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HcaeB n.c., XneCKOB B.H. 

Bmumae Bbi60pa napaMeTpH3aUHH 4Ja3· 1717 -pacceHHHH 
f HB Ce'ieHHH peaKUHH y+y-> 7T +rr . H y+y-> y +y 

E2 - 7560 

B pa6oTe riony'ieHbi ce'ieHIHI nponeccos y+y->rr+rr H y+y ->y+y 
unH 4Ja3 rrrr·-pacceHHHH, BbiXOAHlUHX_ B acHMIITOTHKe. Ha rr • YKa3aHO Ha saJK­
HOCTb acnonb30BBHHH B pemeHHH ·nacnepcaoHHoro HHTer'panbHoro ypasHeHHH 

o6mero pemeHHH onnopouHoro ypasnenHH. 

Coo6UleHHe 06beA}lHeHHOrO HHCTHTyTa . Sl,!lepHbiX HCCJie,!lOBaHHii 

,lzy6Ha, 1973 

Isaev P.S., Khleskov V.I. E2 - 7560 

The Effect of the Choice of the rrrr-Scattering 
Phase Parametrization on the r+ y _. rr+ rr and 
y+ y ... y + y Reaction Cross Sections 

The cross sections of the processes . y + y -> rr +rr and 
y+y -*Y + y for the ·case, when the rrrr phase shifts are 
going to rr in the· asymptotic regions, have been obtained 
in the work. The importance of the use of.the general so­
lution of the homogeneous integralequation for obtaining 
the solution of the integral dispersion relation has been 

pointed out. · 

Communications of the Joint Institute for Nuclear Research. 
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Putting into operation and use·· ~f' accelerators on colliding· 

2-;-5 GeV electr~n::.positron beams make it possible to stu~y J+i-had-
. . ]; .2 . . . : . 

ron 1nteract1ons ' • At· ,these energ1es th_~- two-photon processes 
> • -· 

become very essential in the reaction of' colliding beam• interac-

tions with production of' other particles, i.e.,those two-photon 

·processes are i~p~rta;:;t i~ ·which the fimil p~rticles are generated 

by. a virtual photon pair. -·; 

From ·this point of' view the· interactions of two J'· quanta 

with ··'Jl.c. meson· pair producti.on are of interest' for experimental in-· 

vestigation. Studying this process allows one.to obtain· some 

useful information· on .. 'Jl'i:- interactions ( on 'Xi'£- scattering 

phases·,· possible 6- ·, f- and other resonances) and verify· 

the validity of various theoretical predictions. for. this reaction. 
3 . . '·· . 

In ourwork a detailed theoretical analysis of the. 'f+'j' ... X+1r 

reaction at· low energies has been.perf'ormed,by the dispersion 
-

relation· method.· The dispersion;singular integral equations for. 

partial wav.es of'· the· above process have been derived· by. using 
. l. 

the amplitude propertieso.in·the direct channel variable t=·(ll~ ll') 
K . and 

I .. . .. 
~ are four-momenta of .the initial photons), and 

the two-particle unitarity condition two-pion.interme~iate .· 

state). These equntionu were .. solved. by the method of Muskheli(lh­

vili-Gskhov 4 thro.ugh reducing· t'i, the Riemann boundary' v~lue . 

problem. The solutibn, ~f a simil~r problem for . the p·articular. case 

~T)(i) 1 of zero-,th;asymptotics of- the 1:1(.., scattering phas'es; 

at .t _. bo ) , is unique. and is writ ten in the form 
4 

· r(T) {!)(i) = :x(+'(i) ·A·· ... · (lJ -f. & (T)liJ 
. . ""P . f . . -· ·. · ,~.t . . J~, e. 

· (TJ J C(T} I') · • } 1j+l(·) . . i[t {l} [ i p Oe tlr dt,: 
A t = e . . e~p X i' ( t '- i) . '. 

. . -~· . 

3 
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oO 
i6.(TJ&J .. (1} (T} • 

e ' . Sitt ~ (f.). B.l~(~J, de 
X ( Jl.- t-ie.) Xl+'(l'} . 

(1) A+ . 1: J ~~(t.) = x 
v,; 

Here TtrJ I )(ll 
lt is 

al~ t the partial e- wave amplitude of the J1- IT 
(l'J 

reaction with a given isospin . T
1 

i!,.{i}l-is the contribution of 

A.
1 

w, f exchAnge diagrams to the process. Eq. (1) is,_ in 

fact, a pa~ticular solution of the Riemann nonhomogeneous bounda-

r,y value problem. 

The investigations 3 have revealed the essential role of 

x~-interaction in the process under consideration. Experiment 

and the phase shift analysis give the. two-valued solution.for the 

s- wave phase of :XJr-scattering, fs
0 

{1:] ( down - and down-up 

sets of experimental points) • In the work 3 the S- partial wave 

cross-section of the 11~H~process has been calculated by making 

use of the analytic expressions, which have been agreed well with 

the down..: and down-up sets, at the known experimental values 

( .Jt. ~ 1 GeV), for the b; phase 

The main peculiarities of the cross section behaviour depend 

considerably on the kind of 

the r; scattering phase 

parametrization(down,down-up). for ' 

']if: • The calculationS show that 

the contribution from inelastic processes at high energies 

( .Jt 7 . 1 GeV) as well as the rate of decrease of the ph~tses to 

zero-thasymptotical value do not essentially change the low-energy 

behaviour of the obtained eros~ sections ( 10-20$). On the other 

hand, the changes of the phases in low~energy and threshold regions 
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result~ in .the proportional changes of the 11'- ](1[ cros_s sections 

in these energy· regions. Recall that .th~ re~ultsha~e been found 

for the phases 6,_'1' (t} going a~ympt~~i~ally to zero. ( this corl'es­

ponds to the zero-th index of the Riemann boundary value problem). 

~he phases bs·m,~, and_ 6do {fj resonan~ 8t. Mo "'7;0 MeV and 

Nt ~ 1260 MeV, respectively, .pass for the second time through So• 

in the regie~ of M !>' and Mf 1 under. the chosen asymptotics, 

and at high energies they. become practically zero1 

The ·present--work de'als with the other possibility: the 

. phases. ~·~t••-wpand J,/{f) in asYmptotics tend to 180° • This cease 

differs. in principle from the above.one as for it the index ~ 
of the Riemann problem is equal to unity; the solution of singu­

lar integral equation is nonunique and in adqition to' the parti­

cular solution"of (1), contains also the general solution of 

homogeneous equation with an arbitrary constant (.a polynomial of 

the order of ')t -1)·. : 
. 

00 .lT'M . I 
r (') ,,, r<•' <·I •(If/ } { .. r.._,, "' 

ol.f (~)e = .lf {f)£ + e_ . e vr. . d,. 
(2) 

where o<. is an arbitrary constant. .""' rCT/~ 1 • 

• • I . . . l !IC I b~ (. ':) dZ'} 
The behav1our of_the funchon :J(:t)=~V-p ~p :J.:.'(.t'-r) . 

. . 1 
in eqs. (1), (2) is different for various parametrizations of the 

']['f- scattering phases. Fig.l shows the f~ction ~(x) 1 correspon-

ding to different cases 

c~ses. b•(.,.J .·· = 0. and 
$ J ...... , 

the resonance behaviour 

but differ-in magnitude. 

of the ~~- scattering-phases. For the 

~(.,..J, = X both the curves have· 
MI'O•'If 

in the. range of 0 meson ( .X -::::. 7.3 

'5 
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In paper 5 the dispe:sion analysis of the j1- J['.iL process 

has been carried out under the assumption that the function 

changes smoothly ( ~(x) ~ corist). As follows from the curves 

in Fig.l,_ this assumption may be justified only for the smooth 
J. 

(nonresonance) 1l'Jr- scattering phases ( for instance, for ~ ).· 

For the resonance phases this assumption is not valid. 

The solutions (1) and (2) possess another difference of 

pri?ciple. Using the known identity, ~~if = P(f) -i:lr6(x) 

we now rewrite eq. (1) in the following form 
<><> ).T) 

J 
· ioe C•J • ,ArJ _ <.,., 

T(T}(t)(()- x(+)(t). ± p e . Szn ofl&)- B"'P ~)e. d.x +-
otp - tt .x._ ( .K.- t) X cxJ 

e. '{ L y;r 
(3) 

. ('I') . r'(T) {TJ ) 
+ B.~.1 {t)e. Coso,_ (l:).ell-p (i~ W ., 

The second term in (3) vanishes at the resonance point 
- - ~ 

The integrend of the princip•l value integral ( B"'f(f}e 

smooth function) is equal approximately to 

(''I' ('i'J s i.n o (, (Jl J . sole c"J!;. "' 
jl. (JL--: t.). ~("} -

Ca11d. 

Co >1st -

Si. ... )I(,t} 

Y("J 

.l((>L-i) 
r c~J .. 

Jl (Jl- t) -

b'l' := :X: ' 
e 1l • 

is a 

(4) 

In the case of zero-th asymptotical behaviour ot the phase 

bs0 

{f) 
pond to 

through 

the function P(~J hRs two maxima which corres-(b;(iJ) 
meson ( ~ meson) an~ to passing of the phase the 6" 

X 
'T when it goes back from X to zero, The. second 

maximum (being in the region of energies higher-than 1 GeV) enters 

into the principal value integral in (3) as a large positive back-

6 

~ 

~--

ground. The first term.in (3) is nonzero at the resonance point 

M 6' ~ 730 MeV ( .I( => 7 .a) and the partial amplitude is a reso­

nance one due to the function 'J(x) · • 
..-('f) 

Consider now the phase bt having asymptotic value equal 

to 'X ( X= 1 ) • The particular solution of nonhomogeneous 

integral equation ( see the eq. (1) ) is not valid for this case. 

The correct solution (2) includes now also the general solution 

of the homogeneous integral equation with an arbitrary'constant. 

At the resonance point Sso(HfJ · ::: ~ ( e.g., for J:•(t) 
qiW'II-«f. - ('1') {-1/ 

phase) the_ second term of'_ the ex~ression for ~/' (l)e becomes 

zero,. as well ( _ Ccs bs""' 0). In this cese· the function f'(x) 

is nearly symmetric with respect to this pointand has the 

maximum value _at it. The principal value integral over the 

expression (4) will approximately be zero at the resonance point 
. ,..,{rJ M 

and the partial empli tude J.~, {f}e. will possess in the 'region 

of 0 meson a minimum instead of e peek. 

Thus the particuler solution ( eq. (1) ) alone of nonhomoge­

neous integral equation does not result in the expected resonance 

behaviour at the point .I(::: 7.3 ( -Ho=·730 MeV), tor the case 

ot b_s" {<>")I = X • In perticular, the suthors of- 6 
..a•ll-~, 

have employed in their calculations the asymptotic behaviour of 

the .1i'JL-scettering resonance phases, [(<><>) -= X., but have . 
allowed for the particular solution only. Let us note that·the 

general solution of the homogeneous equetion entering into (2) 

has just required-resonance behaviour. An arbitrary constant~ 

of this'solution can be ~ound·by norming the resonance maximum 

to its two-photon-width. In the preceding paper 3 
(TJ ' 

the constant Q 
. . o/'1' 

correspond to the width in the expression B:t/. {-t} (. was ·taken to 

7. 



I";; 

.. -:..-

: ·~ 

' !,' 

. ~. ~ .,.. 

rf .. "'"" ~ 0.:5 _MeV of the f .. meson):!lectromagnetic decay. 
. o 1. :t 3(11.t-m>.)J) . ___ (~•Itt1~ -1.?. M~- !M/K ) • The experimental data f_or this width 

lie in the wide interval 0.1 - o. 7 MeV ( see,· e.g., the. data presen­

ted in the work by L.D.Soloviev· 7 ) • In the 'present work the -.value 

f. ( x ~ O.l MeV has been taken for calculation •. This value was 
.. ~J 

also used to calculate for comparison ~he curves of s- wave cross 

sections for the down-parametrization of the: p~Ase t>; {t-). 
The behaviour of the s-wave }')-lCIC cross section for the phases 

Ks"{fJJ,,..and . b5°(<><>)~6 w•H<f = :JL are given-in Figs.2a and 

2b, respectively ( the dash-dotted lines are the contributions 

of the tAJ; f 
1 

:Jl exchange dia~ams representing the crossing. cuts). 

In Fig.2b. the_ simplest Breit-Wigner approximation of. 6- .·meson· 

is given by the dashed line. In Fig.3 the d.- wave 7'}-"* JCX cross 
. ". 

·section corresponding to the phase ~ (ua) = JC is shown ( the Breit.;; 

Wigner curve for f meson is given by the dashed line). The d­

wav·e ~t the maximum of f . resonance gives. a contribution to 

the total cross section ( 6''1'J .. ffJC -::= ~f:.",. + ~:.kit ) 
comparable with the ·S- wave cross section; ~omparison with 

the earlier _results 3 reve~ls that all. qualitative features of-the 

cross section behaviour do not change when the contribution_from 

the tV
1
f _exchange diagrams and phase asymptotics change. 

On the other hand; the values of the cross sections are. sensitive 

to similar changes. The ael~etien of correct solutions will be 

possible after comparison with experiment. 

·From the J3 .. JCX amplitudes found in ref. 3 the partial 

s-and d- wa~es have been calculated.later for the scattering-

of ?- quanta on 

as for the pro~esses 

3-quanta via the two-pion. state 8 , as well 

I'd~ kK ( T= 0) and · n_:..,..Ki£ (T~o) ........ 17 · 
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· (' i.e., the ·r-· quanta scattering via the K i1 (Tz.-oJ intermedia-

te 'state) 9 . 

In our work the partial- cross sections of.:_ the listed. processes.· 

have been obtained, too. Fig.4 presents the graphs of the S- wave 

'}3-+ JC1C- 3'3 cross sections which correspond to the down ( Fig.2a) 

and down-up ( Fig.2b) variants of 'n_, JtlC- amplitudefi. The d-.,;ave 

partial cross section for scattering of ·. 'J'·. quanta on· . . :J' quan­

ta via the two-pion state is shown in pig.S. Note that if the 

corresponding total cross section of. p.hoton scattering ( 6~'l~ ;; """'·· 

:: fi, {f') '+ 6tf(tJ) is compared with ·the electrodymtmical. cross 

section for the scattering of ''}- quanta on 'r quanta ( via 

the electron-positron pairs ) 10 then the first one will pr.ovide 

the main contribution-in the wide energy z;ange, 300-1200 MeV. 

The S and d wave cross 'sections for the· 11- KK(T=tJ) 

reaction found from the partial waves of .the 1? ~7i.Jr process 

( Fig.2b and 3) by a method given in the work 
9 

, are represented 

in Fig.6. The.curves obtained are analogous by form with those 

given earlier 9 _but differ from them in magnitude. The par:tial 

cross sec.tions for photons scattered · via the K iZ ( T=O) state_J 

which have been derived from ·the amplitudes of the ')'J_,. J{i[ (T=O) 

reactions',are also analogous by form with -those given in the work 
9 

· 

and provide a contribution to 
1 
tJ _.., '3'1 process negligible small 

as compared·with that from the two-pion state. 

The authors are very grateful to I.F.Ginzburg and S.B.Gerasi-

mov for useful discussions. 
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