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1. Introduction 

Recently a.number o~ papers have appeared l-
6 

devoted to 

description of the low-energy pion-pion scattering within quantum 
'. field theory with the ohiral invariant Lagrangian. In these works 

the oorreotions to the so-called •tree•-di~gram approximation 

have been calculated allowing for a contribution from one-loop 
. . -

diagrams to the pion soatterins amplitude. Since here thenonrenor

malizable field theory is considered indefinite constants arising, 

in calculating the expression corresponding to pion loops cannot 

be removed by renormalization of the finite n~ber of physical 
. 7-8 

quantities. The use, however, of superpropagator (SP) method . 

allows one to fix these .constants and obtain unique expression 

for scattering amplitudes. 

The first rather interesting results in this branch have 

been·aohieved q, Lehmann l-4 • However, Lehmann used a oalou-
\ 

lation method for superpropagator nonoovariant with respect to 

the group SU(2) x SU(2) and his final r~sults depended on a ohoi

oe of-ohiral Lagrangian. The covariant calculation method for 

superpropagator has been proposed in papers ~Y HonerKamp and 

Boker lO,ll • It consists in oonstruoting such a perturbation theo

ry whioh would take account of all possible contractions of dia

grams., with an arbitrary number of vertices and internal-lines,in

to diagrams with fixed number of vertioes.This contraction is achi

eved due to transferring two derivatives at vertices into one .pro

pagator and reducing them •to & ·• functions. The calculation methods 

approaching the covariant perturbation theory 
10 

· in the 

3 



"tree"-graph: approximation hav:e been developed even ·earlier 

in works by D.V.Volkov 12 x 

In a paper by one of the authors (V.P.) 14 the chiral-inva

riant Lagrangian has been reduced to such a form which makes 
. . 

it possible to reproduce the Honerkamp covariant perturbation 

theory by using the conventional one. It is also shown in this 
··. 14 

paper tha~ the. use of the SP method leads in fact to normal. 

ordering of this form of chiral Lagrangian. 
. . 

One of the main results of Lehmann works was to elucidate 

the large effect of pion-nucleon interactions on the behaviour of 

low-energy p-ion-scattering phase shifts. Then :ln our work· 1 5 a~d 

in the paper ·6 there has been found an essential. influence of other . . . 

terms of baryon octet' on the form factor behaviour. as well as on 

that of the low-energy pion-scattering phase shifts. At the-same 

time the interaction with ka9ns in .this energy range ( up to 
. 6 . 

700-800 MeV is not essential ( see ref. ). In the papers by 

Lehmann, Ecker and Honerkamp l-6 - pions were considered to be 

massless particles. As_ all· these papers are studying the low-energy 

region of pion scattering,then it is rather important to take_ into 

account _the pion finite ma'ss, in particular in the dom~in of two

pion production. It seems therefore of interest to us to reproduce 

all these calculations allowing for the p'ion mass finitene_ss,· in 

the same way as made in ref •15 making use of the calculation pro.

cedure for the massive superpropagator given in paper 8 • :_This 

will permit us to get expressions for the pion-scattering 

xA cova-riant perturbation theory, distinct from that of 
was proposed also in paper of Faddeev and Slavnov lJ 

4 

phases 

refs.l0-11 

-~ 

tj 
l 
\ 

'I 
I 
I 

j 
! 

I 

1 
I, 
L 

I 
:I 

') 
y 
l 

J ~ 
\ 

! 
.I 
,, 
!: 
:i 

/. 

with more correct behaviour in·the thresh~ld region. 

Furthermore, our fozmulas enable the pion scattering lengths 

to be calcUlated directly. rn·the second section an expression 

for the ':Jj 11 scattering amplitude is obtained. -This expression 

generalizes the Lehmann formula for the massle.:;s pions l-4 into 

the case of massive pions. The Lehmann formula contains two inde

finite parameters which could be fixed by. using- the SP method 

in calculating the pion loops. Our fo~ula includes four indefinite 

parameters ~hich will also _be abl~ to be fixed, if we will employ 

the SP technique in calculating the pion loops; and when calcula

ting the baryon locps we shall require that in the limit m;O 

· our formulas coi~cide with those derived in works l-u 
·In the third section a contributi-on. to 'the '1/Ji scattering 

amplitude from the pion loops is computed. The use of the SP 

method is made both in covariant and non-cova;iant form • 

In _the fourth section a contributio~ to the :r''J(' scattering 

amplitude from the bar_yon loops is discussed. Here we make use or 

the results f~u~d i~--;~efs. 3,6 • Finally, :in -the fifth s~cti;n 
phase-shift analysis is performed for scattering .amplitude and 

:~ . . ,.' 

the low-energy p'ion-scattering lengths and ·phase shifts are obtai-:-

ned. -It is shown how- an interaction of pions with baryons ·o:r 

with nucl~ons only influences the behaviour or different scattering 

phases and how the phase behaviour depends ~pon·the calculat'ion 

method of the "f. r. interaction only ( in 'the covaria~t or non

covariant with respect to SU{2) X SU(2) way ) • 
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2 •. Pion-scattering amplitude 

In _the g~neral case a Lagrangian of'- the chiral type_ has the 

form 

L (x) = Lr (x} + L fxj , 
(2.1) 

Vchere L'- is the part of the Lagrangian responsible for- the 

interaction of pions.with·nucleons (or baryons, see sect.4), and 

. .i'.,'(x) = f 9,'j M ~w··~ifi.- ';
2
<JJ(i?( 

A con~ret~ .form of the. func.tions 9,
1 

(1i) · and 

(2.2) 

Y'(~;/ is defined 
.. -. 

by a choice of one or another coordinate system in the pion iso-
. · . .. 16 

topic space •. In particular, fo~ Gursey coordinates we have 

~'j fr:J = f{xj $.- - [ :f{1r.:.~ -1j ~~ . i.f(i":J = ;:1 ·; . c2. J> 
. . . J 7i . '· 

j (i!<) = {-8·~' ~} t fqMir 2
" j c =It: 

~·· . ~ 
/ {: 92 MeV • 

For tn/: 0 ·the chiral irivariance of the Lagrangian (2.1) is 

violated.· 

The ~;.c scattering amplitode is written in ·the following form 

<.~A}+ /ttP, r?z -P, ·f) ft1(J,~u I J .. J .. + !{t,1,u)£.·. { · +A (u, t,.!}.f. . J. .. ] = 
- Lj . '/ t,t..t 'Jt~ t,C, 'J~t ·. 'I'S> t.J'L 

(2.4) 

":::_ rrrrr; [dt • ...£_]srr)'-<t>f~n f')<•P. -XsiJ -x.,,~)j 
)})} l:-"1 J!i,_ (x.) . • 

~ ·- . .. - ' ' 
wher.~ 

(!; 
:1 (..- ,/. 

s- +n) . t"' P.-~J 
'' I ' 3 I 

2 u = /''l-/t} ) 

,f(x-) = .J~ ~) + .f~(r} .,. J~ (•} + of{~) (2.5) 

6 

1 

.S: (11) is the functionai ~-matrix in Born approximation, 

.S:.M fa (r) those in the %_.1 
. .. and approximation of pion and 

baryon loop diagrams, respectively. _ 

·Passing to the dimensionless-variables 

J:- 't~z i ({= s_!_u} . ·; f{:m } 2 
2. «o = 3 270/f _ = 103 (2.6) 

and making use of an arbitrary regularization we get the follow:ing 

experession for massive-pion scattering amplitude 

Jf(~~p) =:Ji.d 13s--ll+ i/:t-f.-)~(EO(/.Jf-1 172 r 2.Ec~/fl(s;~:i7).' 32x - Z ot• ) '' J' [3 .• •C" '/j · · · (2.7) 

Here· 
f7 (S: i, u) = -RRJ'(Jj(3:J -.t/'-.l(o/{3/il·.t){U -l) r.ld' -1]- . 

(2.8) 

-J(i}£3(l~J)tl._ii)dl-J] +:1/IJ+O(l~tc,;') r CJ< .,.J) 

' 
and 

{ 

.1 v f..:A -r .e, _!2_ ]~ 2'(" f~ -

J()(): 4-; In J•~ .. y:z(1.- tf.,J~ 
~ · Y-i i x< o 

; X>J. 
(2.9) 

Our further task is to determine four il,definite parametez:s 

A,B,C and D of the expression obtained. We will_b~ abl~ to fix them 

using, on the one lian_d, the SP method for calculating the pion 

loop contribution . a~d ·requiring, on the other hand, that·_ in the 

limit m==O our expression be th~ same as the well known expres~ion 

found by Lehmann J .'rhe latter requirement· allows us, in particular, 

to employ the· expressiona found in ref's. J,6. f~r the __ contribution to 

the 7tr. scattering amplitude rrom the nucleon or all baryon 

loops in the ~f approximation~ ,. 

J. Pion-loop contribution 

In order to employ the· SP method-for finding the parameters 

Ar . s" I Cr and D. we should consider the' whole set of 

two-vertex diagrams·with pion loops where to every vertex two 
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}. 

' ( 

~~ . 

·, 

external pion fields are joined (Fig.l). The correspond~ng 

matrix ele~ent ~(,;-) in the conventional "naiv:e". perturbation 
. ·-! 

·~theory iff of the form · __ . ;z 

.fx. (,.-)=-f. (o/7;:~ {: jd"x L~)(srlr):} / o) ~ 
,.• 

(J.l) 
· ... 

where ./
11'(flf-) means that ·the, Lag;an~ian //n-r;lxF is decompo-

sed into the exterrial asymptotlcal field :T(K) and in (J.l) the 

second' order Of this expansion, is taken·; /(K) iS the inter-
• < < < * < < • < 

nal quantum field over which T -ordering is made. The final results 

achieved here will depend on the form of chiral_Lagra~gian, even 

in the limit 1'11=0 • The covariant calculation method of (J:l) 

· proposed by Honerkamp 5 ' 10 ,ll and extended' to the 'Lagrangian 

-formalism in paper 14 , corresponds to dicriminating 
•,. -. 

all two-vertex diagrams_from those with an.arbitrary set of 

vertices ( see Introduction) and consists in replacing the Lag-
. ru · ' · · w · ·· 

rangian J. (10/r) in (J .1) by the one '.fco.- ('!i'/r) found by using the 
. . . ~· 

procedure of uil'ferentiation covariant with respect to the group 

SU(2) X su(2) (see-Appendix and ref. 14 ). · 

The 'results obtained by the covariant method are independent 

of a choice of pion co~rdinate·s·' in the limit m = o · ". The output 

shape .3f ,·the Lagrangian ~;;~(x-Jr) wili be alliiost the. same ~il that 

found by using Gursey'· coordin~tes, 
-:!~}JrlrF=L1 {i'/r) :.r LEfr/r)- ';z ¢t

2
)(1i/r), 

(J.2).~ 

dr (.,.-Jr) ~ 2~2 (Tia;..,.-t_y;tfl.~~r'ft.r 11}(r2), 
-. . .-; ~ :_- ,. ,._ . 

Lx (ilrJ = 2~2 (ali" ~r ';trqr1-rzsat)f(r,lJ, 
"" 

o,~J> 

" (3;4) 

. co -:z,. 
qPJ6r/r).;; ~ [ ("i.r/ 2 _';?i j!t]'L c;~ (n}r •· 

Fr ~~o 
(J.5) 

.. \. 

'.; 

' ' 

. I 

_/ 

. ·~ 

' ': ~ 

'> 

Here f{r1 is the_ same function as in(2,J), the coefficients 

C, (n} ··are dependent on the choice _of Lagrangian, ( m t;o ) ._. 

For Gursey coordinates this.coefficient, up to the third term of 

the sum, is roughly equal to x 

!2:;.,. (:J. -~~ rn 1) 

C,Jn}:: EJ." (.2n+1}/(2,f-J)// .. / 
Crp (o) = .f-

J <-
< (3.6) < 

All calculations in what follows will be carried out by 

making use of the covariant expansion of L Performing T ,._ 

orderin.g for ~:r,.-J we_ get the_ expression 

.?,. = J'r + lf"il 

,('l_ljJ+d·+r q, ;· 1~..-al/. a~,· '"-li}'~I /,' ~J 
<JJ.r-2 ""' xz· ~ ~'li'l -~ ~"1jl~ 'i~ -~ q,.11 .. -~· ,x,-' 

i Jl[·= Jjti),J~; ~(~?;j"(l;i;/ 6~~-x.J. + {~i;~~iJ/3/fx,-~2/+_ 
' ·. ;'.: 

~~-Jz~z-,ii ) ·/,...,-)Z~Ilt' ) + m ~ (.fj) oJ-(x,-x1 .+- m~t.r,·:t; o1-,x,-x, -
z r:(l). ... ) ~{.;:'., 1- "') l _,Jt] / .ii . . - m L'·"'r,_ tftd +-t~:ii (-,; os_(J(, -~~J 

m 'r (!..;,;)' • (q.(, >;)'] t} (•. ~;; j 
Here T,. q = "}/ " (X.) 

< < ' 

(3. 7) 

(3.8) 

(j.'~) 

I . · "" · c .ln J 
.? .... " (x) =-r~~E (iJ..tJY..JIJ.,IJ~J-!J'(xJ~J.,J.J~;)[~··Ifr,I(J] q(..,J, 

{' .,...... . . . 
(3. 10} 

j[ · "" 2 .2n 1T 
6J : -; {-t ~ ( 4'(J(J) (- i Lt(x} j . G;-f~>) {3.tr) 

-~ .. 

(Z) 

· x .How to compute the function- tp '(rjr) see A-ppendix~ 

; t 
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·~c • 

r .... 

.~ 

-/~ 

·~ .. 

•,, 

~ 

~~-·;; 

.,;,} 

and 'I{ ( x) : .is the prc;>pagat'or of f'ree scalar :fie~d· • ·The 

·coefficients a(..,} · are express~d in terms of· ('f (~o}-' Cp 

see eq. (2.)) ) in the following wayi'· 

Q:r(n):df<(l?)('/(,j· ;·q/= 6;"~·q}n} j jf: ~ Q'.rfh). 
a.. s ' 

. -'l/ = 6;+s R(~t) C,/(.,) . cr/': 2 ;+ 5
R(-.J r./ f.;); 

1! 6 ... +5 . • ? z. .. 'f$' )" • a5 .:: 7 1<(1,) r,Mfir.,;; cr 6 =--s- R(.,; r;,r.,J c-Ff,., ; 

./Z(.,) = (.o.., +.J/(2..,.,.1)1 
3 j C;.{n) == 

(3.12) 

Further, since we are interested only in the one-loop 

approximation, n =· 0 , then in passing to the momentum space in 

(j.lo), and (J.ll} we will employ the massive· form ~:f :free,~pro-
. . 

pagators just :for expressions enclosed in_parentheses. The remain-

ing propagators lliay_be'taken, for the sake of simplicity, in 

the massless :form, as it was made in our papers B,l5 , Then :for 

pion 

.:H"= 

. JJF JT .":::, 

scattering amplitude we get the 
. .b... .). ..- . jj 
JT(s,t,wo::.}t -+Jf, 

final expression 

2 [ (t- -J) j I(i;} -~ (u ~f) i r(~/,)' 

(S-2t>1'')~ ~jj(s) " ; ft-.2~:/~~J r j(11-;o. .. ~'6:PrtT) ~ 

(3.1.3) 

(3t't) 

-r 't.,. "i/(i) r itn~ fz:.!(tJ t~ .l(~J]-1- 'r": 1f.t-2,..?Jd/tr') 

+ 2 ~.I [ (t- 2--:1 itfr} + (C(- ; ... l)l~t·tJ], (3~!>) 

where 

if.L). 
~,.,. .. 

-.r 
/ -~" J dj e if-< .I(K) = '' .,. I 

9-.v6 llt6) 

' ·~. ''; .. -; ·~';. 'H:::·-. 

10 

• 

~-:: 

.. ~ -

'.: ,· 

and 
·r 

~r(~J =- m.z. Q '(c) r)(_ )';:-1' + {1-)()Jf.r/]j 
3 (fr~p,;z _ . . · . ' 
ii . . ' ; . 

-:r q-(4 -
· 6. {x)::: i ~ {-Y(K} r/:.1!]. . 

d (f•F;-)~2 .I 

(3.17) 

Y4 
= -t., f4 .., 

I . 

..!...(4 Q~}.J I -c..,.f } 
i' ~ l?:o • 

I 7 I . .., .; • - . f (-?,. 'f;-(Yj !.-.,; ·,c; c.,. j" . . . 
r; 'V ' ii .. 

r-= . .r.. "" J . . . ;;;-

and C is the Euler constant. Hence :for the parameters 

~r S~ C:· and 4 we obtain · 
I I · · . 

. A. = 6"' ~ E ~ ~ ~ ~ . /J. - 1A 3 Sl' .... .tl" . r;. .. .J < 2J,-!. # 

If' r:<> . 10. '<7-J I .T- f'l-<> r. ~0-·;-" . ,tJ I T /'. r ·_z rJ,l9) 

fl.,:: ~; ~ -\i(' 
m ~ 

qfs"t,~ 

For the noncovariant approach one has 
I I . A;= 13. = 6fi., ..,. 1$- -2.. ~17 C.-=-o ·· .lJ..-,. 

lO I <r 1 ' ' " • 
,••> • 

().20) 

4. Baryon-loop contribution x. 

First of all w~ consider the interaction of pions with 

nucleons-only, following Lehmann 3. Then, to the lowest orders 

·in li-t 

parts: 

.. ;:, 

the pion interaction Lagrangian is splitted into three. 
~·.· 

.. -

X Thls. section is a brief' sketch O:f the re.eults 6:r' ;,yorks ·,J,G ', 
·. 

- 11.: .. 
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C· 

1,.. 

~ .... 

.... , ", 

. .t'. (rl'r') ~ 11N 9* : y;: (x) J;. ~F(-<} Jt (...-} : ' 
(4.1). l ; If. .... - . 

2 . - .. ' ') N.. 'J. ·-. ~i f., (".II -= -..i. . "f:.(K} 'f. (x) ::r (-<} . 
(4.2) - ,i ;;.~ • N 'V 

~ · .. 

. a·"-t) ,-. -~- · ;:_ · 
:fJf:o IV} .o: . .!!..!i._ • Y;, (x}J". i'"" f:r(~) x f. :o-r..../) H'/Aj 

. . ~~ . ~ - (4.3) 

Here ·N,; is the nucleon mass, 3., "' 1,25 is the normalization. 

constant. In the -~~ . approximation to:the T~ scattering 
~ . ·-

amplitude the five one-loop diagrams will contribute ( Fig.~) 

Two of them, b and d, contain the vertices where _the connection 

with derivative or(~) enters. We.are interested only in terms 

with 

of 

~~ 

~2 

since the subsequent"terms of the expansion 

include the small factor ~< • I~ this 

-·-~ 

in powers· 

approxima- · -

tion al~ diagrams provide the finite contribution to ,the-- pion 

scattering amplitude, except fo~ the diagrams b·having two 

vertices with derivatives~ In calculating this diagram an arbitrary 

parameter appears. . 

As the vertices related to ~ cont.ain the small factor?-:-t) 

Lehmann does not consider the di~grams b and d; and other diagrams 

give the finite contribution to the pion scattering amplitude: 

.A~-'(~1,4) 
-.12;;-' 

• 2 •.•. f.( - ~ -l . ..:. ? ) 
"'• T " :JA ..,. s p. -'( .. t: / 

- (4.4) 

In order to allow for the contribution to the amplitude 
. - . 

from other members of baryon octet it is convenient to write 

the int~raction Lagrangian in ·-the i'orm ii1variant with respect 

to SU(3) X SJJ(J) •. Similar calculations· have b!;!en- recently·per-·. 

formed by Ecker and Hone~kamp 6 • Witho~~ ~iscus~ing in deta~l 

.12 

·.' 

., ~· ·~ 

,. 

''·1 
I 

r 

.-.· 

. ' -~ .. 1 

~-:: 

.. 
~· 

their calculations we· only ment.iqn that the part of the .Lagrangian 

responsible fo~ interaction with the derivative ~f -.;C {;;;/i). will 

not now include the small factor (9!- 1. ) in front of.' the 

whole expression, therefore no reason e~ists here, generally 

speaking, to. neglect the diagram~ band d~ 

However, the estimates of the work 6 have shown that if one 
' . 

fixes an arbitrary constant of the expression corresponding to 
..: 

the diagram b, by fitting the correct position of the p-wave 

..P resonance'. then the contribution to the amplitude·. from this 

diagrams appears to be rather small as compared to those ~rom all 

other diagrams. Therefore iri.the following calculations we 

will take into account only the contributions fro~ the 'diagrams 

a,c,d and e, where all the coefficie-nts for the · 9* terms· a're 

strictly determined. As a result~ instead of .(4~4) we get the 

following expression 

JL
8

( ) f't 
.71(1} J,f,« - ~ ~ .. /'1"' {. 1[. i .N 2 2 · I - -I cl + 

n..- s$"z,f4-
-;- o( (t-,;1) + (.t -.,(} ] 1-... 

·. I,.J' .2 2 f} +(Ez+;;zl(-«1+ ....£oil(-t-..) + S(r-.d] .J , 3 

0 

A,,; fH~t) y21f.l . ·. ~-
94 AI l'.zJ"2-EZ_-t1 4 t[f!.xl 4 32 .. .1 l ,.. 4 {... w / (/It :J 
~'r 

_,. 1().<<(1-.JJI + 3(1-o~JfJ-r{ p(' +-'3ft ... :)2J} 

Here ot 

paper 

.f) 

is the mixing SU{J) parameter r.rt ,.j:--;-j; 
. . 

15 . we wili put it to be equal to about 0.67. 

{4.5) 

(4.6) 

As in 
,411· 

'1'-l is 

the contribution to the amplitude from the diagrams without 

derivatives in the vertices ~. c, E' . ~~ !/. is the one from 

13 



1: ! ., 

i. 
j .... 

i. 

"!. 

I. 

i '· 

i 

::.., ~ 
·" .. .. 

--,.. .'•.-t 

the .d~agram d where one .. ;y:ertex includes- the derivative.· Summing 

up thf:!se.express~ons.we qbtain 

A 8(s .) ·· · 
... ,~u . '"-T{- 6 ... .; . ~-..,../ ... _,,1 = O!g - ~ ~ 6 " l l' ... t( ;/ •• 32,. ; / 

(4.7);. 

Just this expression will be used in· the- -subsequent works. 

5: Scattering phases· and lengths 

The ·~xpr~~sions found in the precedi~g sections.(3~19), (3.20) 
_:... ... _ :~ . .,,._ 

(4.4) and (4.7) make it possible to fix completely arbitrary 
··< • ~ • . • 

p~r~eters A,B,C ~nd D i.n ().8) :fo~ four different cases'. Thea~ 
,.. . .. ..._. 

cases correspond, firstly, ~o two different methods-of calculations 

of contributions to the pion scattering amplitude from the pion 
:: -, .. 

loops, and secondly, to account of an additional contribution . ,_ . - . 

from only the nucleon loops or from all baryon loops. To choose. 

the most_effective variant we will carry out the phase shift 

analysis of"'the amplitude for all the four'cases; . ' ... 
_When calculating the partial wave amplitudes we shall use 

the formula 
q 

:J,,(q)=}~~y(-,)x"-: ~,, •• , (r-n:) +- (-r)~(2••-J)//f.£ + 

'' . ~("''~ • I • ·,211•+Z(. .If ;l • . . '> tf/ •.. 

. + £ (- .la} f (r-tJ/ (. , J 
. ;-.. , (u J~'-'·. r- t') ·, 

;-:.. 1/ -t.. !:.::..!_ 
· " Y-t 

.,i 

~:a . " 

/p 2 k: 
L = (-Th · !:.!:!... ) - }' = (i + .!..) '2 • Q = f- t 

Y-f J q 1 

. ~ ~-

_- ~-: .: 

14 

(5.1) 

'( 

':.'[~/~~ 
-t 
i 

'(. 
' r 
' 

_( 

'- .;;.~ 1- ,~ 

j 
f. 
,l 

. ~ 

l 
I 

-. 'r 

}-~-
.\ 

I 
i 

As· a result; we get the following· expression 

..~.-- .. __ .. r. .. ·-.. --~- 2 :-u· . ·r- -
le (s)-= f.ct" Bf(s/ +: i (lo(oB/f.J-.1) (1-}-) z_.,. fx_ 1/7.,_ (i:J, 

(5.2) 

r r 
He:r:e -~8, · is tp.e Born contrib)lti.on, 17f' is.the·real part of 

contribution from the one-.loop diagrams_: .. 

8(}0
= 2(H'-t) ; 8/= -(3.r-~tJ ; o,'~(S:t)j 

0 '/:-IL/. .12 1 ·rs~M ··(;J t).. . JJ· .. no ""' - ReJj.r/TrY'-!; - '2 ?" + a -L ~(".)- :/., (t~. "' 

.·.· · + f qJ(fEJ+-A) +. ;1(2B~3.4-) -r· C(~.s:...~,J -r·s.J) ( 

n; = -'<Ofi)(3s:-t/- t:[~'o/~.l + ~3 7tf.,1/: :ff!:~2 (.,;]~ 
+fai(A-+8)_ +2B'f.z_ -qC +2.JJ i ..• 

. '· 

n/ = ~~7(i) q 2 
r f[6(2f..<I}~:Jdq~-~(q-f)(~)- ~fq))

-~(ut)(~~~(q~].,:_'·~.z~-A) + ~c 
... '~ 

(5.)) 

(5;4) 

(5.5) .. 

( 5.6) 

The scattering phases will be computed by the well-known formula 

0 . ..~ :r ·J-J. r -~)~ tJ Ofql' -· ·=··f- . ......, ..... 
o"t ·r t<. 

-~ 
Expanding in powers of small parameter K,, 

expressfon 

:UJ 1;1 
- .~ ... ~ 

~· ; . ' 

=-. 8,/('.j) .. .o: ..-.. ,;;;. ~i/ 
.... ~ olo l-~~~)lz l4 ~/ ]2. 

IS 

~: .. ' 

(5. 7) 

we arrive. at the 

( 5;8) -

~" 
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For 111 = 0 this expression coincides with that found by Lehmann 

expanding . ~ S,.r for small f 2 in the effective rang~ { see 

ref.· 2 ) • 

A behaviour of phases So" -- S"2 , , cf" J is.shown in Figs.J 

and 4: From these plots it is easy to. _see that_ to the experimental 

values those curves are the most close which are calculated by 

using the covariant method for the pion loops and by allowing 

for the baryon contributions. 

The scattering lengths-obtained by the formulas 

t " )- -z t:J(. __ ) • ,..,L -tf/ J a:= c {f-•1 j qc : " .r~ I I ,_, J :: f-,1<··~) -
. f#f. 

(5.9} 

- -

in this variant have the following values 

Cl 1 =---0 05rn""" 
) D I I 

Cl ' - o· o ~" _, 
l - } ,.., '" • 

{5.10)_ a:= 0, 16m;' 

At the same time, in. the Born approximation these are 

a/ ~-'3 e>3 m-
1 (5.11) Q~= 0 !.1m-J ·a.'= -006 m·1 

" I I J J 

Hence it follows that the loop diagrams give the most contributio~ 

to a: . ~~.-

6. Conclusion 
''!' 

The calculations performed made it possible to obtain the 

expressions for the massive pion scattering amplitude w"ith thti'". 

required behaviour in the threshold region. The formulae -for 

amplitudes contain the explicit information on the pion ~cattering 

length. At the same time_the plots evidence that at energies 

- 800 MeV the pion masses are not essential at all. Note should 

be made also that the behaviour of &.,0 
in the near threshold 

-region depends rather much <m a choice of the pion coordinates due. 

to the broken chiral symmetry for m '1- 0 • For instance, in the 

J& 

..: - •.. ~ 

_-;.~ . 

Weinberg parametrization ( see eq. (A~Bl )ithe slope angle for 
. 0 

phase J" in the threshold region,- and consequently- the scattering· 
. .. . . .- ": . . - ·-.. . 

length, increas~ by- 3~ ( starting from threahold the corresp~nding 

curve .for this phase lies just in the ·middle of curves I with o7"" 0 . _.; '-. - ' -
and M#O ~ Fig.)). 

We consider Gursey coordinates to be much more __ preferable 

as their _choice along the geodesics is n~turally' connected with 

geometry of the group SU(2)XSU(2). 

Analys.ing various methods of allowi~g for the' loop diagram 

contribution to tne :/if(. scattering amplitude exhibits the fo1low

•1ng! Of rather s·trong influence on the scattering ·phase behaviour _ • 

is the choice of calculation technique for the pion loop contribu-
. ·-!2.;J.o.:..._- • -.-• • •. '• .- ···""' ...... 

tion. The covariant_ one is not only independent of the choice of-. 

the form of chiral·-Lagra~gi~ in the. massless -·case' but also 

results in a'behavi~ur of scattering· phasesth~ ~o.st close t~-the 

experiment~! values. At the same time an !l.~count of .the b~ryon;· 

or only nucleon, l<,>ops gives almost no diff-erence· in the behaviour 

oi phaae·s b 11 
and . soz and ls important only for c-orrect 

description of the phase &.0 
0 where account of .the baryon loops 

improves explicitly the phase behaviour calculat·e'd by the covariant 

method. ThUs 1 : We consider the covariant -IIIeth~d of•calculations of 

the· p-ion contributions to the· :J'J;'" scattering amplitUde~ with 

allowing for the baryo·n loops·, to be most justified both f'rom 

the purely-theoretical: point . of~ view and from that of agreement. · 

with experiment. At· the same time the kaon loops.contribute 

negligibly in the energy region of interest. These conclusions _,_, 6 
agree with the results of Ecker and Honerkamp 

~ '·-
~17 ···:. ,.-" 



APPENDIX 

. . .( {;t) 
The usual second-order expansion or the Lagrangian (2.2)J.(.i..,..> 

in po~ers. ~f asymptotic fields :r may be represented in the 

form' ( ·~earrangi~g the derivatives and all~wing for the equation 

!J!:r=-mE:r )& 

• (l) l 7 2 1 ) 
L.;t (~,fr)=.,f,~ .+ J:;: +A~- '; ~Jt(1;:fr) ;. 1~.1 

I I 
I .,.-. 

lJ( ', 2{:· 
(x-"?-,A.f _,.f:~;;'l?, ["r tz Cf(.,J,.~ r 211 

• 
.,:,. .. .. ~f '"•'''' 

j! ( i --c;,r· - ·"-~--;' .. ~7>'';;..7il(rrl-r2S.J)£{j( .. } ~&hd} r~"-
~ .. I?,.~~)(?.,,J) ) 

• '('~Ct" :· •. 

m /. J "rc-·1~ ~; .. :).,- f ~ .. +/ -2 ... . r"n""lr -= F- 1 r;; / .-:r 10 fL,..:. C5f.,J- -2-. -r '. ~. (.A.Z' 
"' ""• 2,.~+ ;. -tJ J I 

00 {' A~: fj., Cj-(""i) -~ 2[;;~(~r/-~-l{Fr~']~ 3~~r ... o 7r:(r,~r)"-#-

. + ! ; 2" r3.f .. -1J(rs/(g..r/ .,. ,;, r ~~~-~tJ{].b:{lir){ry._r)- &!'•I)r 11~-~~ 

~ ~r}{i"j.r)fr:?.-r)-_j r ~ .. ;,z (f./- 2~:: r ~~ .. ~~~a~~l __ h1 l:r~] .. 
The formulae (3.1) and (A.l)· give the superpropagator. (i.e .. 

sums of .all the two-vertex diagrams) in the conventional .perturba-
' . 

tion theory neglecting contractions~· Note should be made that 

the main· contribution to the scattering amplitu!le in the one-loop 

approximation comes from the first three terms of Lagrangian (A.l). 

To allow for the contractions the following is necessary14:. 

; 'II 

' 

;.:. 

1. ,To expand the .Lagran~ian i{,...,_L) by making use of 

the covariant differentiation with respect to the variable L 

2.: To change. variables wi ~h th~ help of drei..:be;n fields e';f.) · 

L;,., rQ e0 'f7r) i ( f 11
'(,.) €j {r) =a/; t? 

0
f.r) e q,(l;'J = j,i (;;}) (A.J) 

J. To expand the expression found. in this way for the Lagrangian_ 

in powers of the asYmptotic fields ~ • The covariant part of 

Lagrangian (2.2) has been computed in the' P,aper 14 • To recall 

.we illustrate· briefly the covariant ·m:ethod ·by· expanding the non- . 

covariant mass additive te~·to Lagrangian written in the Gursey . . . ~~. ' · .. /. 

coordinates •. 

Let if/{;) be ar:i. arbi tra,ry ,function of ".!" theri' the 

general expression for expanding in the co~ariant derivatives 

is of the fo~ x •c ··< _, ... 
n 
~ 

OQ • 

',cfeo..fx-{~JL) "''f(,;-) 
J. .. ..,-1 r .. ; L"' • .,_ .'IL +L- 111 'f'tr) •• ...• . l ,.L ~(A.4) 

Mr;: • ' I I / ~.. -
~ ----' 

11 

( ~) ' ' :· l -"' - ) . 
ifl, , = d.(d.'fi -J .. (7i}c','f'(r. ; 

I I " ' 

(n} , 

'f.. .. ... . • = 
I 1 , 1 , I 

~ 
1'1 

;. n-;c . . L ,_,., ,r ... ,) . . 
- ·. J. (r) 'f •.• ····m , ...... 

•• 1/1 I"' .I 
'"'O· . ....__.._,.._,/ ~I 

c' · n-,.:t-c" 

(A.5) 
a if(.,.,) . ;·;·;···· 

"- , ,.. I""" 

t1- { 

where J':. h 

Xwti''use notation 'of tlie ;paper by D. V~Vcilko;, l2 . · 
tl. 8 ~"" f 71- B' '' .... d f ... ' .Q_ fjJ 

"':· :· ,·:/ • I • D.:r-· ;: 
. ~r .,...: ·ip.· ~~ 

19 
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I 

Changing variables of eq. (A .J), we 'get ' 

fc~~.(,;(•JL) : .Y(11) ~ (J.<!'.e·0)r<~ + f!:>(x-lr} , 

oO , L-,p("' 1-l J . 
") __ 7 (x). • · • · ..• 

1 

• cp{tr!r)= L- ('~+!)! -~ •ct /) • <l . ]r a <I - t1 l'(l:J r:: M ••• eM. r .. ,, . 
'-- _...------ '. · # • {A.6) 

~ =0 ,.., + z 
Y) +1. 

n r 2 · 

For .the Gursey coordinates we have 

e q,:_ ~ +-f? 1i2/.:E:_ -1) I 
- d,n •ct 1~; .. ~ 

/T .c~r~·, 
~2 

' D <' ->~ 
1,-,tt·-o,.l'lt -li:~· 

.J. . .., <: 2. {f(t}[J.~ Yi; - L:r,.,] + :.~ {ill. P., (7c1 'i-f -1-.:)-
n {.!,ii}~ " .,. l~)i7 -~,..r;. -~ -~ ·-;- J 

To exemplify we calcuiate the first term of the expansion (A.6): 

'/(11) -= T~ 

'iJ.f:: 2~ 

~.::; .:= 7.L. -lJ:."''A,. ><i&~. "f<i(I)P. .. + O('JI'fj) 

fr; rzJ ea·e"· J ~~,-<{.: i.r-; T ? c1 rt;(r'i'~- (fF! 21 +Pf•V J'. / / . , . ' 

Calculating th_e subse.quent expa~sl.on terms in an ana+ogol1s. w~y. 

we arriv~ !it the expression (J.5) • We have found the. first six 

expansi'!n terms the even ones being described by the funct1on?Jn) 

in (J. 5) 

20 

:..:: 

c.,(..,).::: . .' 
;., ( - . >I' 2 2- 11 + ,./ 

y.~-+l)! (2 .. ·1-3)!! f' z.., (A.7) 

The equivalence of conventional perturbation.'theory allowi:t:ig for 

contractions and the c~variant -~etho·~. for the massless ca:;e has 

been proved in a paper of Honerkamp et ·al. l7 .~ -

Now, in ad_diti<m; we will demonstrate hoYf, the. c~efficlents 

. ('if(,.,) and r;;f<J (;/r) change if o~e uses lnstead"of the Gursey 

coordinates the Weinberg parametrization 

P}~!(rlr) = (rrrt 
·"-" -J fA -~ . 

. ,. ;;)-j- L t/"(.,)/R" ,. •' 

2 .1£ .. .:& . . 
(A .• B) 

w . .r~ (~r) ~ .? -1-. ~ 'tt .. z 

<f(t.,ftl/ 
--1 " ,J--1., 

r ~ J • .• 

Note that the use·o·f-this parametrization 'of Lagrang-ian results'-

in. the 30% 'increas~· of the scattering length ao" 

Slightly the behaViOUr Of phases J; I. and"' ~ l 

-.·4·' 

·-:.~ •· ('o 

... . ~·· . 

'21 

and changes 
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Fig. 2. . Baryon one-loop d_iagrams for I7i' · scattering 

from Lagrangians (4.1}-(4.3) 
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