





1, Introduction

The‘asymptotio‘dilatation invariance found in deep-inelastio
lepton-hadron scattering has stimulated the investigation of an
‘ automodel behaviour in local Quantum Field Theory.

This problem has been studied in a rigorous manner on the
basis of a Jost—Lehmann-Dyson representation for the one—particle
matrix. elements of the electromagnetic current commutatorll/
Sufficient oonditions for automodel behaviour have been formulated
in terms of.theaspectral_functions which furthermore constitutes
a direct conneotion between the_automodelzbehaviour,and the. light
coneﬂeingularity,of,tho.commutator[2ﬁ

We‘remark,»that the'automodel,asymptotics‘of,the‘structure
funotions in deeﬁ,inelastio scattering corresponds in some sense
to an absenoe of. dimensional quantitiee in the behaviour of the -
commutator near-.the-light conelg/ This leads to the concept . of
asymptotic . dilatation invariance at small distances, . __--p

In. the last time ‘it oan be found a rising interest in the
extension‘of,asymptotio scale invarianoe .to oonformal«invariance

‘at small diatanoes; The'conformal'group includes the Poinoare F
. groupy,: dilate.tiona and special -.conformal transfome.tions, leaving
‘ the 1ight oone X =0 invariant/qv '

. In-partioular some field theorles with massless.particles -
lead to the‘oonsideration/of conformal invariance/3/, .

~.In.the following we study the Fonsequenoes,of,oonformal;,.~

invariancehfor matrix elements .of /currents.



It 1s we11 known that conformal invariance alone allows
' the construction o' the complete two— and three-point Green

‘. functions/€/
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In a serles of papers/?‘ 5/a theoretical scheme for the
evaluation of higher Green funotions has been given. We remark

however, that even 1f this constructive programm could: be carried

out, there remains a gap between ‘the idealized conformal invariant

theory and the description of Treal physical prooesses. ‘The -
difficulty consists in the" lack of reduction formalism oonnecting
the n-polnt Green - functions of conformal invariant theories ’

with physical'matrix elements. This comes—out in-the following~ 0

way. Assume . B O N

1, conformal invariance including an invariant nondegenerate"

LT e

vacuum state ,

24 existence of a complete gét of asymptotic states with

G . positive definite norms, - I S

/ Then the vacuum expectation value of the massless field ‘f(x)

and its Heisenberg current 'j(*) f]‘*?k) -vanishes, i.e;,?_,“

<ol—!(w)3(3)]o)-0because of rtﬁ- d:f+2?¢{.y‘ Therefore the two—
+_point function of 4= ‘also vanishes' <o]<j('f) 1(59) lD> g
and oonsequently «J(x)to> =0 ,.Applying well-known theorems /3/
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we conclude- j(X}570 » 8o that the usual reduction integrals; e

become trivial. In other words.7Either there are. .no particle s
states or we-have a_ free field theory, if conformal invariance
holds exactly. Lo ) ERREE o :

‘ Obvzously oonformal symmetry is strongly broken and- should -
be consldered as an asymptotic symmetrv of interactions at . short
distanceslglf/

One may try to circumvent the above mentioned difficulties i
by taking into acoount the possibility of spontaneous breaking ‘
of conformal symmetry connected with the appearenoe of degenerate
vaouum statesj4v 41/ 7 A >_ ) _“f

On the other hand it is interesting to study the consequences
1f we impose conformal invarianoe for partioular quantities only,
whioh are of direct physical interest, e.g.,one—partiole matrix '
elements of eleotromagnetic currents. By neglecting the ocnditions
of conformal symmetry for the remaining parts of the theory
( 1eptons and photons) one introduces some sort of symmetry ,
breaking from the beginningl44{ e b1v .

In the following we. oonsider conformal invarianoe of matrix

elements of ourrents taken between‘spinless zero mass, one-partic-

le states. we apply the usual transformation'laws for the currents~
under infinitesimal conformal transformations. Furthermore
we assume that the massless one-partiole states belong: to an
irreducible representation of the. conformal group,/451 which
remains irreducible when restricted to the Poincare group.

In this manner we arrive at a system of linear differential
equations of . geoond order which expresses the consequenoes of-

striot conformal inverianoe. The olass of allowed solutions .

4) In thls connection it-is 1nterest1ng to compare- the Pnoroach/'lzl
to asymptotic dllatation inveriance based on the renormellzetlon
ﬂoupl43l.

s



is strongly restricted by the conditions of polynomial bounded—

ness, ca.usa.lity and spectra.lity. We get” regular as well es

non.regular solutlons ( loge.ritbmic,beha.viour for x‘-,o and 1"90).
Similar equations have been considered [47’ Aforfscattering

amplitudes on the basis of low energy theorems for the gravita—
tional field and the conservation of - conforma.l ourrents.

2. Transformation Properties of States and Flelds -

In this section we derive the'differential eque.tions, which

express the oonformal invarie.noe of the one—particle ma.trix
elements of the current product. We remember the.t the oon.forma.l
group conte,ining the following tra.nsfomations

ae inhomogeneous Lorentz transformation ‘

b. dile,tations : X,. = -.\xr

¢. ‘special conformal transformations X, <(a- -2t (\”r’();

ma.y also be characterized as the maxima.l symmetry group leaving
the light cone imvariant ( in some sense).

The generators of the infinitesimal transfornations—e.,Mrv

(“ Poincare group), D (diletations) and - K“ (specia.l conformal’
tra.nsformetions) fulfill the following commutation re1ations’¥ 43/

[Pt = (g B =9 R)
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[k, RI- 1‘(9er'“~) Lig e J- pukiapu k),
(D, Mp] =0 [KF,KVJ < 0 (2.1)
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the spectrum of the mass operator P either consists of one -
1 . . )
isolated point P‘=O, or.covers the real positive axis. Here we

consider the irreducible representation of the conformal group

" with PZ=0 and spin 5= 0 obtained by an extension of the

corresponding representat,ion of the Poinca.re group .
(5,
Following Maok and Todorov/ this representation is constructed

. with the help of a set of cree,tion and destruction opcrators

acting on a conformal imvariant vacuum. l0> :
' e ’ t,=>5 ~-->‘
=0 o> -

[a(f), a* -";] ApN §¢p-py . @3
aindsatis,fying speciﬁc commutation relations with the generators
G of the group

lat(F), G] - O (r v. )a (“’)

[q(f) Yy GJ_ OG (r V ) Ck(f) - @8
Here the differential operators O(:, OG corresponding to
G- P'hf"’ D k)‘ are defined by
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‘The upper or lower sign corresponds to OG or OG y respecti-
vely( Vk = QPK ) * ’
In this way we obtain the action of the generators on the state

vectors . N B , S
GIFd = G (F’;V') lp> . = @6
'For the imrestigation of matrix elements of currents or fields

we need their commutation® relations with group generators, Let be

Xc(x) a field transforming according to a representation of~ the

Poincare group, characterized by some D(j4 ,:] )of SL(2,C):
| CIXet), Pl = 42 Neto, @D
Del Mo T {4 8er 606000+ Jog X600

where ZI"' ‘are the generators in the .D(J, ) . representa-—
© tion,e.ge ’Et“’- { for the scalar case, (Epu)‘.\g “(3,-;\ Jyg Qrﬁu)
in the veotor oase. 4s usua.l /?/ we take the oommutation relati—

ons between field and the generators as

[Y—-(x) D} = --«(mx o\,)X(K | . (.é_ &)

IXJ, Kf‘ = "‘}(2!(&’,.12)( Koy - "/‘)f“' + Z‘y /Z “ fX[t) |

<corresponding to the choice )(‘,.- 0 /45/ ‘Here 4 1s the dimenslon
of the field. For the above introduced ‘'massless fields which
allow a particle interpretation in the sense of ‘the second .’ *
quantization d is oomneoted with the spin of the field by the
relation d= 'Hj,e.g., ds= 4 ' for soalar bosons and ol'

for fermions. If we write the commutation relations eqe (ZJ’)
in the form

X0, (J Og (x, D,')x[x; , (2.9)

. the consequences of conformal invaria.nce of the matrix elements

<P|\’(\d X(-a)ltp are expressed by a set of partial differential

e quatio ns : -

[Oa(ﬂ )+ O (%) + Og (x, %)+ o /n’ )Jy |
<Pl Xtx) X{g)lfp = 0, (210

where G‘Pr‘lM[w D, K.

3¢ _Solutions of the Differential Equations for the Matrix

El ements of Current s

z

Here we will study the consequences of dilatation and
oonformal invariance for matrix elemernts of products of two local
soala:r or vector ourrents. ‘

g._,;_scalar Currents

Let us dbegin with aatrix element of scalar ourrents between

mas sl ess one-parti ol e states

gf[r,p,)<t>ljlm(ouc,> ENERY

which satisfies

- iX(P=) o
L7t~ Pf{)‘ <(( ,7,r) - 6.2
for hermitean currentss .
Though we are 1nterested particularly An the forward case, '
the equations must be solved in the general oase P‘#fj to
inoorporate all . availa‘nle informa.tion.
From eq. (1 40)we get .
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i . . N . % » and ) » .ﬂ : : A - e )
L?L( xVoy ~ (4+ S V ) (,1 +,1 Vc, ],([x P‘{) o ’-(3'-3) }’ ) (1) (Ié{z,,z,'(o) 1;5 an ent;r’e function of %, , 2
T (2 qS(z.,?z,w) = ~¢(~2~-?=f w)o

fq;' G D

[2 r,( CL ~;‘ ) The last properties reflecting the causality of the current will
¥l+2x‘ ‘,v X ") .* 1( 2~>V> ‘
P‘ f lo r Vﬂ"fz VP) U be derived in the next ‘section from a Dyson representation of(
Y ) )
o - L . :
il { ((I ‘A "_‘_2‘)v.‘,: ~ 3 ) . )
. (| 1 Vg +2 V. ) x = 4): . - -~
(' k’ s G LR q; 4( t P("'_) =0 (3:4): Let us now insert the ansatz(?:.é) into equations (3.4,5 ) -
for 1 =K~ : . ) o . ’ . . _
R : ‘ / As result we obtain a set of independent differentialiequationst
“‘a.nd | ‘ . - . T . . . 4 for . R K ’ ‘
. > o I - 2 . “,1 . » :
Z'I P [.A,»“ A,["{ !.41 'f“Zt“(xo;_‘f‘?x:. XVQV—K %]4 =0 (3.5) N g, l‘f/uﬂfn‘f \-¢(I+21 ¢1?+‘(¢(?-r ‘((~ 23 Z?/ 22-) /33 0
for : G KD . : L L . Lo ' 2 _6 ¢ ¢ % ok
x :[ FTAEYALX ¢42+?g,¢2 12 9(?3 ,232,4” zk/
|
. Remark tha.t ;} JP| ana tf m which must be taken into i
: a.ooount. : 4 . ¢1(* ¢72 *?"(]”z’?? q((z r2E; ¢2 t ?3?"”" 5/?3 toak e
. The dimension 4 of the ourrent remains a.rbitra.ry 1n this Jody 42wl fy it @ toed 1] =
" \ ~t3 3t AR AN ’
conneotion. ; ' where : .
’ Beoause of Lorentz invarilance and the normalization(z 3) ; . ¢ Y( f
the funotion 4 (<, p,/9). depends on 1nvaria.nt va.riablas only which o1 '3 4 "7€1 3 0‘\
- .., we ohoose as: X * and the dimerisionless com’binations e '} It 1s useful to introduce a new set of variables
* - = Z, = X -G ). .= 2, - o ¢ R 'ﬁ ." | 2 2 B . N ;
. 24 x(fwr’) , E (p-9)-, w X/}’C() g " ad 2, T2, T2 =200, -2w . e

It is convenient to use, the ansatz

- l?z ‘ h ‘
,.;('(x p,:,) (- -.m) ¢(z,,z w) (3 6)

- ' which" solves the equation of dila.ta.tion 1nva.r1a.noe (3 3)

and to write #(&,?2,‘0)- H(TW (22, f:c) . After some algebra:

the system (3 ?) transforms into

Hu l-lz:" H ‘ll‘-_;“s—;"qzqg*

b2,
33'1‘}71- 212

2
3.8

The function ¢ is not determined by dila.tion 1nvar1ance. B : '!

‘i T From genera.l principles we know the following properties

¢ (?1 pry) w) = %{-Z, ,‘Z,,w) (i», hermi:ticity of ,current)

. : ‘~




o 2?1 i
“ e sg e -2} - H
: (3.8)
14 ‘ .

Hz3 . ~H’z -

231’? —2 2

The general solution of the last two equations

H‘l (?"!?’I?J

.will be inserted into the first equa.tion in order to determine

?= C(z, )(31 -2,% 3.?)

LB 2.
C{z )-al'?.,. z-r “(o':-?

From the symmetry property 2. follows P=p 80 that

.. 4 %

L Otw =R

2
H (?1 ?7,23)): = ——'——?1?_227'?3
Therefore we ha.vfe : -
H (21}?,23 ) = K(?"l??) + 'jc[“- g(?z f)'i. 2 g {Z i. (3°9)

The first eq, (‘3. 3)puts restrictions on the function K N

; , ]
KM +_% k - ?'Z} k33 -

The 11itegra1 in expr.(3.3 ) represents.a funotion with a

logarithmic singularity at 2 = 2.‘1?_'3.72"2-3 =0

t:=0 (3.10)

l.e.

J‘dé S(i‘) i_) ‘)’ub o~ E o;u 7_;2 /& oo
w~e 2

12 -

¢ e

(3-9') \

i
)}
\
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That means, all solutions with LF0. are singuiar in the limit

of forward direotion p= "1 w=0. Let us turn to the solution of
eq. (3 40)1‘01‘ Ko Applying the method of separation of va.riahles

K (-‘*".'?—J)°-X(.3')W33) we obtain o;-dina.ry second order differen— '
tial equations for X(2,) and V() - i

X(/_.f (f}f[)X:o ’
?3?;/,1,'7/*;{:7 =0 . ;- (aD

Y 1s the oonstant of separe.tion;

The solutions with the properties (1) and (2) are

)(‘(é,): ‘ Cc:)?:»,‘l r % o (3.12)
s+ T(iFE)

As 1t will be shown later, the conditions of polymomial ‘
boundedness, spectrality and 'caﬁsality réstrict ¥ to the ~-
value X =0 o In terms of generallzed functicné the regular
solutions for the matrix element of ourrent produots ca.n be

written (o = o) T ‘.’%

esipir)s (—X’-'*«’)

xfdyr §p) < pVe % [a [\Y{trmy \’WY]’

x~¢ )
A- b" .: (P, { ) - (3.13)

“where G'(J) 1s localized at the point X =

3



,:w Soe . )

6’(5)e I‘aus\ (X“) ' ERERTY
As examples we give two special solutions : A . h
1. 6=NF)
A~ Lx(P-c() c
<PIk) o) )q>= (-x%ixt) e (o xtpte) (319
2. &= 8y)
._<Fl(]'(x )J'(o)/a() :Lx"-/\f}'f"(_@ < x(p-y )’x o (3.‘16)‘

o X{pt 3 ; N '+
o [‘,"’. Xee) (iorky)-4 (pr)xe J x(peg) o ’fﬂ;i’] i
The first example me.y be underatood for d—= 2 as a Born ferm_‘
oorresponding to the ansatz (See F'-E ‘” ‘

"/é()().: “f()()‘ c(_fs'/i.

For d = 3, however, the matrix element oorresponds to the

diagram of Fig.2, or equivalently

j(x).; : /33()(): -, . ({f =_4 '»;. ¥ ._ . )

Fig.l1 ' e ~ Fige2

It should be remarked that thespectrality condition restricté

" the solutions very strongly. For insta.nce', the regular solution

P 3 ()
K (z,23)- —

Tv

- 2
, V=37’-%;

satisfying. the cond‘ltions‘ (1) and (2) violates the spectrallty

oondition. This follows from a comparison with the Dyson represen—

ta.tion (see the next section).: L :
Let us look for another form of the singular solution, which

clearly exhibits 1ts spectral properties. We know that there

" exists such a solution depending on Z, and W only. Thereforg

witl1 ¢= 47(2,,(,0) the systenm (3.-7~ ) becomes

(3.4%) ¢42 '*f ¢ 1 é} +2Lu ¢33 “\‘0. , ,
?(?‘uww*??‘“e AR
Using the Fouriter transform : o . ’
fpea,
. ¢(Z’z,"c): J((,A -Q’ ) 9(“01/"‘)

the first equation (3 1%) 1s equival'_ent to

V%, )] (—pm?
‘_,) + i > + _’(__t q - O <7
Tuw? o T Y g3 J

with the solution

G(wt) = K. ('-iw(hr')’) ';L(/“)

This 1is compati‘ole with the seoond equation 1f 'If//«) @(4.r)

L

Therefore we have

¢(?, w)= jtlre z/" * K, (} =P /‘") (3.18)

15



ThiS'represents an a.nalytic function in-the variable (9

with-a cut along the ‘real axis. At: G5 =p 1t has a' loge.rithmic
singularity

{?5(3"‘;”/00%' o~ ?“E{ 4‘9(‘“) ﬁ

In section 4:1it will be shown,that this solution fulfils ” o - ‘

the conditions from causality and spectrality, independent of -
the dimension d,

.

. bs -Vector.Currents B

More important is the investiga.tion‘ovf matrix elemednts of - _

conserved vector ourrents, e.g. the eleotroma.gnetic ourrent
Iy . e s . - C T
M (’(l"/f’,7)=<(°/ar(-<)3f‘{x')/7> . (a9
Let us begin with a kineme.tioal deoomposition of M '“’k

which takes into acoount current oonserva.tion as well as oconfor-

mal transformation properties:

Y ! ' wv! ' v E g - ). \
M et )= QD Tl L borr- LW P mi Mt}
+ 8,/ m-2r0,)( 85 oty )f L”(( ) Malgx!pol
with 0O = Bkgv v - ‘ o » (3 20)

This deoomposition has been derived in /43/ by looking for a
bllocal tensor

/ ) oy s
L,,z.,«[x x') = ') Py /(La(v X - a).
which is form inva.riant with rega.rd to con.formal tre.nsformations
and allows contraotions between tensors at different space-time
points. o

We a.re espeoially interested in the transfomation properties

o L, x’} under infinitesimal oonfoimal tra.nsforma.tions. Direct

calculation glves -

I’ ‘ 1 |
{S"l(k(x'c(sw()]“ +S [ (x} ds 4)] } (xx’),:,

$!

= [__ (s( w){k,,(v c(-4 S= o)+kr(.{ Ad-4 5.0)}(3 22)
with (compare (1 8))

- ..
) [kl“(x/‘l(s.f)Jf =4 }(21 ‘I‘Z’\' X ‘,v"( )S‘a(
F2IxY (Jp Gvp =95 Yps) ; [3+23)
kr("/“ S=¢) = -A';Zc(xr-fb« x VI, =x 9,— § .
I.et us shortly write the deoomposition (3 ZO) ’

M”A/* ,P,q)- ? Crr M

It turns out that for d=3 the aotion of the differential

‘ operator O (x? )on the bilocal operator is espeoially simple ',

(5ot 5 0 ) [ A

= ol dl .. O ) V : L i
:, C( (’(,.x’)Jkr{?‘,-dw,kU*- kr(x;‘(_;af;ao) },_VV‘(J.24)



The choice d 3-1s quite natural ~-because this is juat—the
._dimension of a oonserved vector current. This allows the evalua- ’
tilon of the equations(l ’10)for the matrix elemente of oonserved

. currents in the form

[048,)+ 0 Gey) +0Kr(x,g9‘)+0k-, (x:a.)]m’z,: )=
{5 §57°1 0, O, (% )+0Kr(',\z,)]+S“ [)(r(,(,‘la M)] 5
T S‘SZ"()(J}S“‘J }CPfM(xx,Ff)

= Z C /v,x ){ok (F v)+ OK,«(‘(-?-V )+ v' (3;25)_:‘

+ k{\(c(t's o) + k (x d=0 S»o)}M ("’WP('])- 0

The linear independence of the kinematical tensors (: (?}*’
leads to.pur previous equations for the scalar funotlons h4
where. the parameter 4 1s now fixed to the value zero. Ina

similar way we.write the equationlof dilatation invariance as

)+ Op (x22)] M"P/*,* P‘r)‘
)+D{x ,l 3)+D/x’o(*3)]C” M (3 )

L [op(p,v,.) +0 (q,v‘, )+ op/(
¥ )4 007,

Z Clexx') J 850 )+0/7,v,,)40(< J-o)mw o)}M
yvhere' D(w(% —i(d e ) L L

Again the soalar functions M, have to fuinu the- Iamiliar
eqe (3.3) with d=0 .

e R e g s i 1

A

= Y - S el

A e T e ek e S

' Therefore the conformal invariant matrix elements of {E:E‘:

conserved vector ourrents can be reconstruoted from the already

'known expresaions(313 48) for the matrix elements of soalar

ourrenta.

o

4e Restrictions from Causal x and Sp__tralitx :

In order to ‘study the restriotions from oausality and
spectrality we ahall at first eatablish a Dyson representation
for matrix elements: of the produot of two ourrenta and after— .
wards investigate 1ts general oonsequences.

For an illustration we consider at- the beginning the diago-.

jnal case. Taking into account causality and spectrality the

matrix element of the ourrent oommutator between masslese etates»

can be represented by a DJL representation/fé/

<HMM e/o)]hv I (. 2D
ja(ﬁ ) jzmz WJ,L\’)D/x X

with ' . . Goe . )

(k \\z)— ( Fjd? 3(70) 5‘{(’ —u\z).e 7 L

l'(x,P)

-1f: the matrix element is dilatation invariant

F(x,f,)~ t F(i’x 1‘"4;9) (42)

Cs

‘ the speotral function is a homogeneous generalized function
' of order-/ YE _with respeot to ‘the variable \

'["(2

¢ (« e (s \=) )



This leads immediately to ‘ ) A
O Yle\) = {4)#’,3(‘\2)
!?N(x,r) = ; 2(}’*)@(,5%/‘({_,] (;(z) (4.8
with [20( '
£, '
Aplt) - { T T e
‘ﬁflpu(ﬂ ; f<o

From the DL representation follows, that the function
. Lt K)
Glpx)- 2 ﬁhe ey @

is an entire even function of F’( g 1f ')‘0 (<) has been -
chosen even. '
In general however, we must consider the non-diagonal

matrix element of the comﬁ‘tater
RO P A) = <Pl s ) 41>

Fi(x, 200 = Riex, 2,4) , n

where :
Mpx,pd) = <pl a'(;)‘-;,((";‘)lc,> -
P=3ler), Aspy, P’=q*-0 o

Because of P >D a general DJ'L—representation can be written down-

20

_F(ab A [l ' Fe poay (:9)

ﬁﬁl. c(.\ é(&;-u;)g((a—u) .\‘)Wu P.A c\ )

) T_he ‘spectral function can be choeen _as' an evenm i‘uz_xction with

respect to' 4, 1n any case, Its,ﬁsuppor‘t 1s restriﬁoted:by’_

\u\<°é o

(M;»\2)= ) P+M >2,Pu[ 'uf.l<|3

3

Hermiticity of the ourrents :melies the . symmetry relation -

¥<(w, PA, A*)- ¥, P -a,0Y),

(4. 10)'

. Let us introduoe the positive and negative frequency parts of

representation (l{~ J)

Fal QP A)= ﬂl« { \ze(t(ﬁo“‘w )S(a-« )*—-\’ ) 7f(u, P,A(\?)

and their Fourder: transform

n..

u»n—%M%Ddumwﬁ

with ' '“, : e : (4.12)
D (x,:&.‘_)“ o fdfe""’* 9#%)"-‘ (-

RS K(léx“mz).v )
‘t'lr"' \Exzinxéjy\’ 7' - .

o

Ou.r task consists 1n the> oonfirmaticn ‘of a DJ‘L representation

for the matrix elements M[X,PA) For this reason we oompa.ra )

 the following. equation i

21



W

Fele,p,A)- F_(e,p,4)

= B(e,PA)~F.(-6,P4) (4.13)
with the Fourler transform of eq. (Q. 1)

F(&,PA)

F(u',P,X): Ma,P,4)- M@, B, 4)(4a24)
Obviously the difference o ' ’
Z(c,p;() = Ml d)- Fe(@,PA) (4.15)

is an even function with respeot to Ot‘ + The support of z

is contained in the reglon

((2.+P)"_k>,o , Q+P =0

. being the common support of M and 'F.r . Because of the

Just mentioned sy'mmetry it 1s fi'nally' restricted to

Q+P* = 21aP Qs
Therefore the Fourier transform Z (X, P,A) is an even

entire function of X,.. . Consequently the matrix element of the

product of two soalar currents oan be represented e.s

ACurr)=Lply) jro) 1> £ Ff(*,'?ﬁ Hz/’ PJ)
: ~ - (4.16)
The function —Z does not effeot any one of our conclusions/'
“so we omit 1t. loreover 1t turns out that our solutlons oan

be represented by the term F} alone.

- Because we are interested 1n dilatation invaria.nt matrix '

" .elements’ only, we ha.ve to dea.l ‘with a restricted class of

spectral functlions. The simplest type of such spectral fu.netions
is- . © ‘ . . cre Tl

-« PA,»\ )— (I‘ (t\‘) Y,(u P,x) , (4.17)

where the homogeneous distribution th has already been
defined in eq. (LI- b) and (‘F is a homogeneous function:

’%(eufp tA)- i""’%(“(p A)

Insertion of this spectral function 1nto the DJL representation

leads to
{ K( ) .
<((nf>,‘()- q( e ing) '”7 55[ PAJ (4.18)
: o L NI (le)’( - s
with -
. ) I_‘(; v o
¢/-<, PA - (,—:—)4 ftlu € Folu, PY) (4.19)
(. Pﬁx"},z‘l)kl . qu'ls A ) .

From this representation it follows at onoe that ¢/*<, £4)
is an even entire function in the variable YI‘ ' which ﬁnally

leads to the earlier used properties(4) A2) A further investi— :
gation of. ¢ can be done most appropriately in the B_reit system
Pr=o, Poadz=p , A,=0

The expressions for the earlier used inve,riant vari:a.'bles‘ ére

‘24‘:2;»% / .Ez:?f’x:l /4 ?3;?,"2 X~l

The speotral function can now 'be written with the dimensionless }

varie.ble u as.
{4 P ugas.

”Y Yo (oo, @), p) = p v(rp,f, e G zo)'
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In this manner the integral (4/-_-'1_‘]) takes the form

(b(‘((P:A) ...H('Z-,,Ez ,23‘). V (4 21) .

_ S(peEem f‘x-t'z
. ;7? J‘(f“’ ‘(f‘B [(h (f' :; //“J.VZJ)‘(I; //")

Ipe(+\FFept'ca
The range of integra.tion is shown in Flg.3

/&}

P.} ,
It 1s now easy to rederive our regular solutions (3. 13)

in the framework.of the Dyson representation, Remember 2{":0
L]

"~ and therefore ] i oo

rvc'(/‘ )* 8(/“3) X({‘u,/‘_*i )

and

. ‘ '% 021 r—-.V )
H = k/(?.?})-* ﬂ_ ‘(f‘v‘(f‘L'z‘Q r /I‘L‘Z;)X(h‘/&)

(4.22)

Applying eqe (3 40 for K we get an equation for the spectral

function:
(B -pl-a ) 'Xﬁ“mf‘i )so
with the solution |
Xlbop ) = Slpe=rateo 60

The support condition (’i.eA. ySpectrality properties) localizes
the funotion G (f.') to the point ’4_3 <0 &pt)= T b, & ,t).

24

'As a result we obte.in

k(z, ;) f("* av?‘in,. ]3! (mﬁ?)e(r)

k4+r(

which ooinoides with the alrea.dy known solution if we - substitute
f‘l-/“-? f e Let us furthermore discuss the automodel behaviour
of the con:rormal inva:ria.nt matrix elements in the BJorken region

V=2 Pa - 2t Clz - 06 -

2 > V]
:‘—a "n

RN ST Q7 fin

For apeotral functions of the type (‘{'47-)@ applicatidn of. the

" well known teohnios/l leads to the result

Fle,pd) ~ 2o [ r»“r(uw ” bleapop)
e R , (4247

‘ESpeoially for the regular solutions desoribed by the speotral

funotion

"I.L l: .4,1(&7) (S‘{{‘J)S{/‘e K- 1) ZC J( )( 1
R A d—Z

. l‘
we get .. 7

P o{ g
F(v??)ér):(p)j\ “ '“LI“_L”H/‘QJ(‘/

“(“L/‘l‘ W—”rj J < 5( ’(/* ) »(4.25)

o~ VF1¢p1(T) S T T T

fl 1~m
where (é, ) appea.rs as a serles of terms [(4 }') -~ ( l~}')+ l
7/
m =0,
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The nonregular solution (3 ‘48) for oonformal invariant
matrix elements demands the consideration of the general form

of dilatation invariant spectral functions o
2 2K~% ‘
'V(u PAJ\) P "}‘(/4 ) " (4.26)
‘o( 5 l,“. Pz . . R

In. this oase the matrix element of the product of two scalar

currents has the representation
L6<pq)s 27 (’”)r (<.54) @D

R . 4-:‘ 1‘-)(( -~ ’ ( Z [‘2?2" ‘L zj‘»f
= (~X2% x> .2 F‘{jf,( r
(1o lf1 < 4 |

where

¥ lps) = ;‘l;r”“ ¢ cf j(\zD Vol T) 42

Lot - 4ﬁ ; ki(iFe) y
' (ZTP h) Tr ‘ 4 /
Sl sy L\_,(
is an analytical function of (2] with. singularities confined to.

the positive real axis. This carries over to the matrix element
itself as a nontrivial consequenoe of the Dyson representation. A
generalized power behaviour (4‘3 ) with respeot to c\z '?for
K= d-3>-fLeads to a function Y‘(r, )which does not depend‘onkbd
Turning to the solutions found in the foregoing section, we
remark that the nonregular solution(3{48) can be described in

26
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'5. Conolusions

N >1ity.

'terms of the spectral funotion ] p' ‘f '7‘1"Jf

q{, (r*,w)-— (S(’* ) S((“l, K [‘ ‘t.,{,l {u_?)); (4'.‘29);

"rIts support is the seotion

*lrs|<4ﬁ'?/ h_;

lying inside -the. region allowed by the conditions of causality
;and spectrality ( see’Figed). Some interpretation of this solu-
-,tion can be obtained by an inspection of its behaviour in the r
‘ Bjorken region. ‘The simple form -of the. spectral ‘function

leads to a special £orm of the Dyson representation(jF 3)

f-(a P A) cl«j,(\l é(a )S'((Q'rx,d) l*);&/« t\‘

{ S WIEa B L (4 Jb)

As a consequence of this expression F’(k E_A) is different

R . Lt
et eerm ATE )03 A
only, where k+ “(G LA) are the mass variables of" the

currents. This means that there are asymptotic contributions to, R

ﬁthe absorbtive part, i.e. F(a,pr ,A) provided one current mass,>”t“
. at least tends to + 0 o+ In distinction from eq.(4 25) the

asymptotic behaviour now reads yd 3133,1,

Starting from’ the equations of dilatation and conformal-

invariance we have found an infinite set of solutions for the

’ matrix elements of looal current products with arbitrary dimen—

sions (real), fulfilling the conditions of causality and spectra—-

, e

w21 --1;. nkﬁ;;




The regular solutions eqsy ('3.43) havé the character of
generalized Born terms for d = 293 ess » That means, in the

‘Bjorken reglon the scaling function are localized at $xtq,

We remark however, that only for particular cases an interpreta~ -

tion with the help of a power type ansatz /4.3/ for the current

S =51 de=a

1s possible. No clear physical interpretation for the nonregular
solution ﬁas been found., It should be added,. that the most .
important problem,. consisting in a reesonable symmetry break;ng
remains open. In particular, the possiﬁility of a 3pontaneous
symmetry breaking with degenerate vacuum states has to be taken
into account,

Thereforc the search for nontrivial consequences of confor-
mal symmetry which do not contradiot the general prinoiples.
of Quantum Fileld Theory represents a complicated problem which

deserves further inve stigations.
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Amplitude with One 0ff-Shell Particle

Let us apply conformal invariance to the.matrix element

,'( see Fig.4)

{(x2:,8:) = <piplftolys> .

Fig.4

where ZioPf 2as cm(/z-"loﬂ‘)z ’ Pﬁfl’ﬁ“fﬁ“"
In general the mass pf the current. (f);‘* Ps ~“?)2= 2
is differenﬁ from zero,‘Analogbusljljze eqe (2.40 )we get now the -

oonditions
Io (ﬁVr,) 0, (p,v,,,) 0(,/1,v )+0G/Y 022]2{ 0'
For G— D this reads
(o(_z Y - (2 d+2 f+z,)f.)"’ (a3
. whereas the equations (A.2) for Q= l< “take ‘the form
¥, (ﬂ+z3 <{3;+Zzzg {642 (?' 21){ ‘
ENCRVE )+zg((3 ) =0

2 '('RT‘J {7?3 4?1(?2‘?2)44 t 2%?7 ’(?3 7 S
.T,éfz((1"(z) 'fz ((3 ‘{( VOZ(A'D



(A’q 2 ‘(41*? {22*2}22‘4‘12*2(2"2‘)*{3{?

+ 2, é{z 4{ )'1'21(('3 "'O :.(A.i)-

Let us introduce the variables

and solve eq. (A.3) by the ansatsz

4( (?,,2;,?) ?3

The remaining differential equations for } are

9/@ ws) . ‘ (A.5)

n

(4=, w, )["cz‘mf,‘3,]%(-?/[2%32—&’-;3)9] O (4.6

i}

= mw M@ 0 3T -3 Joong ~E-2)3] =
(’I—w,-uz )Z‘}’f:?gd;+ m,?ﬁgz,f'ZQ,k;: 94‘.24&,341«},3‘2]
tel-3 )(w.*w:)[za 9y+229 f(c(-z)ﬂ =0

In the following we will look for solutions with smooth

~extrapolation off the ma.,s shell. More correctly we® dema.nd that

g(wl,ty‘ )together with its ‘partia.l dei'ivo.tives g‘ , ?“_J,
behave oontinuously at .
R

=)

de Gmh, = -0

- Then the equations are consistent for d=j only. In this case . )

the system (A.7) takes the sixﬂplc f'orm4

i

W T9 =6 ,
‘*?1‘3'221‘ 9, = ¢ - (AST)

G0, 442 = O -
The solution is : e
glw 0, )> afmJas, b legwrt c (a.8)
In terms of the Mandelstam variables s,t;u we -can write
. . “ g k :
PR lyl> = a bogl & )+ blog(-F)sc . a9
Crossing symmetry may give fl;r_ther restrioti’ons for the :
choice.of « and b » Especially oomplete  s,t,u crossing
symmetry demands a=b=0¢ and  the ;_na.trix element reduces

to a coostant, whioh can be interpreted as the lowest order term

of a 'fq theory. This is in accordance with the conclusions

'ree.ohed by Gross and Wess /412/ In genera.l however,we get in

opposite to /4F/ strong restriction beyond that ooming from

dilatation invariance alone. 4
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