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The bound (1), which is more stringent than the triangle 
inequalities, was recently investigated by Tornqvist /7 I 
using the phase shift analyses /B/. 

In this paper we derive all the possible upper and 
lower bounds on H imposed by the isospin invariance. 
In Section 2 we . define the lower and upper bounds on 
H. in terms of the real arid imaginary parts of some 

bilinear forms which can be for,med with the scattering am
plitudes of two _spin (0 ~ -+0 '-f-)re~ctions. In Section awe 
determine these bounos from the isospin invariance 
conditions. The isospin bounds on polarization and spin 
rotation parameters in terms of differential cross sections 
alone are also introduced in Section 3. The bounds (30), 
(30a,b) obtained here are morestringentthan the bound (1). 

2. Bounds on Final Polarization Independent 
of Any Hypothesis 

It is interesting to determine the quantitative limits 
on H .. ~ 1 ( 1 - t1 · Pj ) a i a j independent of any internal 
symmktry hypothesis. For this we observe that the dif
ferential cross sections, polarizations· and spin rotation 
parameters are particular cases of the following bilinear 
forms: 

( 0)- £* £ + g*. g . ' z ij - i j 
1 J 

(3a) 

z ( 1) = i ( £~ g . - g*. £. ) ' 
.. 1 J 1 l l) 

(3b) 

z ( 2) = £* g + g*, £. ' 
ij i j 1 1 

(3c) 

z ( 3)= £~ £ . - g*. g. , 
ij 1 J 1 1 

(3d) 

or in the helicity frame 

z,<ot [ r+i* r+++[ £+-]* £+-.. . . . . ' (4a) 
1) 1 ) 1 ) 

4 

) 

j 
' 
? 
I 

;I 

Z'.~ I)= i{[. t+] * £:-- [ £ :-]* £ ~+J, 
1) 1 J 1 . J ' 

(2) ++ +- +- . ++. 
Z';.=[f. ]*·£. +[£. ]*£·., 

1] 1 l 1 J 

where 

(3) ++ .++ +- +-z '. . = [ f . ] * £ . - [ £ . ] * f . 
I] 1 . ] 1 ] · 

++ e .. : e 
f k =. f k cos 2 . - g ksm 2 , 

+
£ 

k 
r · · e e · k · · k stn 2 + g k cos "2, = 1, J , 

(4b) . 

(4c) 

(4d) 

(5a) 

(5b) 

where f k and g k are the non-sp~n-flip and spin-flip 
. + 

scattering amplitudes for spin (o~:..L.) scattering,· and 
2 ' 

e is the centre-mass scattering angle. 
. We see that 

(0) , (0) 2 . 2 
z kk = z kk = a k = I £ k I + I gk I , (6a) 

<P ,<n 
Z kk = Z kk = pk ak= 21m (fkgk)' (6b) 

( 2) 
Z = T a = 2Re (f*··g ) 

kk k k . k k·' 
(6c) 

( 3) . 2 2 
z kk : s k a k = I r k I - I ·g k I ; (6d) 

Z'~{>= -Akak = 2Re([ r:+ ]*f+k-), (6e) 

Z''( 3)= R a = I£++ 12
- I I +-I 

2 
• 

kk . k k k -k . 
(6f) 

Also, ~e define 
( 0) . 

y ... = £ i g J" - ~ i.£ j ' 1) . .. 

'<7a) 

"1'', 
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( 1) - { f I+ g' gj O Y .. - i j 1 1) 
(7b) 

( 2) f f - g . g j ' Y .. = i j 1 1) (7c) 

y(3)= f.g.+ gifj. 
ij 1 l 

(7d). 

We obtain 

(0)2 ,(0)2 1 ........ 
lZ. I =IZ .. I =-

2
[1+P.·P.]a.a,, 

If 1) 1 ) 1 ) 
(Sa) 

( 0) 2 , (0), 2 1 .... .... 
IY .. I = IY .. I = -[ 1- P. • P. ]a. a.= H· .. , (8b) 

.1) • 1) 2 1 l 1 l 1) 

6 

(1) 2 ,(1) 2 I Z .. I = I Z .. I = H .. + P. P. a. a. , 
1) 1) . 1)·· 1 . ] 1 ] 

(1) 2 (1) 2 
I Y . . I = I Y '.. I = - H . . + ( 1 - P. P. ) a. a . , 

1] 1] 1] r J 1 J 

\Z ~~)1 2 
= H .. + T. T. 

1] 1) I J 
a. a .. , 

1 J 

( 2) 2 I Y .. I = -H .. + (l - T. T. ) a. a. 
1] 1) I ) 1 J 

( 2) 2 . \Z' I =H .. +A.A.a.a,, 
ij 1] 1 ] 1 ) 

(2) 2 
\Y' .. I =-H .. +(1- A.A.)a.a., 

1) 1) . 1 . ) 1 l 

( 3) 2 . 
l z I =·H .. + S.S.a.a., 

ij 1) 1 ) . 1 . ] 

( 3) 2 • 
ly I =-H -+(1-S.S.)a:a., 

ij ij 1 ] 1 ] 

(9a) 

(9b) 

(lOa) 

(lOb) 

(lla) 

(lib) 

(12~) 

(12b) 

) 

.. ~ 

~ .... 

~· 

..• 

' 

,(3) 2 
IZ I = H + R. R. a. a. , ij . ij . 1 ] . 1 ] 

. ,(3) 2 ( R R ) 
IY.; I =-Hij + 1 - i j aiaj' 

1) 

from which we have 

(13a) 

(13b) 

:z (n)\ 2 IY(n)l 2 = IZ'(n)' 2 1Y'(n)12= - =0· 123.(1·4:). 
, 1.1. + .. .. t .+ .. I a. a. ' n ' ' ' • 

1) . 1J :. . IJ. . 1 .) 

Now, from the r~lations (8-13) we see that the following 
bounds on H .. can be·introduced: 

1) 

max I Wn ( ij') l < H .. < min I W (iJ') I ; 
L - 1] - U 

(15) 

where· 

we < ij) (n) (n). Z'(n)z':(.n);.-.;.n = 1,2,3, . 
o · - Z ·· Z 1·1· • - ii JJ (15a) - ' 11 . 

w ( ij) =a. a. 
1 ] 

a.a.-
1 J 

z ~~)z ( n). 
11 jj ' 

. (n) (n) 
a. a. ..= Z ' .. t Z ' ... c ; ··~ ; 

1. J u · II u 

.n = 1,2,3, 

(15b) 
and the most stringent bounds 

max I L 
1 
.. I < H .. < - min llJ.. I , 
) - 1)- l) 

(16) 

where 

L 
·[ ( n) 2 (n) (n} (n) 2 (n) (n) .. = 0; ReZ:.l .- Z .. Z .. ;[ImZ .. ] -Z .. z~.; ... ; 

1J . 11 . u u . .. 11 11 u (16a) 
n = 1,2,3, 

. . ( 0) 2 . . ( 0 ) 2 • . 
U .. = a. a. - [ Re Z .. j ; · a. a. - [ lm Z .. ] ; ··• 

1) 1 ] . . 1] 1 ) 1] 
(16b) .· 

In general, either the lower or the upper bound'(l6) 
will be s·aturated when one of the conditions 

7 
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(n) (n) ,(n) 
Re Z .. = 0 ; Im Z.. = 0 ; Re Z . . = 0 ; 

1) 1] 1) 
lm Z 'i~n) = 0 ; ••• 

(n) 
Re Y .. = 0 ; 

1] 
1m y ~~) = 0; ReY'.~n)=O; lmY'~~)=O; ••• 

lJ 1] lJ 

n = 0,1,2,3. (17) 

is satisfied. 

The lower or the upper bound (15) will be saturated when 
I Z i(nl I or I Y\I!l I, n = 0 ,1,2,3, vanishes; 

1Unfortunately, for each of the two reactions { i, j) the 
measurements of the cross section and final polarization 
components determine the scattering amplitudes f k , 
g k up to an unobservable common phase factor, so, that 
the real or imaginary part of any z )j> bilinea:r form 
cannot be . determined independently of any amplitude 
analysis or any .internal symmetry hypothesis. , 

We note that all the .isospin, U _.spin, V -spin or ·full 
unitary spin bounds follow from the bounds (16) when 
L ij and U ij are expressed in terms of unpolarized 
differential cross sections and final polarization com
ponents, using the linear relations implied by these 
internal symmetries on the transition matrices of different 
reactions. ' 

3. Determination of the Most Stringent Bounds 
from .the Isospin Invariance Conditions 

Let us consider the implications of the isospin inva
riance and crossing symmetry on the bilinear forms 
Z ln l , n = 0, 1, 2, 3 . The problem can be presented in 
a 1general form, but we prefer to discuss here the 
particular case of the pion-nucleon scattering. Therefore, 
let {f+,g+), {f_,g_) and {fcE•gcE> be the non-s~in
fiip and spin-flip scattering amplitudes for rr ± P ... rr - P 
and . rr~ P -+rr 0 n reactions. . 

From the isospin invariance condition 

8 

~ 

)a 

? 

f+ = f_ + v 2 f CE; g+ = g- + v 2 g CE (18) : 

and s, t, u -channel isospin decomposition of the scattering 
amplitudes we obtain: 

and 

(n) 1 (n) ·: (n) (n) 
Re Z+- ::7 "2 ( Z++ + Z __ -~ 2 ZCE CEJ' 

Re Z ( n) 
+CE 

( n) 
Re Z 

-CE 

1 [.z<~ z<~ <~ -=- - + 2Z l 
2 y 2 ++ -- CE CE'' 

l ( n) ( n) ( ) 
-[ Z - Z - 2Z n ] 

2 y2 ++ -- CE CE ' 

(n) 1 (n) {.n) (n) 
Re Z = - [ Z + 3 Z - 6 Z ], 

13s 4 ++ -- · CE CE 

( n) 
Re Z 

0 2t 
_!_[z<n> 
4 --

( n) z ],; 
++ . 

( n) 1 ( n) ( n) _ ( n). 

ReZ13u =4[Z __ +3Z++ -6ZCECE], 

(19a) · 

(19b) 

(19c) 

(19d) 

(19e) .. 

(19f) 

Z (n) 

33s 

( n) z 
++ 

(n) 1 (n) ; (n) (n) ] 
Z =-[3Z +3Z -Z , 

lls 2 -- ; CE CE , ++ 
(20a) 

Z (n) 

22t 

_!_ Z ( n) .; Z ( n) = _! [ Z ( n) + Z ( n) - Z ( n) ] ' 
2 CE CE 00 t 2. ++ -- CE CE 

Z (n) = Z (n) 
· 33u 

Z (n) 

llu 

. (20b) 
1 .· (n) (n) (n) 
-[3Z + 3Z CECE- Z ' ], 2 ++ . --

(20c) 

where we have used ~e notation i, j = 21 for I -isospin 
in s,t,u -channels. 

Also, from (18) and s,4u ~·channel isospin relations 
·we obtain · ' :; · 

9 
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1m Z (nl = v2Im Z (n) = v""i: lm Z (n) 
+- CE+ CE-

2 (n) (n) 2 (n) 
=- lm Z = 21m Z = - Im Z • 
'3 13s 02t 3 13u 

Now, in order to determine all . lm Z ~;> 
the amplitudes: 

( ±) 
K. =f.±ig.; 

1 1 1 

( ±) 2 
I K . I = (1 ± P. ) (11, ' 

1 1 

H < ±) = f. ± gi ; 
i 1 

(±l 2 
IH. I =0± T.)u., 

1 1 1 

(21) 

we introduce 

(22a) 

(22b) 

H ':(±) = f .++ ± f ;- ; 
1 1 I 

IH,-~±) 12= (1 ± A i) u i ,(22c) 
I 

( n) 

in terms of which the ·bilinear forms 
and Z 'if n) can be written · 

Z ij , n = 0,1,2,3 

Z <. ~) = ...!_ I [ K ~ + >] * K <.+) + [ K< ~) ] * K <.-> 
1] 2 1 l 1 l 

= ~ I[H\+)]*H ~+) + [ H ~-) ]* H <;> l 

1 (+) ; (+) (-) (-) 
=-IH'. ]*H'. +[H'. ]*H'. I, 

2 1 l 1 l 
(23a) 

Z(ll =..!..I[ K<:> ]* K<:> -[ K<~> ]*K<:->1, (23b) 
ij 2 . 1 l 1 1 

z< 2 > = ..!._I[ H~+) ]*H<:>- [H<:->J*H<:-> I, (23c) 
ij 2 1 ) . I · ) 

Z'< 2>= _!_I[ H'~+) }* H ,~+>- [ H' ~-)]*H'<.-> I. (23d) 
ij 2 i l 1 l 

Now, from triangular inequalities applied to the 
scattering amplitudes· K<±>, H<±>, f ·, g, r++, r+- and 
from relations (3a,b,c,d) (4a,b,c,d) and (21) we obtain: 

·. 10. 

'I 

f. 

t 

(0) 2 (0) 2 . (0) 2 
[1m Z+-] = 2[Im Z+CE] = 2[ lm Z-CE] 

4 ( 0) 2 . (0) 2 4 ( 0) 2 
= - [ lm Z ] = 4[ lm Z ] = - [ lm Z ] 

9 13s .. 0 2t 9 13u 

= _1 [ t<+l 
I6 y-A n + c n n:rl ~.!.. rJ-A' <+> + (, J-..\' <-> 1 2 y-A·n· 

16 
n - n n 

1 . 
=-H +- - "4 A(u+, u_, 2acE) (24) 

forany n = I, 2, 3; 

and 
. ( n) 2 ( n) 2 ( n) 2 

[ lm Z +- ] = 2[1m Z + CE] = 2[ lm Z _ CE] 

= ..±_ [ lm Z (n) ] 
2 

= 4[ Im Z (n) ] 
2 
= ..±. f I~ Z (n) ] 

2 
(25) 

9. 13s " 02t g· 13u 

I j (+) ~ 2 1 - (n) (n) (n) 
=-[ -..\ -c V-A·_· ]=H --A(Z. Z 2Z ) 

: ]6 n n .;_ n +- 4 ++ ' -- ' CECE 

for each n = I, 2,3, and similar relations for Im Z' ~ .n> , 
where A~±> ~nd c n are ·defined by · .: 

11 

( ±) ( n) ( n) -~ '.h) 
>. = A[ u ± Z , u ± Z · ·, 2(a·cE ± Z. CECE )]< 0, 

n + ++ - - - !~, -

(26a) 

( 0) 2 ( n) 2 
(D = sign[(lm z+-) -Om z+_) ], (26b) 

·..\, <;> and c ~ are obtained from (26a) ~nd_ (26b) by 
substitution ( 

0 
Z \i)-+ Z 'ii< n) , A is definedby (2c ). 

Also, Y .. > satisfy the relations 
IJ 

(0) - (0) - (0) 2 (0) CO) 2 (0) 
Y =· y2 Y = y2 Y =- Y =2Y - =- Y (27) 
+- CE+ CE-. 3 3l_s 0 2t · 3 13u. 

so that 

II 
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4 '4 
H = H = 2H = 2H =- H = 4H = - H +- +CE -CE 9 13s 0 2t 9 13n 

Finally, from (19) and (20) we obtain 
(28) 

( Re Z ( n)) 2 - Z ( n) Z ( n) = 2[ ( Re Z ( n) ) 2 - Z ( n) Z ( n) . ] 
+- ++ -- +CE ++ CECE 

=2[(ReZ (n) ) 2 -Z(n)z (n) l=.i.[(ReZ(n}) 2 -z(n) Z(n)] 
-CE -- CECE' 9 13s lls 33s 

=4[(Re Z(n) ) 2 -Z(n)Z(n)]=..!.[(ReZ (n)) -Z(n)z(nl] 
02t OOt 22t 9 13u lln 33u 

1 (n) (n) 
= -A( Z , Z 

4 ++ --

( n) 
2ZCECE)' n = 0,1,2,3, (29) 

and similar relations for ( Re Z' ~.n)) 2 - Z' ~.n) Z' ~ ~) • -
1] 11 ll 

Therefore, we have obtained that: 

(Re Z~~) ) 2 - z ~.n>z ~~) (29), n = 0,1,2,3 
1) 11 JJ . 

H ij ) are independent of the charge or 
i, j in any ~pin reference frame. 

Now, the bounds (16) can be _written as 

( n) 
lm Z ij (21), 

and Y J O) {or 
lJ 

isospm indices 

inax I L 0, L +- } ~ H ~ min I U 0 , U +- } , (30) 

where 

L = 0 ; _!. A ( Z ( n)_ ( n) 
0 4 ++ 'z --

( n) ) 
2ZCECE 

.!.._A (Z'{n) z,_<nl. 2Z' (nl ) · ••• 
4 ++ ' -- ' CEC E _' 

n = 1,2,3. (30a) 

12 

L = [lm z<nl 12
- z<n>z<nl; [lmZ'(n)]

2
-Z'-(nl z,<n>; ... 

+- +- ++ -- +- ++ --

n = 1,2.3. (30b). 

1 '-u =--A(u ,u ,2u ). 
0 4 + - CE 

(30c) 

( 0) 2 
U =uu-[ImZ ]; ... 

+- + - +-
(30d) 

where lm zi~ , n=O,l,2,3, are given by (24) and (25). 
So that, by inequalities (30) we have improved the most 
stringept isospin bounds on H in pion-nucleon scattering. 

We note that 
( n) ( n) ( n) 

A{Z ++ 
/ 

' Z (n) 
' 2 z CECE ) < O for 

( n) 
z .. 

11 
z .. > 0 

lJ 

(3la) 

for all indices i f j =+-CEand n -fixed; 

(n) (n) (n) - -(n) (n) 
A ( Z + , Z , 2Z ) > O·for one of Z .. Z .. < 0 + -- CECE · . 11 ll · 

(3lb) 

.; j = +, -, CE and n -fixed; and 

\(Z(n) z<n> (n) "' , , 2Z · ';._. ) = 0 (3lc) 
++ -- CECE - -

( n) 2 _ ( n) ( n) , _ . 
when [ Re Z .. 1 = Z .. Z .. for one o_f the pairs 

lJ 11 ll 

(ij) = (+-), (+ CE), (-CE), (13s), (02t) and 03u), n -fixed .• 

Let us investigate now the conditions for the saturation 
of the lower and upper bounds (30). From the relations 
(19a,b,c,d,e,f) we obtain the following constraints: ' 

Z (n) - 1 (n) (n)_ 
CECE- 2[ z++ + z -- ], for 

( n) 
Re Z = 0 ; .+- ' 

(32a) 

13 
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z(n)_. =.!..[z(n)- z(n) ], for 
( n). 

(32b) Re Z = 0, 
CECE 2 -- ++ +CE 

Z ( n) = .!_ [ Z ( n) - Z ( n) ] ' for 
( n) 

(32c) Re Z = 0, 
CECE 2 ++ -- -CE 

Z ( n) = .!_ [ 3 Z ( n) + Z ( n) ], for 
( n) 

Re Z = 0 , (32d) 
CECE 6 -- ++ 

Z (n) = Z ( n) 
++ . --

for Re Z ( n) = 0, 
0 2t 

13s 

Z (n) = _!_ [ 3Z (n) + Z(n) ], for Re Z 
CECE 6 ++ -- 13u 

and 

(32e) 

0' (32f) 

( n) ( n) 
(a -2a - 4a ) Z +(a -2a -4a )Z 

( n) 

z 
CECE 

+ - CE ++ - + CE --

4(a +a - a ) 
+ - CE (33a) 

( n) 
for Im Z+- =0, n=l,2,3, a+ +a_ -acEIO, (fn=+O. 
The saturation of the upper bound U o when lm z}~ )=0 
·implies also the constraints (33a) (but, then ( n =-l ). The 
lower and upper bounds L 

0 
and U 

0 
are degenerated when 

(33a) and also 

• ( +) ( -) ( n) ( n) ( n) . 
.\ = .\ = 0 or .\{Z ·. ,z , 2Z C )=-.\(a ,a ,2aCE) 

n n ++ -- CE E · + -

holds. .. (33b) 
All the constraints (32a,b,c,d,e,f) and (33a,b) are .also -· 

valid when Re Z '.<.n) = 0 or lm Z :~nl:,o with Z <.~) _. z'~~) , 
i = +, -, CE • lJ lJ 11 u 

Finally, we give here the isospin bounds on final 
polarization components in termf? of unpolarized differen
tial cross sections alone: 

14 

0 I . [ {X ( n) X ( n} ) 2 • .. ( n) ] .< a a· :- -+ TJ · ; 
+ - + . - +-

2 [·(x<n!_x<n})2 .'(n)]· 
a+ aCE + c E + 7J+c E ' 

2a [( X(n)-X(n))2 (n)]· 
aCE - CE + TJ.;..cE ' 

-±a- a [(X(n)_·X(n))2 + (n)l· 
9 1s3s 1s 3s TJ13s' 

4a a [(X(n)·-X(n))2 + (n)]··· 
0 t 2 t 0 t 2t TJ 0 2t ' 

4 
-a a 
9 ·1 n 3u 

[ (X(n)_ X(n))2+ (n)]l< 
1 u 3u 71 13u · ·-

_::: -.\ (a+, a_ , 2a CE) , n 1,2,3: 

where 
.. 

(34) 

(n) (n) 2 {n) 2 · •(n) 2 (n) 2 
TJ ij = 2-(X i ) -(X j) -2y[l-(X':i· ). ]~1-(X i) ~~0 

X (n) 
k ~ 

Z ~.n) 
11 

a. 
1 

' (34a) 

- Pk, Tk, Sk or (Ak, Rk). (34b) 

We remark that the bounds given by (34), (34a,b) are 
.the best possible ones, since giving only the unpolarized 
differential cross sections we can obtain ·restrictive 
conditions for the final polarization ·components, in any· 

. spin reference frame, at all energies and scattering 
angles. 

15 
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2. Conclusions 

In this paper we have derived all the bounds on final 
polarization components imposed by the isospin in variance 
in pion-nucleon scattering. We show that the isospin in
variance implies much more restrictive conditions· than 
those derived by Doncel et al. /6/. So that, in Section 2. 
we have improved all the bounds (15) and (16) on 

1 .... .... 
-[1-P. P. ]a. a. 2 . 1 ) 1 ) 

which can be obtained from model~ independent considera
tions. These bounds and their saturations have been derived 
using a set of bilinear forms (3a,b,c,d), (4a,b,c,4), (7a,b,c,d) 
which can be constructed with the scattering amplitudes 
of two reactions. In Section 3 we have obtained all the 
constraints, imposed on real and imaginary parts of these 
bilinear forms, from isospin invariance conditions.So· that,_ 
we have obtained the most stringent isospin bounds (30), 
(30a,b,c,d) in terms of the differential cross sections and 
final polarization components. 

Finally, we have .improved the best isospin bounds 
(34), (34a,b), on polarization and spin rotation parameters 
in terms of umpolarized differential cross sections al~ne, 

·valid at all energies and scattering angles. The bounds 
(34) are more restrictive than tht;)bound (4) from ref. /3/ 

· and equal to them only for I X k I<< 1 , k = + , - • So that, 
. our result (34) does not give important corrections at 

experimental values of IP + - P_ I I 2 (since 77 i·. = 0 (X ~ ) · 
whe~ I Xk I« 1 ) estimated in ref. /3/. · 

1 

. Also, we have obtained that the bounds L o (30a), 
U 0 (30c), as well as the bounds (34), are independent of 
any charge and isospin indices ij in any spin reference 
frame. These properties·are'.a direct conse~uence of the 
fact that. Imzi(_n) , n = 0,1,2;3 or lm Z'i~n ·,·obtained 
from the isosJin invariance co!lditions, are independent· 

Fig. l. The regions where the isospin bounds L 0 and~ 
U0 on polarization parameters are simultaneously 
saturated. · 
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of the charge or isospin indices.In these bounds a specific 
charge or isospin channel is present only by a constant 
factor obtained from the- Clebsch-Gordan coefficients. 

For arfundamental test of isospin invariance, in pion
nucleon scattering, one must know the (s' t) ::.region where 
the isospin bounds (30), (30a,b,c,d) are saturated according 
to the available amplitude analysis. For this it is of great 
inter(e~t to obtain all tlie zero trajectories of - Im Z )jl , -
Re Z iJ , - n = 0, 1,2,3 in ( s, t) plane in the low and high 
energies region .. The most stringent constraints will be 
obtained at the intersection of these zeros-trajectories 
where ·two isospin bounds are simultaneously saturated. 
As an example, .we have calculated from the CERN-phase 
shift analysis /8/ the regions where the isospin bounds 
L 0 and Uo. on polarization parameters, are degenerated. 
In these regions, presented in Fig. 1, the polarization 
parameters satisfy both the relations (33a) and (33b) so 
that we ~ave P+ =a(a) P.;. and Pc~h(a)P_where the para
meters - · a (a) , b(a) are dependent only on unpolarized 
differential cross sections. Also we· have calculated- all 
the zeros-trajectories of Reh ~j) and lm Z \jl using the 
CERN-phase shift solutions B/. These results will be 
discussed in a future paper. We note that the zeros-tra
jectories for lm Z <i~l have recently been discussed by 
Tornqvist 171 . 

. _ Finally, we remark that all the above isospin bounds 
-are also valid for other spin ( 0 .A-· ... 0 '+) reactions 
; (e.g., KN ... KN ) which are going through 1:wo channels 
of isospin ( U -spin, V -spin) with the corresponding 
substitution of the constant factors. 

We are pleased to acknowledge helpful discussions with 
Dr. El.Mihul. . 
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