
V .A.Matveev, D.Robaschik, 

A.N.Tavkhelidze, E.Wieczorek 

AUTOMODEL SOLUTIONS 

E2 - 7726 

FOR MATRIX ELEMENTS OF CURRENTS 

IN CONFORMAL INVARIANT THEORIES 



R PUBLICATIONS 
· ca tio.n-"' ,... ... 

----

Joint lnsti tute for 
e original publica­
rticle 4 of the JINR 
unications consists 
in future in one of 

d publications of 
res of the index). 
tes the language ---------l-----

~----

V.A.Matveev, D.Robaschik, 

A.N.Tavkhelidze, E.Wieczorek 

AUTOMODEL SOLUTIONS 

E2 -7726 

FOR MATRIX ELEMENTS OF CURRENTS 

IN CONFORMAL INVARIANT THEORIES 

Su hm ittf'd to TMCIJ 

ec:. ... ~. ,, ...... _ .. ::..J!f ,,:1c .. 
a~p::J:~> n~.:c.1 .. ~ .... ~ al 

(;ifiSJi lo EKA 

.. 



·l • 

1 
If ~c)epHbiX UCCI1eOOBQHUii ,l(y6Ha 

The asymptotic dilatation invarianoe found in deep-inelastic • 

lepton-hadron scattering has stimulated the investigation of an 

automodel behaviour in local Quantum Field Theory. 

This problem has been studied in a'rigorous manner on the 

basis of a Jo.st-Lehmann-Dyson representation for the one-particle 

matrix _elements of th~ electromagnetic current oommutato~/l/. 
Sufficient conditions for automodel ·behavi_our have been formulated 

in terms _of the spectral functions which furthermore constitutes 

a direct .connection between the automodel behaviour. ll.lld the light 

cone singularity of the. oommutator/2./. 

We. remark, that the automodel: asymptotics of .the structure 

functions _in deep inelastic scattering corresponds in some sense, 

to an absence of .. dimensional quantities in the behaviour of 1ihe 

commutator near·the light oone/3/ •. This leads to the. concept .of. 

asymptotic dilatation invariance at small.distances. 

In.the last time it can' be found a rising interest in the 

extension of asymptotic; scale invariance to conformal invariance 

at small distances. The conformal group includes the Poincare 

group,, dilatations and speci~l _conformal transformations,. leaving 

the light o~ne )( 1= 0 invariant/If/ •. 

In~particular .some field theories ,w.tth massless .particles 

lead to the. ~onsideration·of conformal invariance/j"~ 
·.In the following we study the _consequences of. conformal. 

invariance. for matrix elements .of _,currents. 
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It is well known that' conformal invariance alone allows 

·the constru_ction of.the complete two- ~d three-poi-~t Green 

functions/ t / . 

G1 (x,,><, }"'"<c[-J.{Xi)i .. (I('~Jio>;; ~z..( 
('>(.-x2) 

.l.;;:; .l .. = J. 

(.1.1) 

c:t'3 r~.,x,tx'l)'" <cf'{'tf"'<).ftf...-. )-f'l(>cJJio> (l.
2

) c 

- C'tx )-2d~1(,._ .,' )-2tf4:.( )-1<{z3 
-, ('(->cl.. "1•"'1 K'l-><3 , 

2 .( ~2 : cl I + ,( 2 - .. ~t J . . , . ·.. ' . 
2 ,{,.

3 
_, c(

1 
t .{3 - d<l 2 d2:s_ == c{ 2 t<(J-. eli 

where di are the dimensions· of th·e fields ..f; (x) , ( ~d C' 
are arbitrary constants~ 

In a. series of papers/~ !1 I a thec!retical scheme for. the 

evaluation of higher Gr~en functions has been given. We remark 

however, that. even if this constructive programm could· be c·arried 

out, there remains a gap _between the idealized conf~iina.i invariant 

theory and the description of· real physical P;'Ooesses.· ·The 

difficulty consists in the 0 l~ck o'f redticUon :forniaiisni ·oorinect'ing 

then-point Green functions of confonnal.inva~iant.theories 

w1 th physical matrix elements. ThiS come·s out in ·the· following-

way. Assume 

1. conformal invariance including an invariant··nondege'~erate 

vacuum state 1 

2 •. existence of a complete· s·et of asymptotic states with::· 

positive definite norms.· 

Then the vacuum expectation value of the ma.s~less field -!{x) 

and its Heisenberg current jcx);. 0 -f(J<) ·vanishes; i.e:">. 

.('ol-iC,..)jl:,)lr>)=-Obecause <Jf J.j .:=- cl.rf2tJf• Theref~~e the -~~a­
point :function of ~'") also vanishes: ·<ol1t~Jil'::))/O).=O 
and consequently -icx)f o> =0 .A~plyiDg well-known theorems I 3 r. 

4 

. .1 

: ···tl 
il 

:,.,1 

:.I 

,:.:·.: j' 

.. 

--~ I 
! 

I 
-~· .:j 

',, ' i 
.. , 

• I 

.t \, 

!· 

I 
t 
1 
I 
I 

J 
.t 
•1 
J 

'! 

we conclude· -j.(x)~O , so, that the usual re(].uction.integra1s, 

become trivial. In other words:. }!:ith~r there are ,no particle , 

states or. we have a :free :field. theory, .if conformal .invariance ;, 

holds exactly.· "'t---

Obviously. conformal symmetry is strongly broken and. should ·. 
. . . . ' 4} • . ' 

be considered as an_ asymptotic symmetry. of~iriteractions at short. 

distanoes/!{/1/ • 

One may try to circumvent the above mentioned.difficulties 
•, ~~' ' '~:-:- .. :. ~ ~. 

by taking,into account the possibility of spontaneous breaking 

of conformal symmetry connected with the appearance of degenerate 

vacuum st~tes/10,1f/, . , 

On the other hand~it is interesting to study the consequences 

if we impose conformal invariance_ for p~ticular quantiti.es o!lly, 

which are of direct physical ~nterest, e.g.Jon~-particle matrix 

elements of electromagnetic currents. BY neglecting the conditions 

of .conformal sYmmetry for the remaining parts o:f the theory 
,_. . ·.·.-.· -· . ,.-- ··. ' 

( leptons .and photons). one .introd~~es some sort of symmetry 

br~~i~g fr~m the be~nning/1f/, 
,In ,the following we. consider confonnal invariance of matrix 

\. \.;; - . ~ . -- -··--~: ': 

elements of. currents taken between spinless zero mass one-pa.rtic-

1~ st~tes. we apply the usual transform~~ion ].aw~ fo_r ~he currents 
,: ', c ' • • • • • ' • oc .; ' • ; • ' 

under infinitesimal conformal transformations. Furthermore 

we a:ssume that the massless one-partiolestates belong·toan 

irreducible representation of the ~onformal. groupt/A~/ which 
'f - • • • ' ~ • 

remains irreducible when restricted to the Poincare group. 

.In this manner we arrive at a system of linear df:fferential 

equations o:f, second order which. expresses the consequenc.es. of 
' -· . - . . - . 

strict conformal invarianoe. The class of allowed solutions 

.f) In thi~ connection i't is inter~ sting to compare· the anoroach/-12/ 
to asymototic dilatation invariance based on the renormalization 
group/.{3/. 
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is strongly restricted by-the conditions. of polynomial bounded­

ness, causality and spectrality. We get·regular·as well as 

nonregular solutions (logarithmic behaviour f~r )(2...,.o and t~o), 

Similar equations have been considered /17-/ for scattering 

amplitudes on the basis of low energy theorems for the gravita­

tional field and the conservation of conformal currents. 

~L_ans!2!;maticn Prope!:ll2.!!..2LStates and Fields · 

In this section. we derive the differential equations, which 

express the conformal invariance of the one-particle·matrix 

elements of the current product. We remember that the conformal 

group containing the following transformations 

a. inhomogeneous Lorentz transformation 
I 

b. dilatations Xr -= .. \><r-
. I I . l •j-1 ') c. special conformal transformations )(,. .. ,-1-?C•+c • ly.-crx . 

may also be characterized as the maximal symmetry group leaving 

the light cone invariant ( in some sense). 

The generators of the infinitesimal transfo;_.mations P,. 1 Mr" 
C Poincare group), D ( dilatations) and'· /(r (special conformal 

t~ansformations) fulfill the following-- commutati~n relationsfl-,.14 

[ P,. ,[1v.J "' 1 { df'/ P.,. -'Jr.\ P") , · . , ,. 

[ M~" 1JA.\S'J =A (~vf Hr.1'""~ Mr.f - ~rf Mv., +~r .l Mv.f) 

[D~Pr] .... -~p,._ , [D,Kr]"'"-t.kr I 

IKr,P"];,.li(4rvDtMrvJ, [~ .. ,Mv,,}=-{'f;rvk,-f)f''~}, 

[b,M,,J~o 
1 

.[kr,l<,.]; t) . -(2-,1) 
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Because of 

~ "- .o·p 1 -1o( D · 2<>< p ~ · 
.e .12 ' _-:: .c (2.2) 

the spectrum of the mass operator· P 2 
either consists of one 

isolated point P~=O. or- covers the real positive axis. Here we 

consider the irreducible representation of the conformal group 

with P2 , 0 and spin S., 0 obtained by an extension of the 

corresponding representation of the Poincare 'group • 
. t~sr 

Following Mack and Todorov this representation is constructed 

with the help of a set' of creation and destruction operators 

acting on a conformal imrariant vacuum. I o> 

rp > .:: Cl. T ( r) I 0 > I • fc 7 t'j?J I 

'f ;• 

r -) , "~' -~-,I 
LM r J I ~ c F' 'J.J --=- z/f/1 r(t-P'J (2.J) 

and satisfying specific commutation relations with the p,enerators 

6 of the group 

l at ( r) I G] : 0 G (;11 v> lct: ( f'J 
. ~ ~.- .. ·. :) 

[~cpl,Gl-= 06 _Cr~'Vi'ra.(rJ. (2.4) 
. _Jf. ', 

Here the differential operator~ 06; ~ cor~esponding to 
~ .· ' 

G ~ Pr/tr"
1 

D, Kr are defined by 

± P,. .. 
.M;" 

,.1,( 

D: 

1 k;. 
± kt>. 

i'r:: (lrl .· t J 
. 1 f r; v" -r"' v .. J 
~fFt V;. ' . ; "'..,. 
,{ { -1 f p v ) 
-Pi ~f- 2(~ T rVJ'v;' 
-/PI A, • 
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The upper or lower sign corresponds to 06 or 0 6 , respect1.~ 
. ~ ) 

vely(VK = .<JrK • 

In this way we obtain the action of the generators on the state 

vectors 

G I r) = Or; Ct /'V ) I p > (2.6) 

For the investigati.on of matrix elements .of currents or fields·· 

we need their commutation relations with group generators. Let be 

)(~(x) a field transforming according to a representation of the 

Poincare group, characterized by some Dlj~.d z) of SL(2,C):. 

[ Xrl"'), Pr] = -1. ?r . .Y'c (x) 
1 

(2.7) 

[Xd"-J~Mrvl"" {.-iSn·(><r'Uv-l(v')~J+(~rv)u;' f~,.(.lC) 1 
. ' 

where L r" . are the generators in the D(jl . j t ) representa-

tion,e.g. ,d:,..v==O for the scalar case, {"'2rv)~Jo.J -it:Jr•''.J"V!·~~rJ4vJ 
in the vector case. As ustui.l /1/ we take the commutation relati­

ons between field and the g7nerators as 

['>if"('><)
1 
D]~ --t·("ii"><vtv)·'le-f~) . (2.8) 

I / 
[ )(.-; Kr J "' - ~ /{2d'Yr-t (~<"r'<v&-~ -)(l'Cr)J'H' -1- (,· "k v(Lr ),,.) x.ttJ, 

corresponding to the choic~ Xr = 0 / 4S/. ·Here d is the di.mension 

of the field. For the above introduced massless fields which 

allow a particle 1.nterpretation in the sense of .the second : 

quantization d is oonneot_ed with the spin of the field by the 

relation d ~ -h ~,e. g., ol ~1 for scalar bosons and_ d =-~ 

for fermions. If we write the commutation relatioM eq. { Z.~) 

1.n the form . 

[X'(•d, G] ·~ OG (x, r:>x) X()() (2.9) 
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the consequences of conformal 1.nvariance of. the matrix elements 

<rl)(('<"l )((oa>l~> are expressed by a set ot parti.al di.fferential 
''!c..~-

equati.ons 

[~(f:ll~)+ O&{'(~Vr) tOr,(", ?,..J·t_Ofi(~/J~ )]).~ 

<PI :((>c) >((d) I(> 0 (2.10). 

where G Pr M~vi D 1 ~;.. 

J. Solutions of t~!!!ll:~llal~~ for the Matri~ 

Elements of Curr.ents 

Here we will study the consequences of dilatation and 

conformal invari.ance for matrix elements of products of two local 

scalar or vector currents. 

~~ Currents 

Let us begi.n with matri.x element ~f scalar currents between 

massless one-particle states 
; 

{t-<t Pt't) ~< f I j(x) j{.o >I'(;. (J .1) . 

which sati.sfies 

)(" . - i>c"(p-.:p . ..:. 
-{ { '<.' Pr c{ ) = .R </.{-:'<I 't J) . (J.2) 

for hermitean currents• 

. Though we are interested particularly in the forward case, 

the equati.ons must be solved 1.n the general case f 't 1 to 

1.noorpor~te-all.a;a1.lable information. 

From eq. {1.10} we get 
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. l '2 cl + "< v dv 

for G = J) I 

• ~' ~ 
:.• 

(-1'; p)V; )-'(-'! +~~~; )J_.((x1 f1't)~ D . (J.J) 
~.-. 

-\ 

-> ; 
[2 c{ )(; +2 ><; >< "~\ - '< ~ d; · -t 1 {Pi .d,·t2 tvr Vpi-+ 2 Vp;) 

for 

-:.t (eli ..dy :t2i~~V't;. ~2 Vee; )]4{-,..,f>/t-) .= D (3 •4) 

G:: l<'i' 
I 

and 

[ 1 IF!4,- .< fi;:.I.A\ -t.Z~><I) -t2)(. kvd~~-~<.~~]4 = 0 (J.5) 

for G ~ ko. .. . ... ... 

Remark that ~-:"' )p>j . and ~f 6 = frt>l which must be taken. into 

account. 

The dimension d of the current remains arbitrary_ in this 

connection. '· 

Because of Lorentz invarianoe and .the normalization( Z. '3) 
the function { (x- ( p, ~) depends on inv~iant. variables only which 

we choose as . >( l. and the dimerisi~nles~- combinations 

"2-1=- ><(r~v ' .. lz & ><:(p-y>·t u,,. x.l(frJ 

It is oonveclent to use.the ansatz 
, : A-cf -<·?.~ J. 

4(x,p,'() ... (-)..7_;1(,F) -e._ 'fl"E,~,t.,tt..J) 

which so~ves the equation of dilatation invarian:o~e~. 3) ., 

The function ¢ is not determined ·by: ~~latlo~ invarianoe. 

From general principles we know the fo~lowing properties 
~:: ,; 

q/'(•1 ;-e., t.5) = ¢t- Z1 ,"Z,1tv) ( hermitioity of current) 

10 ··' 
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and 

(1) cf(!,,11,1N} is an entire f~chon of c 1 1 ~ 2 

(2) c/Jcr:,,'l2,"')·..,. ¢r-e~~-e-z, uJ· 

The last properties reflecting the causality of the current will 

be derived in the next section from a Dyson representation off. 

Let us now ·insert the ansatz(3.b) into equations (3. 4- 1 .; ) • 

As result we obtain a set of independent differential equations' 

for ¢ 
-~ 1 /411 -tqn-t- ~ '] -r27,,11_-t'f ~}~ 'twf1:~ -._2?1 / 1--2?:2 ovf;s = 0 

~J?-] [¢t1-+fzzt~f]+zT,"'l/1'l+7r./2 t"Z2,wrn·t2l;>r.v~ 3 -2~.:, ~2 ==- o., 
I • (J,7: 

-c; [¢1< t f1z 1-$ p] t 1-z,11 fo ~nz {2 ·t ??:1 ~ ~ :> t 77,4.- ~:i 
i 2t-.'fs -+2~· 1 /sj:, cvlftr~'~n-r-f /] = D, 

where 

), ?1 
y- 1 -= '3"2t 

0) ;J 
t ~ A ~-- . -::- . , ... 

I 2 - 'iJ"<!:-,_ I S . t4.: 
. ~: 

It is useful to introduce a new set of variabl~s 

. -., ~ 2 2 . 
~~, r2 I '1::3." e-.,-(,- w 

and to ·write fr~, ,"t1,•d"" H (7:1 1-e,, 'f:1) 
the system {3 t) transforms into 

After some al'gebra '· 

- If·/. u 
~ 11 ~ ~12 T ~ li -:- ~t:l 1-l !1- 4/-h ~- ~:s·t1/- ~1.. ~J'.a) 
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• 
'-; 

. lt-1 l-t2 - . ~ 
1-1-IZ.- ~~ +~- ~ ... J 

{J.s) 

-1 · 1-t 2 H -- z. 'l 23-. e3-trz -~1 

The general solution of the last two equations 

~+l. {T.,,f:21-h ) ;;= c (?:.){e./-~/-~] r1 
will be inserted into the first equation in order to determine 

C (cl) ~ <>l '),'., ~ -t- f Cv.,:;;, 
irom the symmetry property 2.. follows f3= 0 so that 

; t-' 
oc ..... !:.L 

~ z.. 
~t"-c7. 7 - ~1 

li2h,,1),"1l)~ 

Therefore we have 
. r~ .·. 

. 1/ ) : ol. J IJ E(' t)·' ')·~ :4. !+(?,l?~J)""'I\.(1.,,?:1+2 C{'f' ?2- i-2l J.2. 
I f 1 .. ;;-

. - -t) 

(J.9) 

The first eq. (s. 8) puts restrictions on the function I< 

1(11 t ~ t(- ~'2]k~3- y t<l:;: 0 (J.lO) 

:1' 
The integral in expr.(3 . .51 ). represents a function with a 

logarithmic singularity at zc.;; = ~/-t-,2-~3 · = o, . 
.... i.e • 

·roa '>i ... ~ i. f cH ~(~2-~ > 1 -e 
- <2) ' 1?1-tl 4J"-'() 2-'2 

·1>'• ');..., b 

' (J.9') ~~£,) ·"-... 

12' 

\ 

.:...-: 

·~ 
·\ 
,. 
l 

• ! 
I 

IJ 

\ 

i 

t I 

l 
-~~ 

. j 
' : .. J 

That means, all solutions with c<::f"O. are singular in the limit 

of forward direction p=~1 ~:0. Let us turn to the solution of 

eq •. (3. -to) for K. Applying the method of separation ~t: variables 

K ("i,,t., J., X(~.) pf't3 J we obtain ordinary second order differen­

tial equations for xt~1) and { {'lJ) •. 

~"·t (~+r) x-= o 
·II . I f 

~3' 'l + 7 't -~ 7 = 0 
I '(:3.11) 

'1 is the oonstant of separation. 

The solutions with the properties (1) and (2) are 

xr~, J:: 0::) -e.;r r'T T 

(te3).:: -3o{V'(e;)' 

(J;l2) 
. I 

As it will be shown later, the conditions of polynomial 

bouridedness, spectrality and causality restrict t to the· 

value ¥ =- 0 • In terms of generalized functions the regular 

solutions for the matrix element of current products can be 

written {ct.== D) 
-:~: 

-{t"t f',~ )-=- (- )( 1 - i~r;Jtf-J ~. t x(;i:.j 
. >< ' (J.IJ) 

>c sdfb(f) ~'><(f"Jl\~ IJo[\' Y(~lf'< t{K) -l{frk], 

where c;(({:) is 1ocalized at the point r ~ 0 
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.C>C> 

G"(~) ~ I a.k sc .. 'rtJ :().14) 
1<-"0 

As examples we give two special solutions : 

1. G""~ Sq .. ) 

, • A-cl" .J.. l<.{p...:,;t } 
(~/j{~J j(o)/<r)~ (->(?-iK.t) .e 2 

. ~~_) (3.15) 
2 

2. <> ~ ['(a') 

. <'p/j{-' )J{o)/'{) ~r- >.. 1 -i .. .t/-'{-e 1 X(f'"i ).><- (J~l6) 

. " r(~ ~((pKX~l(J-i{Pt)x~)-t x(p•'() '?;"' l<-(~t-<t)]. 
The first example may be understood for J"" 2 as a. Born term 

oorrespo~ding to the a~s~tz (see F'L!i . f) . 

. . z 
1(><} .= t -f (x)~ 

I 
cl f :;... :1. 

For d = J, however, the matrix element· corresponds to the 

diagram of F1g.2, or equivalently 

d("'}~ : ..j'3()(}: 
I 

ds=.--r.· 

~ r 
Fig.l Fi&e2 

14 

r .,. 

! 

l 

-· 

It should be remarked that thespeotrality condition restricts 

the solutions very strongly. For instance; the regular solution 

K c-e, ~3 )-= 
I . 

. ~r 
fJt,. 2 IV 

r-v . 
I 

2 v =- c1 -"l 3 

satisfying the conditions (1) and (2) violates the spectrality 

condition. This follows from a comparison with the Dyson represen­

tation (see the next section). 

Let us look for another form of the singular solution, which 

clearly exhibits its spectral properties. We know that there 

exists such a solution depending on ~2.. and W only. Therefore. 

with·~= ftr21W)the system (3.1-) becomes 

('3 .-1'1) ¢n t f ¢ -t 2 £ ~2-~-D ¢~/3 
?-;(1:1.., ~ {) T 2 f~ =f- 2 i:: t~i? 

Using the Fourier transform 

~ J tr~z. _. 'f'{t;z,~.-,)-= dr -12 · ~(L<J,f') 

the first equation ('3 17-) is equivai.ent to 
~ ~ -~ 

~ z,l ,f 
__. + -
'C<.:.~ '-.; 

?.l+ 
?~<.: 

. l 

~··;; !<.j =-. 0 

with the solution 

cg(~",r)= kc{~-1W(4-r•/) ·r-rr) 

.;:,. [I ( . 

0 (J.l7) 

..,: 

This is ~ompatible with the seoond.equation if lfft)_·" ()(~-r~J. · · 
Therefore we have tt - J. j._rc ¢t7,,'--·J-=- tfr. .e 2 ~ K.,{~-1(;;(-~-r·J) 

- f 

(J.lB) 
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~ ·~~ ... 

... 

This· represents an analytic. function in the variable to 

with·a· cut along the real axis • .At 4.? -""0 it has a logarithmic 

singularity 

r}-c~.,w) fw .... o "-', 
-1 . ~-
-") .... ~ 
-~~ z ~(-w) 

In section 4 it will be shown,that this solution fulfils 

the conditions fxom causality and spectrality, independent of 

the dimension d. 

b. Vector Currents 

More important is the investigation of matrix elements of 

conserved vector currents, e.g. the electromagnetic current 

I .. _ • • --:-

~~ rr-r >< ,.,<', f', r J .; < r 11 r (>< J-J -~ r K, J I i > (J.l9). 

' Let us begin with a kinematic~ de_oomposition of M r-r' 
which takes into account current conservation as well as cantor­

mal transformation properties: 

tvF•r(,?~ r,cr J,. dv r;;, {j;r(.:,"' JC"{>(,~'J-L vrt~, >r'J L";,ll(,-~:' J]Mlx,>r(r,ct J/ 

t {S/CJ-?(iv)( SC.' 0'-.a't';J~,Ji Lvv{\ )( 1) /1dry/(~fi?)J 
. (J.20) with "I" v a ~ ~ 'd & t<V 

This decomposition has been derived in 

bllooal tensor 

16 

/·U/ by looking for a 

-· 

~ 

·,j 

clol'r)(~-><~J;:: )"' 'd'_~·~t-c:-'>t'Jt (J.21) 

which is form :lnvariant with regard to conformal transformations 
. . ~- . . . 

and allows contractions between tensors at different space-time 

points. 

We are especially interested in the transformation properties 
. Q/.w.l . . 

'of L (x,'< 1) under infinitesimal conformal transformat_lons. Direct 

calculation ~ves 

I r o( [k . { ;-J.l , <' o( '[ • . ,r<} Lf s-' 1 a~ rl)(,' ,s- 2 -'I)Jj•' + ().f' !<'rt)(~e.l;s-"1)Jp (x,J{ 1
):::: 

l <:t.-<.'(><, ><' J / kr {)(',d-1 ,s= o) + k;.. ('<"',A.--~, s-o)} (J .22) 
with ( tomru~ (l..f)) 

lkt{><,cl,-HJ]; ~ _; /(?,L;r-t2·><,.,)( v:v- )(<;rJs; 
+ zx. v ( f1 ~Vf- .)~ 'JnJ ~ ,CJ.2J) 

krlx,,{,s.,.o) =-A.- i l.J.'I<r:-+_2><~ ),- v~v ...:."~?~ f-
Let us shortly write the decomposition (3 .20) 

tv/ rr 'r'K, '< ', p, '1 ) --= 2 c.rr_' M · 
• 1 ' t i~1, 2 ' 

f .,_-· 

It turns out that .for d;..J the action of ,th_e di'ff~rential 

operator okr(lcf?~) on the b1local operator is 'especially simplE! 

. -

{ 
I ,7~ (' I . ;T«'J . ppi' s;. [ kr (><, d= J, s :f)Js + 0; kr{ x~cl =J, S::: 1 h !' Ct· (J<~ )(I) = 

= (·«.t(.;;.,_xt) / kr (><, d =- o, s""r)-+ k, ()( ~ d &or .s~ o) } -.. (J.24) 
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The ch_oice d=J ·is quite natural because this is just- the 

d~ension:of a conserved vector current. This allows the evalua~ 

_ti~n- of .the eq~tions (2 .'10 )for the matrix elements of conserved 

currents in the form 

L O"r(~v,.) i- oK,.(f~ ~'i} t- OKr(><,)IC) + ok't (x: ;;l<.)]f.19t, :;p,~)== 
·- t }g~ J ;

0

; [ O~</BvtJ ~oKrfir~JJ-d;,'[krrl()~3,s .. 1J]ro{ .. 

b "I 0 ,(o('J 0 P.P' 0 

T- J L k,... ()(~d: >,OS~-t )j!,. (0 Mi(x,< f',1 ) .. 

't C{"'("'t"'J{Otyft:v)+()Kr(f~Vr)+ (J.25)-

. + ~.{'oC,.t ~c·, s,,. o' J + kr (">< 1
1 cl=-o 

1 
~ .. o)} M ;{><, "'~f'r ~) =- 0, 

C 
'>lo<' 0 -

The linear ind_ependence of the kinematical tensoors j ('<( "'1 ) 

leads ~o our previo~s equations for the scalar functions _M (. 
where. the parameter d is now fixed to the value zer~.- In a 

similar way we.write the equation of ~1latation invariance as 

[ 00 /p;Vr) + Or/¥~ 'V., > + CJ)(~. d~ )+ ()/)_(~; ;JA~)] f\'Ji'P ("',~<; f, ~)~ 

= ~- toD (r~ 'iJ" }+err~~ ) :-+ Dfx, J,. ~)+ .Df>c~cf,._1 Jjc/~' Mo,: CJ~.26? 
.P.P' 0 - • 0 -::: .f (_i _(x,~' J Jo.Dtr~~r)+Orf;·YrJ~D( .. ,bo)+D{I(";J~o)iM;=D,.~-

~he~e .j)(~.c,c{).- --<-(cl+;vJd: · · -
.Again the s~_alar functions M; han to fulf'Ul· the familiar 

eq. (3. '3) with cL=-0 
·. ~ -
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Therefore the conformal invarianfmatrix elements of 

conserved vector currents· can be reconstructed from the lll.ready 

--~nown expre;sions(3)3-, -t8) fo'r the matrix elements- o( scalar 
J 

currents. 

!:_fi!!~lli!l!!...!!:2!!L£~~:tt:r and s~~~ 
...._, 

Iri o~der to study ~he restrictions from causality and 

spectrality we shall at first estabiish a Dyson repres~ntation 
. 1 . 

for matrix elements, of the product of _two· currents and after-

wards investigate its general c~nsequences. 

For an illustration-we consider at the beginning the diago~ . 

~ case. Taking into account causali~y and spectrality the . ' ..... ~ 

matrix element of the current commutator between massless state-s 

can lie represented by a. DJL repr~~e_n~at1cnj1 & i . 
F(>eif') ;,<{p/ [tl>el,itoJ]}f.> (4.1) 

with 

• • • ~- t:),4 • . 

= :?~ ]4:< .e i<£(f") Jei.t2 ·y.r-t~\l)D(x,.\') 
-1.0 ' . \ 0 -~ 0. : • - j 

D {~,~,,-.) ... -f-~i.JJ j 4r urj:,f fy1-;~~ z>.e "·~><. 
If-the matrix element is dilatati~n invariant 

,..._ . - z.e ,..._ 
f: ( x' rJ-=- t F ( t >( , t - 1 f) 

-.; 

(4.2) 

the -spectral function is. 'a homogeneous· g~neraiized fimction ·: 

~~ orde~ :(_.;-l with re~~c~·to-~h~ ~ariabi~ ~\'l.. . .. 
. . "'"' 

rv-r~,t.\.2.) ~ t-e-z J-fai,_~,-1) / t >a· (4.J) 

19 
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This leads immediately to 

with izo { 

?f {.x ,~\~ ), :: "fc {,() -::/p{~\ 2} 

F{~, f) = ~ C(px)G{pxJ/._f (><z) (4.4) 

I ~ rep> 
. 4P+-~u > r fl.:. D 

~(rdt) .- fl>o 
·(4.5) 

From the OJL representation follows~ that the function 

i"-1 • . 

-1 r ~.;;((rl<) 
GCr~>"" 2 i;: Jdot~ . ftc(rX.) (4;6) 

-1 

is an entire even function of fl( , if ~ (<:J.) has been 

chosen even. 

In general however, we·must consider the non-diagonal 

matrix element of the commutator 

'Frxl P,.J J = <'p/[ ir~ J, ir-~Jl/r> 

= M{xi P,J) - M(-x, 1\A) , (4.7) 

where 

Mtx/l?J) ~ <pi a'r~ l ir-~) J f> 

P= tfr•'f) I A'" r--c,, f 2 =='f 2 .:-o . (4.8) 

Pz . . 
Because of >o a general DJL-representation can be written down· 

20 
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F ( r. ';ax ,..._ 
_G.,P,.i)~Jclx2· F("<,P,..iJ (4.9) 

=Jiil ,{j_z z{a~~c.:t) $((0.-u)'l_'~~"l) 1t{ui P,.J,,~ 2 ). 

The spectral function can be chosen as an even· ·function with 

respect to· .UG' in e:ny case. Its .support is restricted :by 

! 0 :f ._\
2 

.<- <>0 (4.10) 
(M.,l-\z): - :£>z+M.1';;i2/P.ul, l.u.-.:·1~ R.. · 

., 
Hermiticity of the currents implies the symmetry relation 

'7f ><: ( M I P, A , ,.p ) .:= '1(.LL ( P, - Ll, ._\ ,_). . 

. Let us. int:;-oduoe the positive and negative frequency puts ~f 
representation ( 4-. ~). 

f:"'-± ( Q,P .d)"' pJ~ ,{_~z 8(t( G0-u.))5f~-'~ }2-•P) ~("-.; ~.J .l ~) 
I )l · • • (4,11), 

and their Fourier• transform 

,...._ ·-; . . 

F":tf ... , F: A)~ ~ J elk fd,\ 2 ~ i-L<j)~'(~;~P )}(u, P,J,.t1) . 
Yr ' . 

with . . (4.12) 

l J ·· A- r ; .)( .. . · 
D+ (><:,~~ ., U?•J3 Jclr.e : Q(:!:Cfo)Ftr?_,~2j 

~ ~"-'~ IG(w-lCl!i•.,J.\~) ·-
'h:r~ \(:-:xZii,.,,t ).,P I. 

Our task consists in the' confirmation of a DJL representation 

f~r the matrix elementsM{x,P,A). For this reason we oompar_e .. 

the following .. equation 
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F(C\,P, •. q ;:>: I;(Q,P,...\)- {:""_(G,P,A) 

= f;{Q,:P,AJ-F:(-o,P,.&J (4.1J) 

with the Fourier transform of eq. (4-,f. / 

F{G,£>,.4).~ M{oiP,J)- M(-Q,f>~4)~C4.14) 
Obviously the difference 

·z c c. I P
1
.J J "'" M ( a.. J? ,.4 ) - Ft- r Q I P, A J c 4 .15) 

is an even function with respect to ~~ • The support of i: 
is contained in the region 

(o.+f? r~ o ·at+ P~;? o 
being the common support of ~ and F"-r • Because of the 

just mentioned symmetry it is finally restricted to 

Q ~ + P J ~ 21 Q P/ 
1 

/,Q c I~ Po 

Therefore the Fourier transform l ( x 1 P1 6} is an even 

entire function of Xr • Consequently the matrix element of the 

product of two scalar currents can be represented as 

: . . . . . .f;,r(f-<() J""' ,._..; } 
-4 ("1 r, ~ )-~ .Cp/jt~ lJ to} 11).: R ' z ~("1 ~A 1+1("; ~J J 
"- . (4.'16) 

The function':l does not effeot any one of our conclusions, 

·so we omit it. Moreover it turns out that our solutions oan 

be represente-d by the term "f+ alone. 

·· Because we are interested in dilatation invariant matrix 

22 
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.· 
.elements only; we hav_e-~o·.deai witha restricted. class of 

spectral functions. The simplest type of _such spectral functions 

is 

"f{ ~, ~,J ,-.\ 1 
): {p (,.\~} '(0 {~·, P,~) , (4.17) 

-- ,-"' . 

where ·the homogeneous distribution -/p has already been 

defined in eq. (4-, ~} and 'Y-0 . is a homogeneous function· 

"f t; { f "- 1 fP 
1 
i L\)., i -If. 1fo { "<. 

1 
.P LJ) • 

~ . ·• , , .. , , " I 

Insertion of this spectral function into the DJL representation 

leads to 

{{~,p,y):-
.1 :::- ft-Z . 

1(-.( .L' ~:t f'1) ,.J" . 
c.:l {-x 1-i~<.f) ~ 2 

• 'f(",~A I 
cj. f<l-1)'( .(-t 

(4.18) 

with 

¢r .. l ~A J.: ('~ 1) ftL .... .e 
I L<.>< 

'fv {u., PI.J) (4.19) 

( pz+,."t ~ 2IP~~ I /I.{~ /s; Pc ) 

From this representation it follows at ·~noe that ¢r"', ~.4) 
is an even entire function in the variable ~i; ~. ~ which finally 

leads to the earlier used,properties{-1)i2J. A further investi­

gation of ¢ can be done most appropriately in the Breit system 

-) . 

p ~ 0 , P • .... ..13 = f I Ll 0 ::: 0 
•.; 

The expr'essions for the earlier used invariant variables axe 

~ {.:: 2 r"'~> I ~2.::? fX3 I .. 'r'J .. ·"'· lfr2 x} • 

The spectral function can now be written with the dimensiohless 
·: . -f· ,. . . , ·:.·~ 

variable ft" ~ p L(t; as 

'}& ~ ·y. (.-...,1.(], ;;: tf} = r-'f 1fo(f~~t] ( r .. ) (4.20) 
. ' ~· 
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In this manner the integral (4-.1!1) takes the form· 

¢ {'I( I P, .l ) :: H (7= ,,r: l ( c l ) . (4.21) 

-1 J ( 1 z.. Vt~"E·-f3 c2 'J ( ~-. ~ ~1 ·lro 'f'J ::,~~ e · c r1..l. ~:~)YirJ. 
1r~h~h~tf"l~1 

The. range of integration is shown in Fig.J 

... ro 

f<L 

· Fig,J 

It is now easy to rederive our regular solutions ( 3. 43) 

in the framework .of the Dyson representation, Remember ';;,If-=> o 
~-~2 

and the:r afore 

'lftlr)~ S(r3J /({ro,r-4) 

and 

, s· l -'2 r~i1 ( r::--) . . 
H = k (1,,-e.d., f.. 'lr.dft; .e Jo t'J..~~3 /((ref~) 

(4.22) 
Applying eq.('3.40)for K we get an equation for the spectral 

function: 

( 
'l· 1 ) y' r v - /1. -A 11 r,.. o, r J. J ~ o 

with the solution 

xr,..tt{L J-= ~rr/-r-.~.l--1) c;rr./ 1 

The support condition ( i,e, ,spectrality properties) localizes 

the function b'tr}l to the point r} ~ o : crr1 J= L. ! ... St"''frJ..~J. . 

24 

..··:r:. 

As a resul.t we obtaili' 

. fAt-~ 
k (?.Jf)"" i Hf<.L1 c._..,[~ 1~-ttt/1 ?f { r ~ r=t;) ftr.I) 

2 j 
0 

'. (4.23) 

which oo1noides with the already known solution if we substitute 

~~)-'t 7 f . Let us furthermore discuss t~e automodel behaviour 

of the conformal ;1nv~iant matrix elements in the BJorken region 

'\) .:: z I? Q ·-.) -t oc 
/ 

Q. 2-::> o6 

-') . ~ a 2. -'> a · _, . . _ 
~ .::- - - ' ·n # /~ 1 /-:> =- R ~ 1 ILJ I · r ·'-v Q.l -c z "t'"' • 

For spectral functions of the type ( 'f·A 7-) an application of the 

well known technics/1/ leads to the result 

r=-(a I P,A J ~ r~~~~) s~r: ~t?(~>ttr·- 'r)+I{Yo(rc,fl,fL) 
lt·l~ Jp.>t-~ 1 . (4.24) 

Espeo~Slly for the regular solutions described by the spectral 

function 

~ .= ('~- o(lr{;.\-z) SrrJ)J/t/-r}-~! J zc ... ··t"'rt} J 
-(3·c-cLz · · } :,--,- •·· we .get 

.F~'v ~ .'{{) r--. V p~A f JN_: [.( ~" --> -~~ \o)F-1 
. _l , f, - __ 'IlL fJ. t Hr!- l -

.·• . rlp> u~+ri' .. ·. . , + .. 

where ~f-1 
·'h. ;). 0 • 

(
_., -) 1.7 ~)(J.--t] 7 rl ... l z · · 

- 11tfl-1Hf/-J t <-C .. o /fJ.) (4.25) 

A- v fl~1 ¢f_1rr), . 
. . f·.f-11< fl·t·"'-

appears as a series of terms lj-1- 'f)+ - (-·1- r )+- .] 
./ 
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The nonregular solution (3 .-18} for oonformai, iiiV'ariant 

matrix elements demands the co~sideration of the general form 

of dil~tation invariant spectral functions 

'<lL · I lJ 21<-'f . \'2.) 
r( J.A; P, A ,v. ... f "Yo (f /~-~ ~· . (4.26) 

k := vl- J I . r i = ·p~ • . 
In .this case t}_le matrix element of the product of two scalar 

currents has the representation 

,./'. :1. X(p~) ,..._, 
-{lx1 p,1)~ Q 7 

( -.t"
1

{x,fjA} . (4.27) 

(-xz_;~.F)~--t e: ~)(cr-..,(~, e Hr~-rir2-rJ.R4>.fJ. 
j'r- . -· • Yo (f',W) 

/r.J~Fr" 1 
where 

<>0 

~ { .( 7(,(-l} { (( 
Ft f,tv) -- zr. r . (-x'2l-'J-'z D+('<,~\'lf'fo(f,7) (4.28) 

.:::-- 2 -i-,( 
( 2...-jl 

0 

C()rl-~ JJ, ~ k~(~~) ~of.,£} 
. i:' · . • l-1w{ r 

is an analytical function of tv with singularities donfined to. 

the positive real axis. This carries over to the matrix element 

itself as a nontrivial consequence of the Dyson representation. A 

generalized power behaviour f lf . . :q with respect to c:..\.:Z for 

I(",{ .. 3::>-h.eads to a function ''fJ r,t.;) which does not depend on w 
Turning to the solutions found in the foregoing section, we 

remark that the nonregular so~ution{~~~) can be described in 
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terms of' .the spe otrS;I function 
'"·' 

, <lfc r;<~) = JtroJ Sr g;_ J k~( 1·-~ ~.;f".:r; ,J. (4.29). 

Its support is the section' 

lr-:}1 !S -1 = .. 

I 
rc=r.J . ..'-:- 0 

lying inside ·the. region rulowed by the conditions of causality 

'B.rul spectrB.l1ty ( see·Fig.J). So~e ·i~terpretat:l.on of this solu­

. tion can be obtained by a.zi inspection of its behaviour in;<the 

Bjorken region •. The simple form-of the spectral 'function 

leads to a special fo·nn of ,the Dyson. repres.e11tation ( ~. j} 

F(o.;P1 .A)~ jrl«jc£.\1. rtc..) f((~-~AJ.~d~nr/~\.~·y. 
(.(lj~_, l\l?O • . ' . (4.Jb) 

. >.. . I . . ' ~· ~ /: , . ' .. 

As a conseque,nce of ~h.is expression P(G.,.P,.JJ is ·different 

from zero for -::· 
.. 

I/ 7. ( '( . • " 
r,t, '1-.l)'i' 1< .. "-o(J=. Ll{(t.::.o(l}+.\< ?-:?~ Ll''<, 

• ., 2. '·. • 

·only, where kt ,.:. (C. :t L1t are ,the m~ss:var~bles of the 

current~. '~is means that . there are'':~s;;.m'ptoti~- contr'nutions to 
. ·: . -71 ',._ -. ~ 

,..the.· absorbtive part, i.e. F (a.,P,:A) .pr~vided on~<current !llass 

at le~st ten~s to + 00 • In disti~ctiori fro~ eq.(4.25) the 

as~ptotic behaviour .now reads ·v<l-3,4~ Yt • ·~ 
.. · •.·· ... 

;. :' 

5. Cg,ag!l!§~ 
•"'t" 

:, ·C 

·'::· 

Starting from. the equations of dilatation ·and conformal 
' :- ·,· . 

invariance we have found an infiri:ite set of solutions for. the:· . ~ . -~ ~ 

' . ;: 

matrix elements of local current pr~duc_ts with arbitrary ·dimen-

sions. (real); fUlfilling~.the conditions of :causality arid spectra-

·lity. , '•, 

.·•. 627. 
. . · ~ ,r; i .. ··•: 

; ~-: 
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The regular solutions eqs• ('3.A'3) have the character of 

generalized Born terms for dl ~ 2,J ••• • That means
1
in the 

Bjorken region the scaling func.tion are localized at 'f"' + /f • 

We remark however, that only for particular cases an interpreta­

tion with the help of a power type ansatz / ~j / for the current 

.-i { l() = • ; L -:f(x)] d: 
I 

cf:r~-1 
is possible. No clear physical interpretation for the nonregular 

solution has been found. It should be added, that the most . 

important problem, consisting in a reasonable symmetry breaking 

remains open. In particular, the possibility of a 'spontaneous 

symmetry breaking with degenerate vacuum states has to be taken 

into account. 

Therefore the searchfornontrivial consequences of confor­

mal symmetry which do not contradict the general principles. 

of Quantum Field Theory represents a complicated problem which 

deserves further investigations. 
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~ndix 

· ~n!~~-!~~~!2!:..!!:!!..Al!m~..!!Uh.~f....:She;n, .... ~~ 

Let us apply conformill invariance to the.matrix element 

. ( see Fig.4) 

-·{(~1,~l,t3) :: <p1f:t};j{o)['f> (A.l) 

Fig.4 
-~~1 
0p~ 

Where ?_1-- P1 f /7:: Z"'" f'2 C{ 1 ~3 ~ P1 fz 
In general the mass of the current. 

is different from zero, Analogously 

t f/- = ?/ ~c( ~ ~ 0 . 

(f~-+ f, ~crl= 11-t l. 

to eq. (2 .10 )we get now the 

conditions . 

L OEtfi{iJr)T OtJP: Vp, )-tOrJi~Yy )+OG(~)~)J{= 0 
. (A.2) ' 

G-= D this reads . For 
\ 
' 

Cd_-3 )f- (-c~,f4 -+~lfe~t~~lt=:= 0 (A.J). 

whereas'· the equations (A. 2)'· for G ~ kr ·.take ;the. form 

e_t
1

-{H+ ~-/· ... ('l~ -+l.1113/13 --112 h1-?zJ{t? 

-t ?:t£4.-+{z) i: .21 ( {1- {?.) =o 

?::.} { n -r 1:/ {?J -+ ?.,(7-,-'lll~1 1- n?~ ·{n 

ftz fi1*.{z} -t (5 (.(~~-?,} - 0 (A.4) 
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(A .4) ?-/ 4~1 -t ?/ {n t'21t t1 ~1'~.; 2?{ "f 1 ;:~.){~1 . 
-f ?.2k[1,-{z )-n1 ({1-41). =D. (A.4) 

Let us introduce the variables 

(2 ( = 
~1 

?::. <..:__,:-

and solve eq, (A.J) by the ansatz 

;.? 

2-3 

" . ) tl- 3 -<((?,,2z,?~ ·"" ?3 ~(t-...•t,w,) 

The remaining differential equations for } 

(A.5) 

are 

(;t-~<-,-4i< )[c..·,'Jn-t.~ 2 ]-+{c(-1Jl2i,.,J,'j 2 -Cl-3)~] = Q (A.6) 

(-t-w,,-w2)[w,"J 41 +,-t]+(l-JJ[ztJ1~A-(cl-3Jj]:; 0 

(1-w1 -w~ )[ c..:/~ 1-t+ 4.J? ~ut2tv,tv<Nz+W1,1-t~1tJJ 

t~[-3 ){w,-+wl}[2'-!,~ 1 th_,z~~ {cf-3h]=D. 

In the following we will look for solutions with smooth 

extrapolation off the m~ss shell. Mo~e correctly we'de~and that 

~ (w,1 ~<J< ) together with its partial derivatives ~ ( 
1 

~ •J 
behave continuously at 

~i- w1-l.,;z 
11-1 2 

._51 
--..;>0 

. Then the equations are consistent for d=J only. In this case 

the system (A,7) takes the simple form 

30 
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1 .• (' +C. IN' a of, cJ 1 = b 

£.02. 'j 21 + ~z = C (A.7) 

w1L<lz. 'J1'2 = 0 

The sctlution is 

. '3(w 1/''z ).::- a. i.tx)0;-+ b /~ w: T- C . (A.a) 

In terms of the Mandelstam variables s,t,u we oan write 

<'RP-zljio)ll> ~ ~4(--'f}-tb·~(~f)ic. (A.9) 

Crossing symmetry may give f't:'ther res~ri?tions for the 

choice of Cl and b Especially complete s,t,u crossing 

symmetry demands a.=b'"'o and ~he matrix element reduces 

to a constant, which can be interpreted as the lowest order term 
J><f . of a . J theory. This is in accordance with the conclusions 

reached by Gross and Wess /1f/. In general,however,we get in 

opposite to f.4f-{ strong restriction be~ond that. coming from. 

dilatation invariance alone. 

< 
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