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· 1. INTRODUCTION 

Considerable effort has been expended in many physi
cal schemes for the study of Lorentz invariant functions 
and distributions. Except for the _case of the Lorentz 

-invariant· polynomials /I/,- the follo'¥ing prob_l~~ is not 
completely solved: ·· find a space. of_ distributions or 
functions of Lorentz. invariant variabies isoiDorphic to 
a given space of n -point Lorentz invariant distributions 
or differentiable. (resp. analytic) Lorentz invariant ·func
tions defined 011 a differentiable (resp. analytic) Lorentz 

invariant submanifold of the product of· .n real (resp. 
complex) . Minkowski _spaces. This probfem has been ' ' /2/ 
extensively stu~ied by Hall, Wightman and Bargmann . , 
Hepp 13/, Stapp,_ Minkowski, Williams and Seiler (4/ for, 
Lorentz invariant analytic functions on saturated domains 
and by Methee 151 for Lorentz invariant one-point dis
tributions. Here a saturated domain is a domain which 
contains _the closures. of all Lorent7! orbits of its points. 
The· origin of the difficulty in solving the above-men
tioned problem is that the product of_ n Minkowski spaces 
contains non-saturated domains ~nd the corresponding 
Lorentz orbit space is not a Hausdorff one. In order 

·to exhibit this difficulty in concrete terms, the purpose 
of this work is to give a minimal decomposition of the 
Lorentz orbit - space corresponding to .. the product of 
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n. Minkowski spaces into Lorentz orbit subspaces homeo
morphic to certain products of manifolds of Gram matrices 
and Grassmann manifolds. Some algebraic and analytic 
properties of this decomposition and a complete classi
fication of the · considered ·Lorentz .. orbits using . the 
Stiefel manifolds of standard orthogonal bases for the 
lin~ar subspaces of the Minkowski space are also pre
sented in the followiiig. 

2. STIEFEL MANIFOLDS FOR THE MINKOWSKI 
SPACE 

~ ~ ' 

#, 

In ·this section, we describe the -geometric structure 
of certain families of orthogmial bases for the Mirikowski 
space and its · linear subspaces by analogy with ·the 
Stiefel · manifolds used in the · orthogonal geometry of 
index zero 161 . It is convenient ·to review briefly soine 
definitions, notation, and the elementary technique of 
orthogonal· geometry applied to th~ Minkowski space( seve
ral details can be found in Refs. 12 •41 and /7/ ). 

Throughout this paper, k denotes either the field 
R of real numbers or the field C of complex numbers. 
However, the· subsequent algebraic results are satisfied 
for cert3;in large classes of fields which will. be specified 
later. 

The Minkowski space M m(k). is the m -dimensional 
linear space over k of all m -pies x =(X0 ,x 1 

, •••• ~1) of 
numbers belonging to k , endowed. with the Euclidean 
topology and the Minkowski scalar product (i.e. the sym..:. 
metric bilinear k -form defined by ( x, y ) ... x y = x0 y0

- · 

xlyl- ... -xm-lym-1 forany x,y~M (k)). ·.· 
. . . m . 

Let . ·F u{k) denote . the set of all linear subs paces of 
M m(k). The radical rad N .. of N (;; F m (k) is the linear 

4. 

subspace of N: consisting of all x~ N which~satisfy the 
· relation ~y =0 . f~r any y(;N. ·The mdex s (k) of .M (k) 

.. · . • "· m. . m 
is the greatest dimension of rad N · for N(; !m(k). We 

·· recall that s 1{R)=0, sm(R)=l t;or m'>l, and s (C) is . . . . . m 
eqmil

7 
to the · integ-eJ:'_Part ofm/2 .(for the last assertion 

see I 1, ·. Theorem. 3;ll ). Let N ~F (k) with d =dim N> 0. 
. . . . . m . . /7/ . . . : 

Denote · s = dim rad N. Then d.·+ s.:;:m (Ref. . · , Theorem 
3.8) and there exists an orthogonal basis_f~ 1 ~ •. ; , e d J for 
N such that { e 1 , ••• ,e J is .a basis for rad N if ,·s >0 

/7/ . s . 
(Ref.· . , Theorems 3.3 and 3. 7). -Moreover, if k = .R 
and there exists an index i ~ {s+l, ... , d L such that (e. )2 >0; . 2 . . . . . ,' . 1 . 

then (e 1) <0 for any (I i~. · · · ' ·· 
In conformity·. with the above. considerations, we shall 

introduce·. _a n;ttural s~t E~(k) ·consisting· of certain' 
orthogonal · bas'es for .. all ·nonzero linear: subspaces. of· 
Mm(k)~ Let E.;;ds (k) (resp.Emd+ (R): ) denote. the. set of. all· 

. -· I - ·-

ordered bases e =.< ep··· , e d. ) ·i;: _for the · d -dimensio!lal 
linear subspaces of Mm(k): · (resp. Mm(R)}with s -dimen..: 
sional.(r.esp. 0 -dimensional) radicals,·which satisfy.the 
ortho'gonality conditions (2.1) (res_p:;2.1') given by. 

d' . 

e; e. =-I o.h ·a 'h ,. 
1 l 1 'J . h=s+l . ·· · .. 

(2;1) 

\~J =2o: 1a. 1 ..o.1 . . 1 J. 1 i' 
~ :'i 

(2.1') 

We :now introduce the following. families of orthogonal 
bases: 

. - ......... ~ 
. . · m . , . m-1 I ·• "'. · ~ 

.Em(R)= ( U. E m·.JJ.R))' U (d~l ldo E'~ds (R)), . 
. ' d=l . . s ... . - (2.2) 
. ··• .. ·m•.min(d,m-d):. · ·' · ·<·.·. 
E ((:)= U ... U Emds (C __ ). 
·m-. ·' d=l s=:O ·· · .. 
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, .,The sets Emd+(R). andEmd~(k) from the rightsideof 
(2~2} are: called the Stiefel manifolds for the, Minkowski .. 

, space. . ~.. . _ . __ 
Let Om':E~(k) ... Fm (k) . ·be the mapping which,caX:I,"ies 

· ·-every basis ~ GEm(k). to the linear space over. k spanned 
·by the vectors of£. We write -

F d(k)=O (Ed (k)), ms m ms_ 

(2.3) 

Fmd+(R)= Om (Emd+(R )) . 

Clear the space N <; Fm(R) of nonzero dimension __ d ~-be
longs to F md+(R) (resp. F mdo (R) , resp .. F mddR) -) if 

. and only if there exists x_ ~ N 'With (x )2 > 0 (resp. x ~ N ~ 
x ,b 0, implies (x)2 < 0 ·-, r.esp. ,x G N ·implies (x) 2 ~0 . 
and there exists x '<; N ,, x '~ 0 , such that(x ')2 = 0 ) .. 

~Now let F md (k) denote the Grassmann manifold of all 
d -dimensional linear subspaces oi' M (k)/6/: Then the 
. . . ·m . 
following relations hold: 

F (k)= 0 (E (k)) U F -
0

(k), m m m m 

- ' 
F md (R) = Fmd+ (R) U FmdO. (R) ~ Fmdl (R), 1~ d ~m...::l,. 

min (d,m-d) 
Fmd(C)= · U Fmds(C),. l~d,5m. 

(2.4) 

s=O 

In order to . describe the geometric · structure of the 
Stiefel manifolds, we need certain groups of isomet:fies. . . 

A mapping A from N c;; F m (k) into N' G F m (k) is an 
isometry if(Ax){Ay)=xy .. ~or anyx,y.<;.~. The full 
Lorentz. group O(l,m-l;k) consists of all isometries A of 
M m (k) onto Mm (k) , where every A is, identified to th~ 
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mxm matrix (If ) , 0 -~ f.L, v~ m-f.:defined.by(Ax{ ,;~~l~xv, 
.. v - _ . .. .· . v=O 

:_x ~Mm(k) · Accordipg ·to this iden-tification, the prope-r 
Lorentz group and the connected re~l Lorentz group ·are 
denoted by SO(f,m-:;:l;k) and sot(l,~~l;R), respectively. 

The full Lorentz group acts onE m(k) (resp. ~ m( k)) iii 
th_e following way:_A(e1 , ••• ,e);,(Ael~····A __ ed ) (resp. __ 
AN=lxlx=Ay, yGN}) fr:>r anyA~ O(l,m.::_l;k) and (e

1
, ••• ,ed) 

~EJk) ~resp. N <; Fm(k) ). . . · . 

It is clear that the Stiefel manifolds and their images 
under e are Lorentz invariant. We will prove that these m . , 
manifolds. are homogeneous spaces of certaiil open sub~, 
groups of 0 (l,m..::.l; k). .· . __ · '·· ' · 

In order to avoid certain complications,- we introduce, 
Tables 1 and 2. Some explanations are required. 'GL(n;k) -~ 

· denotes_ tJ:!e group of all'inveF~ible !lxn matrices whos~: 
coefficients belong ' to k . The group.:-. o ( n; k ) (resp) 
so (n; k)) consists of all orthogonal _(resp: proper orthogo-: 
nal) matrices of GL(n;k) . By .an abuse. of notation, both 

: the q -di~ensional Euclidean spa~e over · · k and any 
Abel'ian Lie group<isomorphic to the translation .group~ 
of thisspace are denotedby kq . D~note·-R+=Ia!aGR,a>OI .. 
The symbols 0 and a are reser\•ed for. the direct and 
semidirect products of groups, resp~ctiv,~ly. After these 

,preparations, we prove an announced assertion. 
' . ' . .. - . ' ' : ' ~. ,. . .. _,: . .. - -

Proposition 1. Let E,G,H,F,G ~. H' be as in 
·Tables 1 and 2. Then E (resp. F ) .is a~lytically 
·isomorphic to G/H (resp. G 'lH' ). 

In Proposition 1 and throughout this paper, "analytic" 
means "real analytic" if k = R • and "complex analytic" 
if_ k =C. 

Proof. With no, loss of generality we may suppose 
that e (E) =F. 

m 

7 



• 

'-
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E G 

EIIIII+(R) OC1,111-1;R) . 

E1111!l-).l(R) O(l,m-1; Rl -

m>1 ., 

£111111-1+CRI SOCl,m-:1;Rl 

•>1 

, :E11111-1o(R) SO(l,m-1; R) . 

m>1 

Emd+(R) :SOCl,m-1 ;Rl 

1~d~m-2 

Emdl {R) SOC1,111-1;Rl 

1~d~ll,-2 .. 

Emd<>(R) so-fn,a,-1;1U 

14d-'•-2 

l:llldll (c) 0(1,m.:.1;Cl -

m/2,-d~m 

s =m-d 

Elllda<c_> S0(1,nt-l;C) 

14d,nt-1 
I ~ 

o-s~min(d,•-d-1) 

8 

. ·. 

H 

{1} 

_ {lY 

{1) 

_{1} 

SO(m-d;Rl . 

~-d-l0 SO(m-d-l;Rl. 

. ' . . 

SOt (1,1'1-d-l ;Rl 

{1 1 if <:>~\ 
C !.\'>-\liZ. {f S) 1 

~s(m-d-a) 0 SO(J'I-d-s;Cj®Cs(s-ll/2 

: 

; 
I 

.' 

.,, I 

! 
i_ 

' 

l ~ 

,... 

!!!!!!..l' 
'-

F a· H' .. -
~--

FIMit(R) so"'n ,m-1; Rl 1' 
_ SO (l,m-1;R) 

.- . -:::.. 

r· <R> 
.· --;-:- so1'(l,m-1;RI SO(m-1;R) if d ~·1 ,11\dt 

F ,.,.~do ( Rl ~-~-- ·(so1'C1,d:-1;R) ~ socm-d;RUooU;in 

1 ~d ,m-1 if 1<d<m-1 

F111,n(Rl so'~'(l ,m:..1 ;Rl -- R .. if d; i; II '=''2 '· ·_:. 

rinrn-d1 < Rl [ R"'-2 o SO(m-2 ;R)] •R .. . 
;_. 

., 

1 ~ d.(.m~1 if d = 1; m>z --. 

_: 
f[ lf-1 0 SO(d~i ;R) I®. 

I 
e(lf'-d-

1
(;) ~O(aHl~1i ~>J}<=-t><I ;R:dl~ 

.if 1<d<m-1 ( 

rmmo(C) S0(1,m-1 ;C). S0(1,1i-1;C) ., 
·;"• 

~-""' 
Fmdo(C) SO(l,m-1;C) SO(m-l;C) if d = l > 

Fmm-do<cJ (So(diC) 0 ~(m:;.d;Cl] _G>' 0(1 ;C)-

' 1-~d~lll-1 if 1(d<m-l 

r~9 1Cl S0(1,m-1;C) GL(s;c> lf 8 = d = Dl/2 

F· . (CI {[c8 <d-8 ~0 so1.i-s;c>J~ c•<s-l l/2} mm-ds 

1 ~d~m-1 ' 0GL(s;C) if s :/~:..d, s <d:· · . , 
.. 

{[cs<d-s)·G> ·so(d.:..s;c>]® I 1-.{s ~min(d,m-d) 
Cit (cs<m-d-slo SO(m-d-s;Cl] ® 

G cs<s-1112} 0 [o<l ;c) ~~L(a;cl] 
if s<min(d,m-d)' .. 
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_ 1) We first establish that G (resp~ 'G') acts transiti

vely on E (resp. F ). 

. Let~ =(e1 , ... ,ed) ~Em(k). Denote N=Om(~ and s=dim 
rad N. 

A completion of ci -is an ordered basis (e 
1 

, ... ,em ) 
for_ Mni (k) satisfying the_ following. properties: 

a) if s > 0, then e e . =o~. - for all i=l, ... ,m • _ . _ . 1 m-s+J IJ ·- · 
and J = 1, ... , s ; . , - :; - _ 

b?jf m-d~s>O,_then eied+j ~~joid+" foralli=l, ... ,m 
and J=l,u.,m-d-s, where: 1) a. =-IJorj>l ; 2)a2=1 ; 

. . J . 1 
3) a 1 = 1 if and only if ~ ~ ~do(R). 

We rec~ll that there exists at least one. completion n; . - - -
of ~ (Ref~ . ; Theorems 3.5 and 3.8). 

Assume that (e1 , ... ,em). is a completion of~ . Consider 
an arbitrary basis~'= (e 1',~·~· ei) ~ E having the comple
tion ( e 1' , ... '. e 0: ) . It now follows from the properties 
a) and b) that e1 e-j = e; e j for any i, j = 1, ... , m·. Then the 
linear transformation A of M m (k), defined by A e

1 
=·· e ~ 

for .a.lli = l, ... ,m, is .an isometry. Obviously ~.'=A~ ... There
fore 0 (I, m-1; k). acts transitively on E. The. transitive 
action of O(l,m-1; k) on F is· automatically induced 
by em . 

Consider now the involutions A. ~O(l,m-l;k ) defi-1 . 

ned by A; e. =(1-28 1.-) e . •- for all i, j =1, ... , m . Let 
L . J -, - J ' J 
· i 1 ... i q be the. subgroup of 0(1,m-1;k) generated by 
A 1• , ••• , 1\. 1• , where I i1· •... , i l c II, ... , m I . Plainly 

1 q . q . 
·L i 1 ... 111 

e = I~ I · (resp. ·L 11 ••• 1 q N =I N I ) for any 
lil'.u'lqTcld+l, ...• m-d-sl(r~sp~ lil'~··•iqlcll, ... ,m_l ). Then 
0(1 ,m-1; k) is isomorphic to ·LmG sop,m-1 ;k). More
over, O(l, m-l;R) is isomorphic to L12 ·esot(l,m-1; R) 
(resp. ·Lhd+1 eSOt(l,m-1; R) ) if£. ~Emd+(R) U Emdl (RJ' 
(resp. e~E (R).h=l or h=m>d+l). Ontheother 

..,. mdO ' · ·· · . 
hand, it is easy to see that if ·L is a normal subgroup 
of O(l,m-l;k) such that L~=l£.} (resp. · LN=lN}), then the 
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group 0(1,m-1 ;k)fL acts transitively on E (resp._ F ). 
These results imply immediately th:lt so(i,m-l;k) ·· ·acts 
transitively on E if d-i-s< m (and also on F ). • 
Moreover, if k ~R, then so't(I~m-l;R) acts transitively on 
E if£~ Emdo(R) ,d<m -1 (and also on F). · 

2) We next compute the· little group _H 0 of ~ and 
the little group. H ~ - of N defined by- --

H
0 
=IAIA~ O(l,m-l;k), A~=~ I, 

(2~5) 

H '=lA I A~ 0(1 ,"m-1 ;k), AN =N I. 0 . - .. 

We shall prove that H=G nH0 and !I'':~ 'nH 0. Con-
sider A ~Ho . Define the mxm matrix A=(A -~ ) , 1~ i 

J . 

j~m A e.= 
m -i 

by I A. e .. Simple· computations show 
J h=1 J I 

' 
that the conditions AN = N and(Aej)(Aej)= ei ej., 

where i, j = 1, ... , m , are equivalent .. to the following 

relations: 

Bll 8 12 a·13 8 r4 

\ 
s 

0 8 22 0 8 24 d-s:; 

A~ 
0 0 8 aa 8 a4 I m-d7 s (2.6) 

0 0 0 B44 I s 

s ·d-s m-d-s s 

t 

Bhh 1\h) _ B hh = g(h) ' 8 114 =:..;.~\.. g (h) B
1

1h( B~ 1)-: h =2,3, 

. 1 3 t t ~1 t -1 
8 14·= -: -(B + :I B 1h g(h) 8 ui )(Bll ) . ' 844 =(Bll ) ' 

2 h=2 

II . 
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.. 
, where B is a skew-s-ymmetric· s x s m~trix whose 
• coefficients· belong to k; tlie- (d-s) x(d--s) (resp; (m-d-s)x 

x(m-~-s)) matdf 'g(2) (f~sp.: g(a) ) isdefined byg (2)ij = 
=es+ies+· forany I,J=l, .•. ,d~~,.. :{resp. 8(a)ij .= 

= e d+ i e d+j 
1 
for any i, j = 1, ~;::., m-d - s ). o . denotes the 

zero matrix . and the· symbol · t denotes the matric. 
transpos-e. The 0 x q or~'q x 0 blocks from (2.6) are 
omitted. . - .. . . . ·. · -

By (2.6), the coefficients- of Blh, h =1,2,3,4, are 
rational functions of the coefficients of the other blocks. 
Write· A= (B 12,B..; 22 ,Bj~E.J3',B,B} 1 ).~hen the comptisition 
rule in H 0 is A "=A A' with 

>.,·) 

B hh = Bhh B hh • h= 1 • 2 • 3 • . 

B ~, = B B' + B B ' , :h=2,3, 
. Ih II lh lh h~ ., . ·. . .. . . (2.7). 

B~'=B+I?I B'B.I\ +h:2(B·IhBhhg(h)-~{~ B~I 

B B' B'
1

B 1 
)· - II lh g (h) hh · . lh . -· 

r:rhe parameter blocks generate the following groups: 
s(d-s) .· •· .. · ' : 's(m-d.:;:~) : . . :. 

IBI21=k. 'IB221 =_K,!Blal=k '·. !Baai=K', 

· · s(s-I)/2 
I B I= k , IBII I ~-GL(s;k ) , where K .. (resp. K') 
is the group of all matrices B22 ~ 'GL(d-s; k ) (resp. 
Baa G-'GL(m-d-s; k ) which· satisfy the· relation 

B2~ g (2) B 22 = g<~J .. (resp. : B;a g <a> ~ aa = g <a> . )~ It 
follows from the definition of (e1 , ... ,em ) .. that K is 
isomorphic to O(l,d-1 ;R) (resp. O(d;R) , resp. O(d-s;k) ) 
and K ' is isomorphic to O(m--d;R ) ·· (resp.0(1,m-d-l; R ); 
resp. ~ (m-d-s; k ) ) . if £ · be~ongs to -E.md+ (R) (resp. 
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Emdo(R), resp. Emds (k) with.. either k= R and s = 1 ' or 
k=C ). 

By (2.7), the following isomorphism holds: 

s(d-s) 's(m-d-s) · s (s-0/2 . . · 
H~ :-- [(k 0 -.K)(2)(k G K ')0k . ]0 GL(s;k)~ (2.8) 

. -
The group H

0 
is a normal subgroup of H 0 . ·u A (;H 0 

then it follows fro_m X~ ~ ~ . that B II and B22 are unity 
matrices and B12 =0. Then. (2.8) induces the following 
isomorphism: · 

( ks(m-d-s) ') k s(s.:..l)/2 
H

0 
:-- 0 K ~ . . (2.9) 

The assertion of this- part of the proof foliows straight
forwardly from (2.8), (2.9), and the foregoing results. 

3) Finally, we consider that E _is canonically em
bedded in k dm (i:e. every e G E is identified to the point 

( 
0 l m-l ) k dm ) . -. . . . . (k) h e 
1 

, e 
1
, ... , ed ~ .. F lS ~ subset of F md .. T e 

Grassmann . manifold F inJk) is an analytic. manifold of 
dimension d(m-d) 161. The rest of the proof is standard. 
H (re~p. H ' ) is a Lie .subgroup of·: 'G (resp. G' ) and 
the ho~ogeneous space 'G/H (resp. ·d' /H' );is an analytic 
manifold. The orbit E =·Ge (resp: '.F~N) of 'G. · is· an· 
analytic submanifold of k d; (resp.' ~md (k) ')isomorphic 
tp 'G:!H (resp.G .. /I-1' ) with respect to the natural map 
g~ :-- gH (resp. gN:--gH ), g ~ G (Ref./8 / , Part. ll, Ch. 

IV, ·§ 5_, Theoremsl,3,4, and.their Consequence). · 
The following remarks improve Propositipn 1: 

Remark.l. The manifolds EmdO(R), 1:5-d:::;:m-2 
and Emds(C) • , 1::;: d ::;:m...:..l , 0::; s ~ lJ!in(d,m-d-1), are 
connected. Consider E as in Table 1. Let SE be the set· · 
of all~ ~ E with det (eq )·> 0 , where (e1 , ..• ,em) is 

13 
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:I 
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.. 

a completion of · ~ and i=l,: .. ,m ;JL=O, 1,.:., m-1 .Write 
IE = E ' S E . If k =.R , then E t · denotes the set of all 
~ ~ E with er> 0~ ·<De-note E~=E\E t, SEt=SE nEt , ~ 
SE+=SEnE+ , IEt=l EnEt , and. IEf=IEnE.t.-.The 
manifold_ E ~ { EmmJR), E ~m--i (.R) } has · four co~nected 
components: SEt , SE+ , IE; t , and 'IB ··.The manifold 

E~IEmm..;t~R), Emm-10 (R),Emd+ (R)' E mdt(R)} 
l~d:::;m-2 ,has two connected components:E't and E.t. . 

. The manifold E ~-1 E ~ds -(C) I, m/2· ~ d_s: m , s . = rn· ..:.: d · 
· has· two _connected components ~E and IE. 

· Consider now E and ·-~· ~ E as in the proof of 
Proposition 1. Since the -vectors e1 , ... , ed . are linearly 
independent, there_ exists a permutation I Ill , fL

2
. , •.• , fL m I of 

IO, 1 , ... ,m-11 such that all determinants det(e~l) 
1

....-
1 

..,..h; 
. . . ' 1 .::. 'J~ 

h~,d, are not zero iil a neighbourhood.<VJ~) of 
e . in. E. A· straightforward.· calculation ' shows that 

l;~j I' i G- I 1,.~.' dl ; llj ~I 0,1 , ... , d-1 1'-.:1/lt ···~·IL I I '. 
~s·a system consisting of rod -d(d+l)/2 .. -local coordinates 
inv c ~ >:rhis result gives a concrete analyti~ structure-of the 
manlfold E of codimension d(d+1)f2 iii k dm. More
over; E is a d (2m-d-1)/2 - dimensional algebraic sub
variety of k~m; .. Here the symbol" .;.._ " is used fdr the 
closure of sets: If s-;;, o, :·then· E is closed. If s > o , 
tlien E is dense and 'open in E and the boundary of 
E can be decomposed into a disjoint union of manifolds 
isomorphic to the union of the manifolds Emd's' (k} ·with 
d • < d and s • = d '+s-d. 

Remark 2. All manifolds F from·Table 2 are con
nected. Consider, F; e , and· N as 1ri Remark 1 and the· 

. proof of\ Proposition 1. Define· a basis If 1 ; ··· , f d I for 

d ' 
N such that f =·I a e -,(a.: )~GL ( d; k), 

i j=l ij j . IJ .· , . 
. /l· 
f J ~ 0 

i ' ~iJ 

where 

, i, j =1,~ .. , d, and (fLI , ···, fL'ro). is a perm uta-
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tion of (0 , ... ,m-1 ).Then lf~i , I, i ~1, ... ,d; f,.;d.U,.~ .• m, 
. 1 

is a system of local coordinates in . a neighbourhood of 
N in F mJ~). I~troduce the" Gram matrix P ,;.,(f 1f i ),1;:: i , 
j <d. It is easy to see that dim rad N =s if and only if 
ra~k P=<l-s. The s~t of all symmetric d ~d matrices of 
rank d-s is an analytic manifold ofcodimension s(s-1-1)/2 
in the manifold of all symmetric d x d matrices. Then 
F is._ an analytic submanifold of .. Fnid (k) of dimension 
d(m-d)-s(s+l)/2. Since the mapping Om is open 
(i.e. (} m carries open sets onto open sets) the bo~ndary · 
properties from Remark I persist if E and E are 
replaced by F and F, respectively. 

3. THE VARIETY OF SCALAR PRODUCTS 

In this section we discuss the. connection between the 
product of . n Minkowski spaces . a~d its.· image on the 
variety of scalar products. We begin with some notation 
and conventions. 

Let .M" (k) denote the topologica1 product of n Min-
m . • 

kowski . spaces M rJk'). . M ':n (k) consists .-'of all points. 
(x)n=_(x 1 , ... ,x

0
), wherex 1 ~Mm(k) , i:f-1, ... , n .• For 

any(x) 0 ~ M~(k) , let [xJ n be the nxm' matrix whose 
coefficients are x~ (i=l, ... ,'n;· fL =0, 1, .. ;; m-1 ). T~e 
Lorentz group a

0
cts_on M:(k) by A(x)

0 
=(Ax 1 , ... ,Ax 0 ) 

for a,ny ·(x)
0 
~M m(k) and A~ O(l,m:-1;k). 

We. now preserit some geometric properties of ,the 
mapping " which. carries each point of M: (k) to its 
Gram matrix. Many remarkable properties of this mapping 
have been established in Refs.l2 •3/, and 191. · . 

Let S 0 (k) denote the set of all .symmetric nxn matri
ces whose' coefficients belong to k .. S n (k) . is. identified 

k 
n(n+l) /2 · · ·. · · 

to · car_rying each mat~ix Z~ ?n (k) to the point 
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.. 
' ·i·. ' • ( .· 
:·of coordinates zij .(i ::;i:s;j::;_n ), 

are. the coefficients of Z . 
wherezii , 1~i ,j_s:n, 

It· i~ convenient to define 
Zf:Sn(k): 

the · following minors of 

j •••• jh )' .. : •·. , .. 
. . . . . . . • = ... J. G. . (Z) = det (ZiJ 1=.1-

1 
, ... ,1h oJ J i h 1 .... ,1h . . ' 

.· . i .... ih 
· · {Z) = G . G1. 1' i .... 1h . ·• ~ 1 ••• h . . 

(3.1) 
(Z), .. ~. ~ 

.,·_ 
' 

p. - ~~ 

where h· , i 1 , ••• , i h , j 1 , ... , i~ i; i 1 '· ... , n I". 
Z ~ S n(.R) denote· 

For any 

f • .... i1 ... 1 h 

h-1 
(Z)=sgn(-1) · G.· .. 

11 .. : 1 h 
·.(3;2) (Z) ., 

where sgna=1. if a>O,sgna=O if a·=O, andsgna;.-:1 if 
a< 0 for any a I;; R . 

. . . ·. n . 
. The mapping. 11 from M m (k) into Sn (k) is defined . 

. . . n . 
~y :z =17((x)n) with Zij ::xi xj . for _any (x)n ~Mm(k) _and 

·, 1 ,J = 1·; .... , n . The set 11 (M m (k)) .. 1s called the vanety 
; of scalar products. "· _ , 

. . . . . . . n· 
· S nr (k') denotes the set of all matrices z E & ( M '(k )) 

·. . .m 
with _rank Z =r. ·Let :Snr+ (R) (resp; S ~r~ (R) ) be the set> 
of all ·matrices belonging to s (R) with only one. · . · n r . 
positive ·eigenvalue (resp. only negative eigenyalues}.c 

We shall no~ give a·constructiye proof ofthe fo1lowing 
propositi_on: .·. · 

. . . 

Proposition 2. a) Let 1:$ r:s;min (m;ri) .. There exist 
a finite open covering I S nr y (k) I r~. r ~r . . _of the analytic 
manifold sn r<~): _and a holoniorphic mapping .un;y from 
S~·r(k) . into M·:(k) .. _ .. with 11~nq,= 1 .'.for any. yGrn~ 

b) The following relations hold: ·· 

. 16. 
-· \·. 

\· 

-!) 

'I 

-F 

i' 
! 

!5. 

. .\ 

min(m,n) 
11(M n (k))= U S · (k), 

m r=O nr 

S (R) =S . (R),1n > m ,· 
. nm nm+ -

(3.3) 

'-
S (R)=S (R)U S (R), l<r< min(m-l,n). n r nr+ nr- - -

11(M ~(C)) is the algebraic variety of all matrices 
Z ~S n(C) -such :Ulat rank Z_s min(m,n). 11(M;(R)) isthe 
semialgebraic variety of all matrices Z ~ S n (R) . such 
th_at: 1) rank Z{min(m,n)· ~ 2) .~ii ... i m(Z).~ 0 if rank 
Z= m and I i

1 
, ... ,iml cll, ... ,nl; ·· 3) the relation 

E • • (Z ) > E • • ( Z) 
1 I ... 1 h 1 I ... 1 h+ I 

(3.4) 

implies G ii .... i h+ I (Z) =0 for h, i I ,: .. ,ih+ f 11: ... , iti.Mo-. 
reover, z ~S (R) if and only if~ S (R) 1 <r <min· 

nr- (Z)' O n r. ~ . -. ~ . 
(m-l,n), and/ ii ... i h $. foranyh;•p····th~,ll, .... ,~!. 

1 
Proof. a) Suppose that l:s;r_s:min (m,n). Let Snri(k) 

denote the set of all Z ~S n r ( . k) su~~ that G ii ... i h (Z} i 0 
for any h ~ll, ... ,rl and some t ..... ,tr ~ u?~ ... n I. . . 

We shall . construct a finite set 'rnr . _,,:of orthogonal 
n xn: matrices such that Snr (k) is '.spanned by yt Zy, 
where Z ~ S.n r 1 (k) . and y E f' nr . In 'order to do this, 
we introduce some notations. 

Let ITn denote the image of the group of all permu
tations of (1. , .. :,n) under its ·isomorphism which carries 
each permutation ~i 1 , ... ,in ) of (1, ... , n) to the n xn 
matrix r= (r .. , ) with r .. , = 81•• J. '· ,· J.. , J. -~ }. ... , n . It J J . . JJ J . 
is obvious that (rZrt) .. ,= Zi.i.·, forany Z~S (k}. 

. .. , , JJ • J l . n . 
ITnr (re~p. IT np· .. Wlth p ~12, ... ,r I ) denotes the 

subset of IT n co!lsisting of all matrices corresponding 
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.. 
. to· ·all permutations OI, ... ;in·) . of (-( ... ,n) · with 

ih<ih+I. if h~r. (resp. with: l)'·ih<ih+I . if 
h~p:-3; 2)either ip_2 <ip-I or ip-I <ip; 3).ih=h. 
if :h > p ). . 

Define the. nxn matrix w ·=(w · .. ) by· 
p PIJ 

-I/2 
w p ,:·

1
. = o 1.. + 2 . . ( o . .1 o . - 81 o . I ) + 

J I,p- JP p J·P-

. ,.-I/2 . . . 
+.(2 -1)( o i o. . + o. I. o . I ) , 
· · P J P t,p- . l•P-

(3.5) 

where i,j =l, ... ,n. for any fixed p ~{.2,.' .. ;rl. 
. Let r nr denote the set . of all . orthogonal matrices 

a2 
y =w2 r2 

a · a .. 
3 r 

w 3r3 ••• w r r,r, . ·{3~6). 

where r ~nnr , rp=llnp•P=2, ... ,r,· and ap=O,l(w~ is 
the unit n x.n matrix and · w~ =w P). : 

Let z·~ S nr( k). We prove that there exists y ~ r nr · such 
that y Z y t Go Snri (k). Consider y as in (3.6). Define 
Zp-l=w~PrpZir 1p(w~P )~.and z;;,rzrt, wherep=2, ... ,r. 

Since Z ~ S n r (k), there . exists a nonzero 'diagonal 
mi~or G ~·I ... 1, .( Z) with i 1 < .. ~: <i~ . (see, lor example, 
Ref. 161 from 121 ). Choose . . r <;; llnr corresponding to 
the permutation (i I• ... , in) . of (i, ·:· ,n) . with i r+ I< ... <i ~. 
Then 'G I .... r .(Z,) ~ 0. . 

Conside·r now the following inductive hypothesis: 

I p. G I ~ .. h ( z p) I 0 for h ,;p,.-~>,r~ 
. ' 

· · It is obvious that I ~ holds. Let p ~ 12, ~.':, r l : and 
suppose that I~- holds. Then ·there are ·only two cases: 

.. 

18 
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Cas e•A. There exists a nonzero diagonal minor 
~ G 

1
. . 

1
. . ( Z p) • with · 'J ·I. < ... < j · · I. -:;_ p . 

I ... p-I. . . P- .. 
- - ~-~ ,.-

9 as e B. Case. A ~s n_ot satisfied, but there. exists 
·. Gll .. ·lp-2lp-I (Z) ·th· · · -. ·. · a nonzero mmor _.,- . . · w1 J { ... <J ~ p 

· • • J 1'" J p-2 l p P . P-
. and J p-f< Jp..S: p. · 

Choose · r P ~ n ;P corresponding to the permutation 
. <h , .... , ip-I, jP,p+l, ... ,n)·. Using in Case Btheidentity 

. . t . .. . . 
2'Gl. .. p-I (wPZ·'wp)='(~I ... p-I (Z')+ 

. . . .. :; I ... p-2 p-'I 
+ G 1. .. P _2 p-I (Z ') +2:G I ... p-2 P (Z ') 

(3.7) 

. t . . . ' . 
for z , = T p z p T p , it follows that G I. .• p--I ~ z p-I) .b o; Cle:.. . 
arly this re·sult ·is also satisfied in Case. A. Choosing 

· ~ P = o in case A ~d > p= 1 in ca;e B, lp-I holds. 
By induction on P, I I /~o~ds. Hencez I ;,. yZ/ ~ Snrl(k) for. 
some y~ r . : "1 - •• . 

nr <.: 

We now construct the complex analytic structure of 
;S nr(k). ·Fixe y <;; riir'. L~t z oG Sn.y(k) an~,·set Z~=:rZy t . 
Since Z 0 Go S nr 1 (k) '. there _ exists a ~eighbourhood · 
·vc Sn (k) · of. Z 0 . such that GL .. h (yZy: hO for any 
Z~V.and h=l,.:.,r.· ' · 

We can -define the following coor,dinate syste~ ·of v: · 
. ' t· 

7J ., • =(yZy ) .. . J . . . lJ 

I. .. rf 
, TJ.. = G (" z t ) 

k f · I ... rk Y Y . , . (3.8) . 

where l::;i~j~n , i_s:r , r<k~f~n;, .and z~v~Indeed, 
the. Jacobian of. th~ transformation of coordinatesv{3.8). 
is . _non vanishing-' on · V .. . because it is equal to 
(G ,...._( z t )) (n-i) (n-r+l)/ 2 . · . I ... r. Y Y . _ ·. . . .. . :. . ._. . Moreover, smce the 
rank :of. any matrix .belonging ..to V is not smaller·than 

-.:.;.,.. . '• . 
r , . the set V n s ~r (k) consists of all ZG-y with 71 kf(Z) =0· 

·~ .: 19 
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for --any k, e .. ~ I r, .... , n l, kd. Then .s (k) · is .a complex · · . . . ·· · -nr 
analytic submanifol~ oL Sn ( k) of codimension. ( n- r )(n-r:~-1}2. 

Define the holomorphic mapping a·. ·: S : (k) ... M n (k) . . nry nr · m 
by anrfZ)=(x).n with 

. ., 
( 

. Ill . -1/2 .. ·"· 
' ·- Z ' ( · Z ' ) 'rl - 0 

Xi - il XI,ll· ·' XI -' (3.9) 

ll I ... h-li 
X, h = 'G . 

. . -1/2 
(Z 'Hxh G ~.:·.h-I (Z ')G I. .. h(Z;)] i . I. .. h-lh 

where Z~Snry(k), Z '=yZy 1,'[x]n=/[x']n , h=2, ... ,r 
and j =r+l, ... , m. Here x

1 
=l,x h-1 if k=C and 

x 1 =£ 1(Z') , xh=(I. .. h-I (Z-') E.I ... h. (Z') 'if k=R 
(Ill ' ... ' llm) ,· ~js -a· permutatio~- of~. (0, 1,~··' m-1) . which 
sati~es the· f,ollowing conditions: 1) llh = h-1 if_~_.::.fi ; 

"2}/ if· k =R and ll h = 0, then eithe:r h=r + 1 or 
c I. .. h-I · (Z ') E I. .. h (Z ') = -1 with the convention £I. . .I~I(Z ') 
~ -1 for h=l ; 3)-if k=H , h<h' ·,and llh:llh' ,P 0 , 
then llh <llh, . The above choice of (Ill , .. ; , fm) is 
permitted according to Jacobi's theorem (Ref/ 10, , Ch. X, 

·· Theorem 2 ): if Z 'c;. S +. (R) (resp. · Z '~ S (R) ) and . n r . . . ·. nr-
'G I. .. ·h· (Z ') ,P 0 , h = 1, ... ·, r , then fl. .. h-I (Z ')£ I. .. h (Z ')=1 
for r-1 indices h ~ll, .. ;,r I (resp./ for any h = 1, ... , r ). 

. Indeed, it suffices to prove the last relation (3.3). If 
Z'~rr(M~(k)),, then there exists (y)n~M:(k) suchthat 
[y]n (g)m [y]~=Z~ where g(m)=(g(m)v), 0::;/l;v_$~-l 
is a diagonal m xm matrix with g (m)O If l and g(m) = -.1 
for ll > 0. Then. rank Z '::::: ran~ [ y ] n ~ min(m,oX More~~er, in 
the case k = R, since(g)~ ·has only one positive eigen
value, it follows . from Silvester's laW_ of inertia that 
Z' has ·at most one positive" eigenvalue (if rank Z '= m , 
then · Z ' has, only· one positive eigenvalue). Thus (3.3) 
holds. 

20. ·"""·~ ~ 

---------. j 

The· branches. of the ··square roots from ·.(3.9) ~£e 
taken to have nonnegative real parts. . 

. Straightforward computations starting from (3 .. 9) show 
that [x~ g(m) [xJ! i6 Z · . . (s .. ee, f9r example,_~ the Gauss 

.. algorithm from 1 ·/ Ch. II, ·§ 4). There,fore_ rr(anry (Z) )=Z 
for any z ~ snry(k) and a) is proved.· .... 

. . ' . . . 
.. ·b) A~cording to the proof of· a), · (3.3) ,holds. ··Let 

A (k) (resp. B (k) . ) denote . the . set of all matrices · 
· Z ~ rr( M: (k)) (resp. Z G S n (~) -_-·with 1) rank Z .$ min(m,n) ;: 
2) £. : (Z)<£

1
:. 

1
• 

1
· (Z),.'ifk:.R_; il•···•ih+ .. l ~ll; .. ,n},· 

1 1 •••• 1h . - I ... h± .: - . ' 
. h< ra~xz; 3) £i .. i m '(Z) ~ O_ .. if k;, :R , i 1 ' , ... ~ im G ll, .. :,nl ; . 
~ank Z .=~) sucllthat Gi

1
· ... iJi(Z),PO ifi 1 ,.~;,ih~{l, ... ,nl·., 

1 { ... < 1 h and h .$rank Z ~·Let B ~;JR) be the~ set of all 
Z GB(R) · s~~h ~at rank _ Z =r ··and· € ii ... ih . (Z) :S:· 0 
for :any · 1 1 , ... , 1 h G I 1, .;?_n 1. It follows from the proof 
of a) thatA(k}~B(k) andA(R!flSnr- (R)=Bnr-(R).~ Since 

. : ·. . n . . ·." . n, . .. -
'A(k).is dense inrr(M .n(k)), __ \Ve have rr(Mm(k))=.B(k) , 

' Sn.J~)=Bnr-<R>ri_iZIZGS u<"R) , rank'z:r r· and b) hol~~. 
We reca'll that a semialgebraic variety c_an·: be realized 
as a subset of a real Euclidean spacelocaliy d-efined by . 
a -system .of}lolynomial equations and~ in equations (see, 
for exaillple, /II/ , .c~. I; . '§ 3). Propertie·s' 2) and 3) 
from Propo~ition 2 b).give the pOlynomiaiill~quations for 
rr (M Jll (R)) , but· the· polynomial equations, a're given by m .. . ... 
property 1) (i.e. by the vanishing of an:Gram .millois of 
order greater than min (m' n)). 

Remark a~ The manifolds s (R); s ,·(R)''; and . nr.+ . · ... · nr - · .. 
Sn~·(C) with l:S:r:S min(m,n). and l::;r'::;min(m~l,n)-_are 
nonvoid and connected: Indeed, Z G s·n.r+ (R). (resp. 
Z~S ,(.R)., resp. ZGS .(C)·)' if and only·if Z=ODO 1

., . nr- . nr . · · · 
:Where 0 G SO(n; R) (resp. 0 ·G SO( n;R), resp. O.G SO(n;C)) 
and D =(d if) . is a diagmial n x~_ matrix· wi~ d i i G R 
.(resp.~dii GR··:,resp. diic;.C );i=l,.~.,.ri ,an~_}u>O, 
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d.; < 0 for J<i< /~ d" .. =0 for: i > r (resp. d .. < 0 for 
11· . . - 11 . . 11 .. 

i_sr' , d ii = 0 for i>r', . ·resp~ d ii ._{: 0 · for.i:s, r:, 
dii = 0 for· i > r ). It sufficiesto remark that SO(n,k) · 

and the set spanned by D are connected, and the mapping 
(O,D) ... OD 0 1 is continuous. . . 

We next list certain useful properties · of S nr (k) . 
S nr (k) is open and dense in Snr ·(k) .. Snr (C) (resp. 
S (R) , ·· s. +(R) ) is an algebraic. (resp; -semialgebraic) 

nr . nr- · . . -
subvarietyof Sn(C) (resp. Sn(R)).j\Ifr>O, Snr-1(k) is 
the. boundary (and also the singular locus) of :s n r (k) . 
The boundary of S nr+ (R) (resp. S nr, _ (R) ), 1.:5 r 'S. m 
(resp.l:::;;r' < m ), is S nr-1 (IO (resp. S nr'-1 (R) ). The 
boundary of S nl _ (R) is the s_et ·S nO· (R) consisting of 
the only zeromatrix.Noticethat Sn min(m,n). (k)=17(M ~(k)) .. 
A· standard proof of _these results· can be. extracted 
from /II/ (s'ee especially Ch~ I, 2.4., Propositions '2 and 

3). 
·Notice that . the Gram· determinantal constraints given 

by Proposition 2 b) for m=4 and k~R. generalize Byers' 
and Yang's . results of relativistic multiparticle kine
matics /12/ (several details and ~pplications can be found 
in /13/ ). . . 

In order to describe the ·inverse image (under iT ) of 
any Gram matrix belonging to 11 (M"m (k) ), 

1 
vre write' 

a fundamental lemma of Hall and Wightman .' ~~ . in the 

following form: 

n . . . 
Lemma 1. a) Let Z ~17 (M m(k))and r = rank Z. Then 

·any (x)n ~ 11-1(Z) satisfies the following decomposition: 

d 
x. = I a· .. e. 

I j=d~r+} _IJ J 

d-r 
+ I tliheh' 

h=l 
i ·= 1, ... , n·, (3.10) 

where £=((!
1 

, ••• ,ed)~Em(k) ,tl= (tlih) with i=1, ... ,n · 

22 
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and h= 1, ... ,d-r is an n x(d-r ) · matrix >of rank d...:.r 
(in the case d > r ), and the n xr· matrix a=(aij) is chosen 
such that ~ 

. / i 

. ":. . ... v j . . . .. ..-· . . 
a .. =~. ; l=l, ... ;n; J='d-r+l,.~.,d ,. (~ =a (Z),. 

· IJ 1 ·. . n nry . 

Z ~ S nry (k), y ~ rnr ; vi ~ l O,l, ... ,m-11, vi <vi, for -f<j ', . 
v. . . . 

and·--~ i 1 
1:0 ,for ~orne .i ..... at ~ny fixed · i ··(in the case 

.. r> o ). The f~rst (resp. the second) sum in the .r.h.s~ of 

(3.10) is dropped if r =o · (resp.' r =d ) Moreover~· 
Z~-S~r+ (R) {resp. ~~Snr~ (R) , resp. Z ~Snr (C) ) 

if and only if e ~ Emr+ (R) (resp~ e ~Emro(R)U Emd 1 (R), 
resp. ~ ~ E mdd-r (C) ). . . .. · . . 

· b) Let (x.')n~M ~(k) and let (x)n be as in _a). Then 
there exists a ·LorentZ transformation A~ 0 (l,m-l;k ) 
such that(x')n7=A(x)n ifand only if there exist an orthogo-
nal basis,~ = (e; ,.:.,e d)~ Em(k) . wi~ (e_j)2 

=(ei )2
, j =1, ... ,d, 

an n x .r matriX · Ll whose coefficients belong to ... k , 
and an invertible (d~r) X (d -r) '~atrix n~ 'GL(d.::..r;k) such 
that (3.10)holds for (x >n , e , and tJ :replaced by (x ')n ,£' , 
and ail+tlfl , ,respectively.· · · . . , . 

Proof a). We shall use the notation of· Lemma la). 
Let N .denote the linear space . over · k'i _: si>anned by 

XI·· ••• ,xn· . Then we can write X .:=y. + z:' i =1 •.. ~. n· ' '· . . · 1 · I I . · 

where . z i· ~ radN _and yi ~ N is orthogonal to 
rad N for any i . (hI, Theorem 3.3)~ 'Let N 1 (resp. 
N 2 ) be the linear space over k ·spanned by y1 ; .. ~, Y.n 
(resp. -~I, ••• , ~n ). Since "(Y)n) .,;11((~ )ri) -=2; the i~ometry 
A -.: N 2 .... N I defined · by .1'\'f~ i = y i ~ i = r, · ... , n, can be 

extended to a· Lorentz transformation A~ O(l,m...:.l;k) (as 
in the proof qf Propositi~n 1). · · .· : _· · · 

If r>O , we introdu~eth~_orthogonalbasis[=(fi, ... ,f /) 
G E m{k) defined by · · . . . 
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d· 
g .. ;,."£ a;."f. , i =l, ... ,n. 

1 j=d-r+l 1J J. 
(3.11) 

Set e i=Afj , j =d-r + 1, ... , d . If d>r, there exists 
an .orthogonal basis ( e 1 , ... , ed ) ~ E d. d (k) for -r m -r -r 
rad N such that 

d-r· 
z. = I f3 .heh , i = l, ... ,n ; f3 "h ~ k~ 

[I h=l 1 ·. . 1 
{3.12) 

By (3.ll) and (3.12), we obtain (3.10). By (3.9), !. ~ E mr+(R) 
(resp . .! ~E mrO (R), .f. G- E mrO (C) ) if and only if Z ~ S nr+ (R) 
(resp. Z ~ S nr-(R) , Z ~ Snr (C) ). Using the relations Emr+(R) 
=AE mr+(R) and EmrJ. k)=AEm; 0 (k), assertion a) follow~ 

immediately. 
b) We shall use the notations of Lemma lb). Suppose 

firstthat(x')~.=A(x)n. Set e: =Ae. , ~=0 ,andO=l 
. J . J . 

Then (3 .10) holds for (x) n . and e replaced by (x ') 
'1 - n,--

and ~ ', respectively. . - . 
. ~ ' 

Suppose next ·that· (3.10) .holds for (x)n.~, and f3 rep-
laced by (x ') , e. •, and a~ · + f3 n , respectively. Ac-

n -
cording to the proof of Proposition 1, we can define a 
Lorentz transformatio~ A~ 0 (l,m....:,l; k ) such that: 

d-r . 
Ae. =e~ +!. ~.heh', j=d-r+l, ... ,d, 

J J h=l J . . .. 
. (3;13) 

d-r 
Aeh = eh + ~ n ;e ',, h=l, ... , d-r. 

h =1 hh h 

By {~.:!~),we have A(x)n =(x')n and b) holds. 
·. 

Remark 4 _:.., According to ~ .... e proof of Proposition 2b), 
the matrix a in (3.10) is uniquely and completely· deter
mined by z ., provided .. y is fixed. In this 'case, the 
decomposition (3.10) with d= r is· unique. 

Suppose that d >r ·and denote s =d-r. Denote by 

: 

_.1 

I 

~ ·-· 

Q,..mds (Z,k)_ the ·quotientspace of ·the set of all pairs 
(Cl, f3) , where ! G- E mdJk) and .f3. is an n x s matrix of 
rank .s · whose coefficients . belong to k , with respect 
to the. following equivalence relation: (~, f3) i is: equivalent 
to. <i ',{3 ') ~f and only_ if (3 .,13) holds with ~ and n as • 

1n Lemma 1 b) and A e. =e< , j = l, ... ,d -r-: The equivalence. 
class of (~, f3 ) is iscimo~phic to the group I~. n l =k rs s .· 
c:;GL(s; k)' and has a representative q ='(~',{3 ') such that 

f3 i. h = oj + rh , j = 1, ... , d ; h= 1, ... , s, for some ir+I , •• ~,id 
~- 1

1 
1, ... , n l and, for i 1 , ... , i r chosen as in (3.9). 

Then Q mds(Z,k) can be identified -with the analytic manifold 
E mdJk) x F n-cJk), where .Fn-rJk) 'is the Grassmann manifold 

of all s -dimensional linear subspaces of k n-r ' provided 
Z belongs· to a ~eighbourhood of Z in Snr (k) such that 
(3.9) holds. F n -rs(k) is realized as the quoUent space 
of all (n-r)xs matrices {3=({3 ih) o~ ra~ s , f3ih~k .·~ · 
i G-l l,u_• ,n l\.1 i 1., ... , i r l. · , h = l,u., s , . ·with respect to 
GL(s;k) . 

Notice that (3~10) is uniquely determined by a repre...; . 
sentative (!:. '', f3'}of the equivalence ·class. of(.£ , {3 )such that 
the .i 1 , uo ,ir ·. th lines of f3 . are vanishing. '.. . . . . 

Let M ~ds (k} (resp. -M ~d+ (R) ) denote· the ~et of a.ll 
points (x)n ~ M: (k) (resp. (x)n -~ M'iJR)) ·such __ that ther~ · 
exists a basis belonging to E.~d~k) ;· (resp:E md~ (R) ) 
for .. the linear space over· k . spanned. by xy;,u, X • This. 

. . . . . ·• . . . n . ,· 
linear space is d -dimensional and its radical is s -di-

. .. . n . . ·. 
· Iriensioiial. Denote ; by n M moJk) the. set consisting of the 

only zero point (O)n ~ M m (k). 
,By (2.2) and Lemma.l, we have . 

. n min(m,n) ·. . . min(m-1 ,n) 1 . · . 
M:(R)=MmOO(R) l:J .(. U ~· . M~d_JR))U ( JJI sYoM:d~R)), 

d=l . ~-...... 

~in(m:.:_d,:l). n . 
· U ' · .. M (C) · 

.' mds,. ' 
s=O · 

min(m,n) 

u 
d=O 

n 
M m(C)= (3.14) 

:25 



• 

n , 
11 (M ·d· (R))=S d (R}, l<d< min(m,n), m+ n+ -- -

11(M :do (R)) =S nd- (R}, 1 ~ d~miri(m-1,n), 

11 (M :dl (R)) =Snd-d_R), 1 :Sd:Smin (m-1,n), 
' ... ~'' (3.15) 

n 
11 (M mOO (R)) =S nO (R), 

n . . 
11(Mmds (C))=Snd-s (C), 0 <d<min(m,n), O~s~min(d1m-d), 

where . S · 
0 

(R} = S 
0 

(R ). 
n -. n 

Remark 5. We now list certain useful proper_ties 

of M :d+(R) .and M~ds(k) which follow from Pr~position 2, 

Lemma 1, Remarks 1-4, (3.14), and (3.15). If Z~Snr+(R) 
(resp. Z ~ Snr- (R} , resp. Z~Snr (C) ), then there exists 
a neighbourhood V of Z in S nr+ (R)(resp. S nr- (R) 
resp. s (C)} such that the following analytic isomor-nr . . 
phisms induced by(3.10) hold: 11-1 (V) n Mr:r+ (R} -·y xEmr+ (R) 
(resp. 11-l (V} n M:r0 (R)-Vx E mrO (R) , 7T-

1 (V}n M~r+ll(R)
-\:'xEmr+l1(R)x F

0
_r1 (R), resp. 11-1 (V) nM':nr +ss<,C):-

- ~xE mr+ss(C) x F n-rs(C)}. Since dim Fn-rs (k);,s(n.-r-s)' and 
rank rr is constant on V , M ~d (R) · (resp. M ~ds . (k) -· ) 
is an analytic submanifold of · M -~ (R) (resp. . __ ·. M r:n (k) ) 
of dimension d (m+n-d) (resp. d(m+n~ )-s(s+l)/ 2 ) with 
·respect to the structure induced by the preceding isomor-
phisms_. The manifold M "d (R) (resp. M'"d· (k) -) is 

.• m + m s 
connected excepting· the case 1 ~ d ':" n_s _ m d (resp~ 

d ( . . . ) 
k=R ·, s=1 , 1~d=n~m ).; Mmd+(R) resp. M d1 (R) · . 
has two connected components defined by sgn ecf in 

(3.10). M !d.J~~ an~._ M:ds(k):... a~e open and ~e.nse in their, 
closures. M md+ (R) , or M mds (R) , s =0,1 , (resp. 
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M:ds (C) ) is a· semialgebraic (resp. algebraic) 
subvariety of M ~ (R) (resp. M ~(C) ). The oo'oodary 

of M :d+ (R). (resp. M~do (R ). _, resp. M ,:dl (R )) . is 

M =d-l+ (R) U M :dl (!!)
0
fOr, -d < m and M;m-I~R)U M ~m-IO (R) 

for d=m (resp. Mindi (R)_ , re~P·.M"md-Io(R) ).The 
boundary of M" ( ·k) consists of the union of all 
M" ,·, (k) wftl1

8
d':sd,s''2:_s, and d+s:-<d+s. md,s . · 

: A. stratification of the set M c k P is a finite collection 
I Mj' I i -~ 1 of subsets of M,, called strata, such that: 
1) any stratum Ai . is a. conn~ct_ed anaiytic submanifoldJ 
of k" open and dense in its closure -;\i ;A i is a semi
alJtebraic (resp: algebraic) subvariety.,of .. k.P for k= R 

(resp. k =C ) whose boundary Aj ' A i is the . union 
of the strata A i , , where j '~ 1 ' , dim A j < dim A i . , . and 
J '- is a subset of J dependent ~f j ; 2) A is the 
union of _an strata A j _, j <;;: 1. . 
· Let M" (R) (resp. M" (C)_ .. ) be the set of all connected 

m n m n .. ··· • ·n · 
components of M md+ (R) , Mmd 'o (R) , and Mmd "I (R), 
l~d~min(m,n) ._, O~d'.::;;min(m-l,n), , l_sd"s_min(lri-l,n) 

. n . 
(resp~ M mds (C) ; 0 _sd~ min(m,n) , O~s::;min(d,m..::.d) ). Then 
M ~(k) is a stratification of M ':n (k). ;; Notice that tlie set 
of the images. under .rr of the strata of M ~(k) is a 
stratification of 11( M : (k )) (i.e.:, the'.set s;n ~in (~,n} (k) 
of all connected components of S nr (k) ·, 0 s_r::; min (m,n ) 
is a stratific-ation of rr(M:(k) ) and the inverse image 
under 11 of any its stratum is a finite union 'of strata_ 
'of ~ ':n (k) given by (3~15)). _ _ 

~- triplet (M, rr, s.) is called an analytic . fibre ·bundle 
if M ·-"and s are analytic manif9lds, 11., ·is an analytic 
mapping fro!Jl M onto S, and there exists an analytic 
manifold T (called typical fibre) such that for. any open 
sefVcs, the set 11-l (V) is analytically isomorphic to 

-VxT·: 
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According to the foregoing· _results and definitions, 
we. have 

- . . ·-- _...,D' ·_ -. , 

Theorein 1. Let MGMm (k).'and.S=rr(M). 'Then 
(M, 11 , S) is an analytic fibre' bundle whose typical 
fibre is a. 'conneCted component . of·· ·T given by Table 3 
provided -M c M '. ' '· '· 

Remark 6. The preceding algebraic results persist if 
• , . ·,. , ·- . . ... •. "... • • ,' • ...• •• 'J •·( . • , • ,.. 

R (resp. C ) is replaced ·by an ordered field whose 
positive' elements are. squares (resp.' a field ofcharac
tei-istic zero whose elements. are squares)~ If. this field 
is a complete. ilondiscrete valued one, then 'the preceding 
analytic results also· pers'ist. Notice that srJk)=l·' (re~p. 
s ~ (k) is the integer part of m/2 ) if and only if 
k is ordered "(resp. -~ is a s~uare in k . ). . . . . 

4. THE LORENTZ ORBIT SPACE. 

We now digress a little into the geometrical signifi~ 
· cance of certain natural sets of-_ orbits of the. Lorentz 

group O(l,m-l;k ) acting on the. topological product of 
n Minkowski spaces · M: (k). . . . .· . 

The' ·orbit of O(l,m-=-:l;k) which_. contains· the .Point' 
(x)nGM~(k)is the .set O(l,m-l;k)(x')n ~ of'allpoints 
A(x)n=(Ax1 ,.~. ,Axn ),· ·where AGO(l,ITI-l;k). LeC p· be. 

a Lorentz invariant subset of M n (k). Then -P · is a union ·- - m ,. 
of orbits. Let P/O(l,m-l;k ) denote the quotient space 
of P with respeCt to the following equivalence relation: 
{x)n G P is equivalent to (y)n G- P . if (and only if) .· 
(y)n~O(l,m-l;k)(x)n . P is considered with its relative 

. n - . . 
topology as a subspace of M m (k ). The quotient space 
(of Lorentz orbits) P/O(l,m...,.l ;k) is endowed :.with the 
quotient topology: .a subset of P/0 (l,ni -l;k ) is· open 

·, 
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w:d~{RI 
1~ d.$ mln(m,d) 

W:do(R) 

1-~d ~min(m-1,n) 

M:Cu (R) 

n~d~m-1 

~l(R) 

1 ~d~min(m-l,n-1) 

~OII(R) 
M~5 (C) 
f .$'d S, lnin(l'l,n) 
StrJ-n)'> C 
o $8 ~min(d·,m-d) 

~s(C) 

1 $ d $11inblr-t,n-l) 

I~ s 'llin(d,•-d) 

~~o(C)~-

~ 

,. 

·-

~bl_e 3 

s T 'W . 

snd+ CRJ Emd+(R) II\ 

Snd-(Rl Errdo { R) h} 

5nd-l-(Rl Emdl{Rl hl 

5nd-1-(R) EJ!rll ( Rl ~ P n-d+ 11 ( R) Fn~d+l/R) 
I 

s~0 CR) h\ \1\ 
snd..:s<c> EIIKis(Cl - \1\ 

5nd-s(C) ~s(C)" Fn-thssC7) Fn-d+ss(C) 
\ 

. 
. j 

' 
sno{C) h\ h\' 

----
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if and only. if its inverse image . under the canonical 
:ritapping p li. P4 P/OU,m .-l;k) is open, where PIP "cis 

the ;estriction to P · of the o~en mapping
1
p :·M: (k).... • ... 

t' ->Mm(k)/O(l,m-l;k) which carries any(x)u(:;M~(k) to its . 
t\ orbit O{I,m-l;k)(x)n . The topological spa~e lt,iu(k)/O(l,m-l;k) ' 

is. called the Lorentz_ .orbit space. This space is.not 
a H~usdorfon~. Indeed, it is easy-to see that O(l,m-l;k)(x)n 
and O(l,m-l;k) (y) n are disjoint orbits with non void 
intersection of their closures for. (x 1) 

2 = 0 , xl ;fO · .and 
X 2= ••. =X = y l= · ... =y =() •. 

n . . n . . .-·. 
. , . n . . 
The image of any stratum. of Mm(k) under p is a· 

Hausdorff subspace of the Loreritz orbit space borneo-
·.; . ·, - . - n 

morphic to a connected analytic manifold. Thus if M(:;M m (k) 
and M eM' with M' given in Table 3, then p(M) is 
homeomorphic to SxW , wh~re W =T/O(l,m-l;k)- ,with 

. S, T , and . w . given by Theorem 1: and Table 3'.Notice 
that M '· · is ·invariant with. respect -to O(l,m-l;k) ·. 
Let (x )n (:;M '.·The Lorentz orbit O(l,m-l:;k)(x) n is 'comp
letelY. determilied by the . Gram matr~x 11 ((x )~) (:; S : __ and 
an element of the Grassmann manifold· \V (if dim W>O ) .. 
This orbit is homeomorphic to the Stiefel manifold E from 
Table 1 which contains an o.rthogonal ba~is for the .lin~ar 
space ov~r k spanned-by x 1 , •• ;,x·n, Finally,-notlce that 
17-

1 (Z) ~ z ~s.· consists of -only one orbit of on;in-l;k) .•· 
if and only .. if it consists of. OIIly clos~d Loren~z orbitS 
or, equivalently, if aJl.<;l o~ly if r > m-2 for k =C ·and 
Z¢Snr-(R) for k=R,. r~m::-2•1 where r=ra~kz; · 

We now discuss the problem mentioned in Introduction . 

R e mark 7. ·If V is a differentiable manifold (resp. 
an analytic set), we denote. by C"" (V) ·(resp. H.(V) ) the 

. ' . 
linear space of all complex-valued differentiable (resp. 
holomorphi~{. fun.ctions' on ·v endowed with uie usual 
topologies I 

4
-

16
/. . Here and throughout this remark 
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"differentiable" means "infinitely differentiable' arid. the 
differentiable· manifolds may h~ve corners (see it6/ for 

. the construction· of differentiable structures). Moreover, 
the analytic structure of · Y is considered .in the sense 
of Grauert ·and Remmert 13-' -1 ?1 ·If v is a' differentiable 
Lorentz invariant submanifold (resp. an analytic ·subset)· 

D· oo · . -~~ . 
of M m(k) , let C L(V) (resp. HL(V) ) denotethesubspace 
of C"" (V) · for k = R (resp. H (V) for k = C ) consisting 

. of all Lorentz invariant functions ·· ¢(:; C ""(V)(re'sp. ¢(:;H(V)); 
here ·. ¢ is said -to pe Lorentz in: variant if ip =-¢A ·for 
any Ar;; O(l;m-l;k),where ¢A ((x) n) ,=¢((Ax

1 
,; •• ,Ax n.) ),(x)n(:;M~(k); 

. · 'Theorem 1 and Lemma linduce an isomorphism i(V ,R) : 
C~(V) .... C""(p( V)) (resp. i(V,C):H(V):..H(p(V)) ) provided 
V · ~s a Lorentz invariant. differe~tiable submanifold 
(resp. a Lorentz invariant analytic subset) of the stratum 
M~ M':n(R) ·(resp. M~M ~(C) ) and p (V) :. is canonically 

identified to a diffe.rentiable submanifold (resp. an analytic 
sul>_set) of ·s xW with Me M' and· M :, S, ., and W · as·in 
Table 3. In these conditions, the n -J>?int Lorentz invar~ant 
differentiable (resp.' holomorphic)_'functi~ns can be rep
resented by differentiable (resp .. holomorphic) functions 
or' scalar. products and elements of Grassmann manifolds.·· 
Moreover, thfs result can be generalized as follows: 

If . v is a Lorentz invariant differentiable submani- · . . . . . • n . 
fold (resp. a Lorentz invariant analytic subset) of M m (R) 
(resp.· M n (C) ) such .that there exists a -nonnegative . m . 
integer s with 

min ·rank[y ]n = rankrr((x)n) +S . 

(y) (;V (4 .. 1) 
. n 

rr((y·) ) =rr((x) ) · 
. n . . n 

' ' 
for any (x) n (:; 'V, then there exis-ts an isomorphism i (V ,R)"' 
(resp. i(V,c)f of ct<v> (resp .. H L(V) )onto c""(p(V)) 
(resp. H( p(V)) ) such that its restriction~ any stratUm 
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M " of M nm~R) . (resp. M ; (C) .) with M nv " non void is 
i('VnM,R) .(resp.i(VnM;C).). -BY: (4 .. 1), p(V):can 

·he. identified 1:o· a· differentiable submanifold (resp .. an 
analytic ·subset. ) of. the union of the·:manifolds S x W with 
Mnv nonvoid, where M; S- and W are given by.Table a~ 
Notice that the case k=C and s·~o represents an impor
tant theorem of 'Bargmann, Hall,. Wightman 12l"' • and 

. • I . . .. . 

Hepp 13
'. . . . 

The preceding .. functional formulation of TheoremT is 
·an immedia~e coiisequence;of the stratification of M ~ (k). .. .. . . . 

and. certain extensio~ theorems _(see Hepp's method for 
k=: c /S/ and the· following theorem of Math~r. for 
k = R': if Q is a differentiable manifold and P . a closed 
differentiable submanifold of Q, then there exists a con
tinuous. ext(msi~n r(:C:"'(P) 4 C""(Q) · ~~.ch that 7J(¢) I p:"" ¢ 
for -any ¢ _t:;. C: oe(P )1151 , Cn .. II,. §4;. the· Hepp method can 
be • extended. for k == R · if in Mather's theorem P ·. and 
Q are appropriate closures of the strata of M ':n<R). 
.. ··,We recall that the study· ·of•functions invariant under. 
the connected. Lorehtz group 'can be reduced to the.study 
of: functions· invariant under the .full Lorentz group . " " 

using the. division theorems for·· infinitely differentiable 
and holomorphic f function~ /l7/ with . .respect •. to the 
polynomials det(x~) , ·where .. i=<i 1 ~ •.• ,(· c;;{ 1, .•. ,ril 

. · · ·n 11Jl · · 
p.=0,1, ... ,m-1,. .and (x)iic;;Mm(k) .• . 

Let D '(V) denote the. topological ~dual.of. th~ Schwartz 
space D('V) ·of all complex-valued (infinitely)·differen
tiable functions with compact support defined" on the diffe
rentiable ·manifold :v /14/ (for many details o(!flstribu
tioris .on manifolds see 1 141 , · Ch. IX): If V is a diffe
rentiable Lorentz invariant submanifold of . M n (R) . ; the .• . . . . ·m .. ·t 

.space D ~(V) -- of even Lorentz -~nvariant di~tributions 
(~esp, the ·space D{_(V). • 'of odd ·Lorentz invariant dis
tr.il)utions) consists o~· all" f-~D '(~) . _such that ··f ( ¢) = f(¢_A ) .. · 
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(resp. f(¢ )=sgn (A 0) f(¢ A )) for any ¢ c;; D(V) and· 
At:;. O(l,m-1;k) ). . 
··. Suppose that . 'V · is a differentiable ·Lorentz invariant 

s~bmanifold of M ~(R) . which: satisfies· (4~1) (with S=O;l ). 
Denote by 'V' · the submanifold of V · cons.isting of all 
(x)nGV with 'rr((x)n)¢ S nr-(R) ,r=I; ••• ,rri-2 .· . Then ther.e 
exists an isomorphism of D 1,/V) . (resp. DiJV) . with 
V' nonvoid) onto D'(p(V)) (resp .. D '(p(V~)) .·)which car
ries _e~ch f~ D L+ (V) · (resp. g c;; D ~- (V) ) to·1 i;;D'(p(V)) 

· (resp: gc;; D '(p ('V )) . ) such that 

" Jf(¢)dp.(e).;.f( J ¢djt(e)), (4.2) 
E - E . -

0 ~ 0 Jg(¢)sgn(e 
1

)dp. (~)=g ( J cp sgn (e 1 .)dp.(~)), (4.3) 
E E 

where ¢c;; D(VnM), M c;;M~(R), E is the Stiefel m~ilifold 
isomorphic to the Lorentz ·orbits conta~ned in vnM , 
and d p. (~ ) is a Lorentz · invariant measure ori .E . By 
(4.3), any g~Dr..£.Vls vanishing on 'V.'V~ Then the preceding 
assertion follow~ immediajflr from Theorem 1 andcei"tain 
results of Schwartz (see , Ch. IX,; § 5; see also 151 

for the case n = 1). 
} ' 
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of the First International Collo
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Pion-Nucleon Interactions. Dubna, 
1968.' 
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726 pages 

192 pg 

294'pg 
.. 

588 pg 
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sics. Dubna, 1969. 

3-4891 Some Lectures on Neutron Phy- 428 pg 
sics. Summer School, Alushta, . · 
May, 1969. 

D-5805 International Conference on In- 882 pg 
strumentation for High Energy · :; 
Physics. Dubna, 1971, 2 volumes. 

D1·5969 'Proceedings of the International 772 pg 
Symposium on High Energy Phy-
sics. Dresden, 1971. 

D-6004 Bfnary Reacti~ns of Hadrons at 763 · pg 
High Energies. Dubna, 1971. · ' 

D10-6142 Proceedings of ·the International 564 pg 
· · Symposium on Data Handling -of·· 

Bubble and Spark Chambers. Dub-
na, 1971. · 

D13-6210 Proceedings of t!)e Vlthinternatio- 372 pg 
nal Symposium on Nuclear Elect-: 
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ronics; Warsaw, 1971. 

Proceedtngs of t.he IVth.Internatio-
. nal Conference on High Energy_ 

Physics and Nuclear Structure. 
Dubna, 1971. 

670 pg 
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