.15) 

(2.1") 

Furthermore, istng the "proper ttaie" parametric representa-
/lD-12/' 

блл' -^лА"'= j ^ [ e x p ( i t a ) - Cxp(£i*)] (2.10) 

which hold for a-b having added small imaginary parts It 
we will get the formulae 

(2.20) 



Here X i s some number which is going to be suitably 
chosen. We notice that the function 

solves the following Cauohy problem 

[3 t-i»(Q, + tt-)]ffri9f») = 0 (2.22) 

One sees from it that for y= j ^ we obtain the relativistlo 
Schrodinger equation for the transition amplitude describing 
spinless particle influenced by the potential ~^ L

U--
Thus, aocordlng to a general theory 1 we will get 

= [ M J J W exp|- f UCZMJA , (г .г?) 
л ' 

where ^~ 7jp£ t Z(*/"J is the Wiener pseudoprooeas with 
values in the Minkowski space and Ме[ц(«Ц) is a conditional 
pseudomeasure on the spaoe Q. of all trajectories of the 
pseudoprocess 2-Ы). 

Notice that the functional j W.0sW]oh: o a the pseudo-
/7/ ° ss may be written as 

* 
fu.[zdUriT = (dxufr)jM) = u-jft) , (2.24) 

a 



where the random variable WX/t, 1* 5) —called the local time 

of the pseudoprocess ~Z.kx) — denotes an accupatlcn time of 

the state * during the period [oA~] ' 7 ' X 3 ' 

*.(x,i,a) = fa*-Z.tr.uj}(Az. ( 2 . 2 5 ) 

Therefore we may write Instead of (2.20) and (2.21) the 
formulae 

и о а a 
and 

T T - U ( K + U ) -J-TXMY. = 

('•'•: Г) 

Hence, for the generating functional 7L?1 we wi l l get 

Л р ] - OyJ,. е * р ( р [ - 2 ! . & ] } е х р ( - ^ р А М р ) - Ъ М . ( 2 . 2 8 ) 

С 30) 
BW = e*p|£jf e*P(- ^*j[A (М^й)ехр|- i^fwof 
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and the constant factor i s determined by the condition JTpJ- 1. 

The T — functions may now be easily oaloulated using 

the formula (2.7) and the iden t i ty 

{ О , <n.= Zim*i 

e[-££;xw]exp(4pALu]p) 
'p-0 

(Е.Э1) 

JK<JI ̂
[*j;.V*7-^[V'' xJ"i u] 

Thus we wi l l get for T ( X I J . ..,x-v.) 

( 0 ^ ог = ZmH 

where we denoted 

= Covwt. е х р С О ^ Й т ^ Ы " ] П 1Л[х к ,Х к + , ;и ] , = 

' * " ' II = * 

:.'.зг) 

С'.ЗД 

'ft iThAp^«p(-^JM^d4^<S^...Jywaj] 
and auxi l ia ry functions 
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(.-.3.1) 

Expanding onto the Taylor ser ies and using the ident i ty 
(2,13) we wi l l get for auxi l iary functions the f inal formula 

Thus we expressed the hasic functions of a theory, T - func

t i o n s , via formulae (2 .33) , (2 .36) Ъу the local times of the 

Wiener pseudoprocess. 

3 . The Kirkwood-Salsburg and Meyer-Montroll Type Equations 

for X - Function». Scalar Neutral Case 

Let us consider now a model defined by the lagrangian 

(2 .11) . In th i s case the "3tyl functional i s 

ж^Ч-Ь^^У-Н^- о л ) 
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According to the formula (2 . 34 ) we will have for the auxil iary 

functions 

<PG„...,^)=twt.expCH^)BL^jexp[|-g(a^)jtl , 0.2) 

where we denoted for shortness 

and performed the translation 

Furthermore if we denote 

iTf e, P(-^)}^}M^(dc).. 3 \ Щ ) • • • 
° CI 

then the functional B[U.+ <\] becomes 

Following the idea of Sumanzik the f - functions may be 

recoverd from t h e i r generating functional as follows 

where 

and the "measure" is restricted by the condition 
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(3.4) 

(3.5) 

(3.6) 



(3.10) 

О.ii) 

From the formulae (3.2) and (3,6) we will have for this genera
ting functional 

фр} = to«*t exp(; 3^r) exp[ [l?(^)exp[A.(a+4|-] + 

Using the iden t i ty (2.13) and also the formula 

we may find for the f i r s t derivative of Фх.3] 

the expression 

P . 1 2 ) 

о 

wher e . i 

K ^ f M - e x p ^ ' i ) , (3.i3) 

ltV) = 3(5')exp(^-3') • (зло 
0 

Now, i f we expand the l a s t exponential and perform needed 
functional d i f fe ren t ia t ions according to the formula (3.7) we 
wil l get the set of equations of the Kirkwood-^alsburg type 
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ФС,, ...,у) = e*P[f *}, + i$,V ̂ -Z.»]. 

However , after iterations of the formula (3,12) we will end 
up with the expression 

%~№'"%Ч£у+¥&+¥&&<]- (зло 

where 

and 

Expandlng now the last exponential In (3.16) and putting З-О 
we ohtain the set of equations of the Meyer-Montroll type 

•4. -ej.l •«. 

й - в *•• S~l 

for 1г.- even* 
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We shall not discuss these equations and their consequences 
here since It is a separate subject. 

4, The "C — Functions In Terms of the Wiener Pseudoprocess, 
K - 5 and M-f"l Equations for lf> - Functions. Scalar 
Charged Case 

All the previous considerations may be easily translated 
into the сазе of complex scalar selflnteracting field with the 
iagrangian 

The generating functional for the T" - i'unctlons 

-ct* x u - ^ < 0 ) T W - a e w ^ V - ^ V S 4 > ( 4 . 2 ) 

Г(* . , - ,Х~ .ф . . . , з« ) - <O|Sl0> 

may b e w r l t t e n i n one of the following forms 

T f *, = <o|TexPi,(af+q+p)Slo> 
r j <oiS|o> 

С+.Я 
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=пехр(а-^])е4-ср*(к+а)р]ехр(Гг|тЫ-Тг1л»^]0и, 
( 4 .6 ) 

V) 

О.з) 

where AW , BM are given by tie formulae (2.29) and 

(2.30 ) respectively while the oonstant faotors are de t e r 

mined by the normalization condition 

Tfoo>1 • - C 4- 9 ) 

The *ТГ— funotions may now bereooTered from JTf ' r J using 

the formula (4.6) and 

т ( *~ф)=е[ -^Че№ИМ| * ( 4"10> 

and also the ident i ty 

e[-c^^]e[-L^;^]exp(-ufAMp), = 
lp-ff-0 

О , 'W Ф **-
( t a i ) 

From t h i s we infer for the ' L - funotlona 
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( 0 j ж-ф'л. 

T(x»»,-|j«)= • С 4.1Ю 

where we denoted 

Introducing new auxiliary functions ( different from those of 
the previous section) 

(4.14) 

(4.15) 

we wi l l get using (2.26 ) the resu l t 

Final ly] expanding p W in the Taylor se r ies and using the 

formula ( г . 13 ) "e wil l get for the auxi l ia ry functions 
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[M 0 "Z>4)C<W. e*p(a[--i*£ > & M ) - ^ Г }(\Щ) ( 4 ' 1 6 ) 

Furthermore calculat ions wi l l follow closely the Symanaik 

work valjrl for the La^ranglan 

(4.17) 

Uain^ the previous notataion (3.3) wo wil l get now 

Comparing tliis formula with the corresponding formula (3.2) 

for auxil iary fuuctions in the case of neutral f ield one 

notices that they agree af ter the subst i tu t ion 

(4.19) 

in the neutral case formulae. 

Therefore we may get Immediately relevant Klrkwood-Salsburc 

and Meyer-Montroll type equations for our new functions perfor

ming the above subs t i tu t ion in the formulae (3.15) ani 

(3.19) respect ively. Iiamely, we wil l get the K - S type 

in tegra l equations 

( • 



(4.20) 

and M-M type equations 

q>(}«...,3») = e* P [ i -*f> + *££$ + i i i J 2Z > И . 
L " б »=>' 4 i«n«kV» -I ( 4 . 2 1 ) 

£ ^ n W<(*>-.>"•& Ms-r>), 
where notation are the same as in (3 .3) and (3 .17) . 

V/e consider derived formulae for T - functions as a 

s t a r t ing point of a ba t t l e vrltli the divergencies which should 

be undertaken from the probabi l is t ic standpoint. 

The author wishes to thank Professor D.I.Blofchintsev for 

his kind hosp i ta l i ty during t:i<± :'.ay at the I ."boratery of 

Theoretical Physics in Duhna. 

19 



In order to arrive at the usual perturbation expansion 
for the X - functions one has to perform the following 
typical operations 

о 

and 

in the hftsio formulae ( 2,33)» С 2.35 ) a n d С*»1!5)» (4 .16) . 

Aooordlng to the main formulae of the Markovian r e l a t l -

v l s t i o pseudoprooesses 'we may write 

0^"И- (л.з) 

where the t r ans i t i on amplitude i s 
(A.4) 

The time integrations may he easily performed by changing 
the variables T M | -T» = 0"K a"* taking into aooount 

20 



that X has a small no native imaginary yart. Л-". a resul-, •.-.•-• 
will f;et for 4, 

1 v * ' i r^S^ (л.:,) 

I n the calculat ions of Д 2 one shoulc take into account 
tbat S ^ . - C^ci.(-lj . . . , ^ ) x S ^ . , and that i t is 

easier to find f i r s t the derivat ive of Д , with rerpuct 

to 3t and then to solve elementary Cauohy pvrtlem. 

'.'i'e fiiui in t h i s way the геггОЛ 

I t i s clear that the a l l troubles of the Quantш Firtld 

Theory wi l l appear when some of the point з XK jX,- coincide 

and i t i s just the case when in terac t ion Layrangian is a local 

one. 

21 



REFERENCES: 

1. W.Garoayhski, Relat lviBtio Fseudoprocessea for Spinless 

P a r t i c l e , Comffl. of the JINR, Dutma, 1974. 

2. W.Garczynski, Quantum Stochastic Processes and the Feynman 

Path Integral for Single .Spinless Pa r t i c l e , Reports on 

Math.Phys,,_4, 21 ( l973) . 

3. W.Garczynskl, Oa Boundary Value Problems for the Sohrod.in.ger 

Equations and Simplest Boundary Value Problem for the 

Schrodinger equations. Commun.of the JINR, P2-7471 and 

P2-7484, Duhna, 1973. 

4. R.P.Feynman and A.R.Hlbbs, Quantum Mechanics and rath 

In tegra l s , New York, 1965. 

5. C.De Witt ,-Morette, Coromun.Math.Phys.,28, 47 (1972). 

6. J . Ginlbre, J.Math.Phys.^6, 238 (1965). 

7. K.Symanaik, Euolidoan Quantum Field Theory, in Proo. In te rn . 

Sohool of Physios ( Varenna, 1968), Ed. by R.Jost , Acad.Press, 

New York and London, 1969 • 

8. N.H.Bogoluhov and D.V.Shirkov, Introduction to a Theory 
of Quantized Fields ( in Russian), Mosoow, 1957. 

9. J.Rzewuski, Field Theory I I , PWN-Polish Sc ien t i f ic Publ . , 
Warsawa. 

1 0 . ,!..\.J0K.,;i3i).,\:! ИНГ, сер. фиэ., * t - 5 , 109 (1937). 

11.R.P.Feynman, Phys.Rev., 80, 440 ( l950) . 

12. J.Sohwinger, Phys.Rev. 82, 664 (1951). 

13 . H.P.HoKean, J r . , Stochastio In tegra l s , Aoad.Press, 

H.T.-bondon, 1969. 

Received by Publishing Department 
on March 7, 1974 

22 

http://Sohrod.in.ger

