
t-1- '+3 

G.Hofmann, G.Lassner 

EXISTENCE PROOFS 

FOR WIGHTMAN TYPE FUNCTIONALS 

1.>-)tt-~ 
E2 - 7536 



• G.Hofmann, G.Lassner • 

EXISTENCE PROOFS. 

FOR WIGHTMAN TYPE FUNCTIONALS 

E2 - 7536 

Presented at the International Seminar on 
Nonlocal Quantum Field Theory, Alushta, 
April, 197 3. 

05'bC,gi.illi!!11UJ'~ iHcmryT 

ue;m;1x l:!!:c..ieAonanE! 
GHGJllliOTEKA 

*Permanent address: Sektion Mathematik, 
Karl-Marx-Univers~tKt, Leipzig, DDR 



" 
w ' ~· 

...... 

/ 

·,~ 

~, . 

-·,· 

'. C) 1973 06-.eOUHeHHt.IU UHCauayif .110epHWX UCCIIeOoeaHUU )ly6Ha 

.. .·( ~ 

. ~·~, 

'- ·' ' . ' 

~ ~-

I. Introduction 

In the. algebraic description of a quantum field,· first 
given in ;I,Bl • the'Wightmannfunctions Wn (x 1, ••• ,xn) are 
collected to one functio~al W (f ) on the ~lgebra (j = (j 

0 
+ i (j 

0 of test-functions. Hence the Wightmann functional is. 
uniquely determined by the . hyperplane E w=kerW, the 
kernel of W • The. positivity of the Wightmann functional: . 
W leads to the property that the cone K of positive ele-

. ments of (f0 lies on one side of Ew . The·other:·proper-: 
ties of W , the ·locality, the spectrality and _the invariance. • 
lead to the fact that Ew contains .. a certain linear space 

.. ·L, the so-called Wightmann kerneL · · 
In this way the existence problem for quantum fields is 

transformed to the .. problem oi finding aiihyperplanes E w 

in ,u 0 with the_ptoperties meiltion~(lbefore .. Therefore to ,_ 
prove the existence of Wightman (type) functionals with 
certain 'properties one can apply the weli-.knownseperation, 
theorems for convex sets in locally convex spaces.·This 
method was outlined already in /6,7/, whereitwasproved 
the existence of certain functiomi.ls with ·the property of 
positivity only. Further results in this direction were 
obtained in /2,3/, where the existence. of certain Lorentz 
irivar.iant. positive functionals ·could be proved. Recently 
in 191 a general extension theorem for linear functionals 
on a subspace M · o_f U0 to a Wightman (type) func~ional 
on (f 0 was proved. In this paper we describe a: method 

· to prove the existence of fields with certain properties 
by applying ·this general e~tension theorem·~ We give a .. 
simple proof on the exist~n<'e of. a }.ocal invariant quantum 
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field (without spectrality) different from a generalized free 
field. We are convinced of the possibility to prove in 
analogous way also the existence of quantum fields with 
more difficult properties (non-trivial fields) .. 

2. Geometric Interpretation of the Wightman Functionals 

A quantum field ¢ (x) (neutral, scalar) is uniqueUy 
de~ermined by the Wightman functional 

W(f) = I f W (x 1, ••• ,x )f (x 1 , ••• ,x )dx 1 ••• dx · n;:::_o n n n n n 

... 
W (x

1
, ••• ,x .)=<0 l¢(x

1 
) ••• rp(x )10·>, n · n n 

f n(xl.; .. :,xn ~~.-~s n ='S(R 4n ) , 

where 

f={ f
0
,f

1
(x

1
), .•• ,fn(x~ , •• ,xn ),0,0 ... l 

is an element of the field algebra 

ff = ~so e ,s • ~~s2 e . . . , ,so= c . 

,·;: (1) 

(2) 

ff ·.is the tensor algebra over the Schwartz space 1S 1=1S (R~. 
ff is a locaUy convex topological * -algebra. The inyo-
lution is defined by · 

(f*) (x
1

, ... ,x )=f (x , ..• ,x
1
), 

n . n n n 
(3) 

the multiplication by 

(f·g>n_<xl, ... ,xn) = e+t=n fe (xl' •.. ,xe)gJxe+l'"""'xn) (4) 

and the topology r by the system of seminornis 

r: II f ll(y n)(vn) I y II f II , 
n>on n v.· 

- n 

(5) 

4 
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·--· 

·., .. 

. ~ ~ 

··where (y ) is an arbitrary sequence of positive,.numbers, 
. ( v ) an arbitrary. sequence of. nonnegativ"e integers and. 
II f n II v, v;... 0,1,2, •.. , the . de_numerable syst~m. of semi

norms defining Jhe topology of 1S n • Some properties of .. · . _ .. 
the topology r and of another important topology r oo . in 

.· d are investigated in / 4 , 5/. · ·. · . . .. -~ . 
The hermitean part ff 0 . of the field alge~ra ff is given 

. by ' 

(1 o= {f ~ ff ;. f*= f}. (6) : •, ,,! 

By Ko we denote the cone of positive elements generated .• : · 
·. by _£*..£ , f ~ .(t,~n~ by K,;,Ko its topol?gical closure. K is 

· also a ·cone /6/ · · · · -~ . . ·. . . 
The Wightman . functional W (f) is characterised by the 

foUowing properties /I,B/. · ' - : · · 
... 

·\~-.. 
l. Positivity . 

W(f);::, (}_ for f ~ K _(7) 

arid W(l )=1,.-where.l,.,{l,O,O; ... (:is the unity-el~~e~tof ff ... 
In 191 it is proved tliat the continuity of w . is a consequence 
of the positivity. · · 

2 .. Locality .. 
_; 

'• 

c ~' W (f).,; 0: for f ~ l foe (8), 

where I foe is the two-side~ ·ideal generated.by th~.ele·-
ments fn (~ l' ... ;xn )=&t ( ..• ,xi ,x j+l, .;._}-gn ( •.. ~x i_+l ,'x·i , .. :) 

. 2 
with g (x

1 
; .•• , x ) = 0 for (x ·. 

1
-x . ) > 0. 

n . n · · ·. J+ J . 

3. S~ctrality 

W(f)= 0 foc f ~.1 
sp (9) 

where lsp is the linear sp~ce generated_ by fn (x1 ••• ~xn) . , 

.5 



• : . } , c ' . i ~p jXj . •· . : ' / 
Wlth f (p ...... ,p )= 

2 
f e · f (x 

1
, ••• ,x )dx 

1 
... dx =0 

n . . . . . · _ n . · (217 ) n . . n ~ n . . n 

n· k + 
for ~ Po<;; V c ==1 {. 

(the closed forward cone), ~ p e = 0 ·: , 
f =1 . . 

k = 1,2, ... , n- 1 , 

4. Poincare ioyarian.ce. 

. W(f)=O for f {::;I. , 
· • IDV 

(10) 

where I inv is the linear space generated.by the elements 
:. .·· · · . . · -1 -I· 

f (x1 ~ .... ,x } = g (x 1, ••• ,x ) -g · (A (x
1
-a ),; .. ,A . (x :-:a)) n,. n n n n . n . 

~g 8 -(A,a)~ . 

Since W (f) is a positive functional, it is. hermitean and 
therefore a real positive functional on the seniiordered 
space <10 with the closed cone K . 

Let 1 =~(I fnc , 1 sp , r inv. )" be the Closed linear sub
space generated by these three linear spaces. Since f*<;; I·· 
if· f <;; I, the· linear space I has the decomposition · 

' ,_. ; " ~ 

I= L + i ·L, (11) 

where L .is a real subspace of <1 0 • We call I. respec
tively ·L the Wightman kernel. Collecting all mentioned 
·properties we can say that a Wightman functional W (f) is 
·a (real) linear functional on the real linear _space <1

0
, sa-

tisfying the following properties. · 

Wightman functional 

a) W (f) 2:. 0 for f{::;K 

... , (12). 
b) W(f) = 0 for f"" •L 

c) W(l)=l . ... ~ . ~ 
• -; . . ,_ J. ~ 

.'t . .._w , .,.. 

~. 6 

Let be E w. = ker W .. { f {::; U0 ; · · W (f)"" 0 .1~ 
· Then E w is a hyperplane· in (j o ~Since we assume the nor

mality W(l) .. 1 the correspondence between Ew and W is 
unique. So we have proved . 

Lemma 1 
There is a one-to- one correspondence between a quantum . 
field ¢(x) with t:tie Wightman functional W and a hyperplane 
E w of 60 with the properties:(Fig. 1) 

'-

a) the cone K lies on one .side. of E w 

I 
b) Lc E ~. IL 

~w 
'~ -..... 

"'· 

t 
-........ .. ·. 

., 

--

(13) 

•1 

.I< 

Figure t 
•\, 

Thus. the problem to .deter~ine all quantum fields ¢ (~) 
(neutral, scalar) is equivalent 'to the problem to determine . 
all hyperplanes E . of d 0 with the properties. (13); Th.is 
conception of determining of the Wightman ·fields we had 
already formulated some• years ago in / 7 

'. Some -results 
in this direction have been obtained in : 2 •31, . where pro-

. perties of positive functionals . of the Wightman - type 

:7 



·.(satisfying not ail conditions) are proved. Recently ·wys5.f9/ .
proved some theor.eins:about the extensionof linear func:: . 
tionals i~ 60 -to:P<>sitive fun.ctionals. Let M- be a subspace 
of 6 0 containing the identity l and 1( f}be aJinear·r-eal .. -
functional on M normed by T( 1 }= 1 . T is Uieri uniquely· 
determined by its kernel 

. ker T = { f ~-M; T(f) = 0 I. . . ·'·,.. 
~ ,. > ' • • 1:. ~ 

. Q u e s t ion: Under which conditions does there exist a 
Wightman functional W (f) being an extension of T, i~e. 
W(f) = T(f) for f G M·? .. 

That is equivalent to the question under which' conditions 
there is. a hyperplane Ew satisfying (13). and containing 
L and kerT.The answer to this question is given by the. 

- following 

. /9 I 

Theorem 1 · 1 

There exists an extension ofT -· to a Wightman.func
tional W if'andonly if one of the f9llowing equivalentcon
ditions is satisfied: 

i)'- fio ,b . K + L + ker T '· 

(14) 
- ii) - 1 s; K · + L + ker T 

where the closure in . K + 'L + ker Tis. taken w~th respect to .. 
the topo_ logy r (5). 
.. In what follows we. shall demonstrate how one can prove_ 

the existence o( quantum fields with certain properties, 
but ~e cannot y~t exclude the tr~vial fields. 

3. Existence of Wightman Type Functionals 

The next lemmas are. important for th'e method proving 
the existence · of certain Wightmari functioiials which· we . 
shall demonstrate in .what follows. . :: 

··~ 

:L em ril a 2 
· i) If f n ~ I then 

~ -. ~·· 

8 

i- •' 

-~ .. 
'f . 

·-' r 
~-.~~ .,.l_·: 
I. 
' 
\? 

' .. 

f fn (x1 , ••• , xn ) dX __ i ... dx n ":' q , ~or equival~n~ 

; f (0, ... ,0)~ 0. ' (15)-
n 

ii) If (. ~ ·I',., £ (1
0 

,I . ) then n · ~e 1nv 

I f (x , .... ,x)dx=O 
, n .. 

P.roof: · 

(16) 

i) .For f ~I foe ·: or_I sp or I inv it follows f~(!{ .. , 0) =0 : 
For instance, if ,£of: I foe has -the form · 

-f=f (x
1

, ••• ;x )=g ( .. ~x. ,x:·
1 

•••• ) -:-g ·( .... x. 
1

,:x .. .'.)' .. 
- . .n . n n J " .J+ · n · J+ J 
: , ;,. · .. ' .: '.1 . " . ' ' . i. ' , • 

th.en it is f (0, ... 0) = 
2 

I f. (x l' ... ,x )dx
1
: •• dx =0. 

n · (Z 77 ) n . , n .. n '. . 1 . ~- , _ ' • 

. _ ., . Analog~us for f ~ linvlf f <=-1 s~ , i{o,._ .. ,O) =0 holds bydefi:
·nition .. Since. f-. f (0, ... ,0 ) . · . :is a· linear continuous .func-

t 

'· 
.,: ~ 

.-J 
. I 

,. 

tion.ai o~;~q~~ Jn<o;:···-_0)=0, holds .for .ari.Y f El-~ f<~o~,I~P'I i~J 
ii) If .. ~.. .. '· .. 

' •· . I -. ' •' ~ 

f=·f·(~ 1 .: ••• ;x )=g ( . .":.x. ,-x.
1 

•.•• )-:-:g.·( •.• ~·.+·l~,x .. .-.. ).Glo"' 
. ·. n · , . n ·· . n ·. :. 1. · 1+ , :: n. J · J we 

then . }{ .( x. , .. :;x )dx ~0 
.. ,· n .. . 

and analogous for f =f <=-t 
n .. tnv · 

" 
. In con_sequence of the continuity an<;tlinearity of the func-

tional f.:. J f~(x ,.~.,x)dX . · .. ,.. 
},, 

" : ,~e have proyed (16) fpr any f ~-I'-= £ Oe~~ .·'I inv. ) · · 
• • .•c~ • • • •' 00 • ' ~ 

·LefP be the.alg.ebra o.f all !~al polynomials p = v~o av tv, . 
. a~'"~R in one real variable; equipped with the s_trongest . 
locally convex topology rp . ·The s~t K p o! all J>C?Sitive· 
polynomials, p(t) ~0. for all reali:, is a·cone in, p 

. With this .cone P becomes a ·senliordered space~ 

Lemma3: .. _ __ , 
Both . th~ linear mappings of d

0 
into P .defined by · 

9 

~ .· 

..• 

. :'\'· ~ 



f = { £0 , f 1 (x · 1}, f 2 (x 1 , x 2 L ... I ~ '(f0 

" " 
. f' ~ f =f (t ) = ~ 

n>_o 

D 
t 

I f ( . " 
(2rr)~ n XI , ••• ,xn )dx I •••• dx~ 

and· 
"" ,, 

I. f (0, ... ,0) t" 
n>O . n 

. D 
f .... f=f(t) = I. t [ f (x , ... ,x)dx 

n>O n - ,, " 

(17) 

(18). 

are continuous and pOsitive, i.e. if f~ K then f, f E K p . 

Proof: "' ., 
The mappings f n -.C n and f n-+ f n are continuous on 

the su~space ~o"" U 00 ·S n of the homogeneous elements of 
d~gree n. Since ~ [r] is the topological directsum of the 
Sno". the continuity of these mappings on u0 is proved.( 
F~irther, since the cones K and K p are closed, the positi
vi!I._ of the mappings (17). and (18) is proved, if we show 
{~) c; Kp an~ (~f)'= K p for every f c:;: (j .. Now it is 
(f+ • f)(O, ... ,O) = f (0, •.. 0) f (0 , ... 0) .. . 

n n n . 

and therefore 
<' . n :: - m- · 2 

£ • r = I. t I. · r k (O, .•• ,o) fe .(o, ... ,O)= J I.'t £ (O, •. !,o> 1 :?:O 
· n ~ 0 k+f =n m m · 

. -'+' . (19) 
for all t, i.e. f .f EK. 
~ 

For (f +. f) we can conclude on the following way 

10 

( ~ = I. t ~ I. . J f k(x ····;.~) ~- (x , ... x)_dx 
.n~O k+f=n . 

=I I. 
n~ 

k- e 
ki'r=nt r.k(x, ... x)t .re,<~,: .. ~)dx 

-~ 

. . . . m- · · 2 
= J I I. t fm(x;.::;x)l dx 2:,.0 ~ 

m·~o · 
(20) 

for ant. 

Now we can state and prove 

· Theorem 2 
Let .. 
. . 0 0 

. M =I g =·A-1 (t) ll f; ··A ,p ~ R 1, f = (0,0, £
2 

,0, ••• )· c:;: K 
. :...-

with f 2 (0,0) ~ 0 a.nd T the linear· functional on M de-
fined by . T(f) '""/3 ~ o·, T :(l)" ,.1. 
Then there exists a Wightman functional W(g) (local, con
vex, invariant) which is an extension of T(g). · · 

Proof: 
In . consequence of Theorem 1 we have only to prove 

-;-1 E!-· K~+ ·L + ke~ T. 

Now kerT=IA(-f3lG)f 2 ),Ac:;:RL _ 
If -1 c:;: K~L+ke_rT, then it would exist a sequence. 

a · a · a a · a · 
k + f + v c:;: K + L + ker .T , k . c:;: K; f . <;- •L , 

~' f 

va:'= A a (-,8 1 G)£2) .c:;: ker T · with ka + fa + .ya. ·.-~.:1 . 
:,._ 

Ia' I· is a directed-set of indices .. By applyingthe mapping r" 

(17) we obtain 

"'a ''a ·"·a .. : · 
k + e + v ~ -1 (21) 

. " 
in P. From: Lerrima 2 (15)·we get Y a= 0 and therefore 
it follows 

"a • .. a-·. · 2 ·a ·· ··· 
k (t}+ A f 

2 
(0) t· -A fJ -> -1 {22) 

with re~pect to tile topolo,gy ip. of. :f. : ::. / . ' ... -~ ., . 
. In consequence. of Lemma 3 the ·zero-component of 
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·'· 

ka J~.positive and therefore· "-a-~ 0 for a ?::: u
0 

Furthe:r; we take a_t 0 sucJ;t that. f2 (0,0)t~- f3 _;::0. 
Then r~ (t ) + ,\U (f2 (0 ,0) t ~ - f3 ) .....__ 0 for a ?;:,a o· 
This is a contradiction to (22); since from the convergence. 
with respect to r p it follows the convergence for any t • · 

Thus the Theorem is completely ptov_ed,- .. __ ,... 

Theorem 2 states the existence of a Wightmanfunctio
nal and consequently also of a field~ Of course this Theorem 
says nothing about, the existence of nontrivial fields, since 
we can find a free field- ¢

0
(x) the Wigpt~an- functional · 

W0 of which is an extension of T ~Le.W0 (f)=:T(l). · 
The proof of Theorem 2 is ·only the simplest example to 
demonstrate, how ·one can prove the existence of fields 
with the help of Theorem 1. · 
A more general result. we will obtain with 'the next Theo
rem. We start with a test function. g_1 (x 1 ,x 2 ,x 3 ,~ ~Ed0ofthe ·form ., · ' · . . · 

-. . .~ 

g (x ,x ,x ,x ) = h(x )u(x )u(x
3
·) h(x

4
) 

4 I 2 3 4 l 2· .. 
(23) 

with the p~operties 

h(p)= h(-p) ~ 0, u(p) = u(-p) '>-- 0 (24) 

Further we 'take h and u in ·such a way that supp hand 
supp ii are compact and 

supp h c .l'p; p 
2 

> 0 I , supp ~ c l'p; p 2 < 0 I . (25) 

We can choose g4 in such a way that _ · 

. . 2 . - -J g ( x ,x , _x, x) dx = (2 ti) f 8 (p + p + p + p )h (p ) u (p ) x · 
, 4 ~ . I .2 3 4:. · I . . 2 · 

. . 

-. 
x u(p )h(p )dp ... dp > o, 
. · 3 . . 4 I, , 4 

(26) 

since for the point {PpP 2'p 3'p 4) ·i~. fig. ~ the int~~!-'and_,on; 
the right-hand side is positive._· . ···. ·. · · ·· ·. · :·· · · · ' · 

· ; . _c ~ __ 4 _ • • • \: i; i 1· , _" · ~ 

·'·12 

,"•.· 

'· _. , .. ~ 

-· 

...... 

v+ 
/ 

r-- ·--- ·-
' 

; ,_;-~;-- ------- -, 

- - - - - !~'tr ;; •· ? ---, _, 

Theo'rem 3 · 

'• 
'·, .. 

Figure 2 

Let M =I f ="- 1 m11 g 
4 

;·A 11 E Rl be the linear subspace. 
of (:f o generated by 1 and g 4 and 1( f)="-+ flf3 
T (g 4 ) ={3 > 0 . a linear functional on M. 
Then there exists positive functional W(f) on u0 , 
which is a continuation of T and satisfies W (f)= 0 for .·. 

. f ~ ·L ', 1 '= •L '+ .i•L '= ~(I , f. :) . 
£oc mv 

W (f) . is then a Wightman;-like functional. It is local and 
invariant. By W we can constr.uct a field ¢ (x) ·which sa tis-
. . 

fied all assumptions of the Wightman axioms except the 
spectrality. The field · ¢ (x) obtained on this way is different 
from the generalized free field, since 

W(g) =<0l¢(h)¢(u)¢(u)¢(h)l0>>0, 
4 . -

but for a generalized free field -¢ it holds ¢ (u) = 'o. 
- . gen gen . 
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Proof: 
Analogous to the proof of Theorem 2 we have only to 
prove 

-I $ K +L '+ ker T, 

where ker T = I,\ (- ,B 1 G> g ) ; A ~ R 1. 
4 

(27) 

Let -ka+ fa+va~K+•L'+kerT, ka r;;K, ea~L' and , 
va,;,\a(-{31 G)g4)~kerT be a sequence with 

k a + e a + v a--+ -1 . (28) 

in G 0 with re~pect to the topology r. Now we apply the 
mapping f - f (18) and get . 

v v v 

ka '+ e a + v a- -1 (2_9) 

" By Lemma 2 ii) it is ya "" 0. Therefore 

"a a · 4 · 
k (t) +X (ct -,B)--+ -1. (30) 

~ith c = J g .1 (x,x,x,x) dx > 0. By the same conclusions as in 
the end of the •proof of Theorem 2 (30) leads to a contra- : 
diction.- Thus (28) is impossible and. the Theorem is 
completely proved. 

:Since for the points p1 , p2 • ~:r p4 ()f Fig. 2 g~(pl'p2 ,p3'P.1~>0 
and PJ • Pr +P2• P1 t-p2 +Ps ~V , PJ + P2 +Ps +P4 =U • · 
g 4 is not an element of I,.,p· Therefore one can hope with 
methods analogous to those demonstrated before also to 
prove the existence of an extension W (f) of T(f); which 
satisfies W(f) = 0 for f~I s • Then W(O would be a full 
Wightman fu~ctional of a nefd different from the genera
lized free fields. 
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