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1. Introduction ----------------
The problem of the· e~pansion of tlie scattering ampl;.itude 

for particles of'a~bitra~y· spin in covariant: structu;re!l d_ates 

from the very ·beg1ning o~ the development of quantum field 

theory. In the us~l expositiori·1 ' 2' 3 ; such covar:iant 

expansions are derived by a·speoi~l.y devised procedure 

for each combination ·of spins encountered> in prac'itical 

.-calculations. 

On the basis o"f full Lorentz invariance (_including in

variance under C,P and T ) Hepp 4 proposed a general method 

for constructing covariant· expansions. Hepp' s- solution how~v

er was not qu~te explicit and the problem:continues to attract 

attention ( see for instanc·e· 5 ' 6 , .and f~rther refereno~s 

cited there). 

In the presen1; _paper, .foll.owi.Jl.g an,, unpublished work of 
~ ' • ...... ' •• ~ c • • ... • - 4 • 

Oksak· and Todorov, w~·attach the general problem of covar:a~t 

expansions, by exploiting the manifestly covar:iant technique-· 

of .l':"ef. 7 ,s .It consists, ro~gli.lYt in substit~tlng the spin

tens~s with two-oompo~ent ~dices, used_ in'ref.
4

,. by homo-' 

. ''·~ 

geneous polynom1aJ.s of ·p_ai;-s of· complex variables 

as·sociated with each particle w1 th spin. 

. :::~ 

The-Lorentz invariant·expansion is written as a sum of 

·'(,{S; ~- r)(£s ... + 1{-t~~ t 1 )(.1.Syt t) -~ 
·terms ( for binars processes). The full Lorentz invariance~ 

leads to further reduction of the number of independent in-

var.iant structures. ., 
,· 

3 

- ~ ~-· 



. . 
In Sec.2 the problem of the Lorentz-covariant expansion 

of the scattering amplitude is reduced to the problem of a 

Lorentz-invariant expansion of a· homogeneous fUnction of 

two-component complex spinors. The degree o~ homogeneity is 

related_ to the spins of the incoming and outgoing pa~ioles~ 

The apparatus of the finite d1mensi_onal :representations _of 

the group SL(2,C) ·in the ·space of the. two-component co~pl~x 

spinors is used.· From the point .of view of representl7tion · 

the?ry the. general formula "!or the L_orentz-inva.riant expansion 

of the scattering amplitude is a decomposition of the direct 

product ofthe SL(2,C) finite-dimensional representations 

{z Sa., o}. into .irreducible representations ( this fact was 

noticed by Hepp 4 ). 

Further on we find out identities for the invariant . . 
structures, with the help of which the general expansion can 

be written as a function of structures associated with a single 

channel ( 5 - , t" . or 2..1- ) • 

In ·seo.J A and B the conditi;ons of P- and T-
invarianoe of the amplitude. are used for- deriving the respeoti-

-
ve transformation la!s for the invariant structures.· 

In Seo.Jc . the transformation laws for ~he invariant 

structures under CPT are derived. 

In Sec.4 an illustration of the developednathod for the 

oases of pion- nucleon and nucleon-nucleon scatt'ering is 

given. As expected our results agree with the well-known 

formulae for these processes. 

4 

.I 

r( 

:l 
1 

1 

I 

I 

. I 

I I 
\ 

In Appendix 1 we give an explicit realization of the 

Dirac and Bargmann-Wigner formalism used in the main' b_ody 

of the paper. 

Appendix 2 contains a table of the txansformation laws 

for the Lorentz invariant structUres under p and T-ope-

ration. 
2. Lorentz-invariant expansion of the scattering amplitude 

2A. Proof of the main formula 

consider a process pre~ented on Fig.l 

~/JJ.z., ~..z. 

~ 1 R, 1 911 ~ 

Fig.l 

f 
:S 1!5; ~I~ 

where D, e. 1 5 , !;; denotes feur-mcmentum, charge, spin 

and spin projection of the ath particle. The conservation of 

momentum gives 

~ + p:L. f fj + p)' = 0 . (1). 

All particles are on the mass shell 

2_ <.2.. 2.. 2. 
Pa= Pu..- !{ = Mu.., 

( Q ::. 1,2, 3,'1). 

We int:rclduoe the Mandelstam variables 
c 

.5 

(2) 



;!, ~ J' ::: ~ t-P.z 1 · ;f
2

::: s 1 

$)_ ~ T = P, + P3 I . T .2 .:: t:·l . 

~{ =- u ::: P; f p'l ) u l = u I 

(3) 

with the well-known property:· 71 

.2_
3 

cl, 
2 

= ·S + f+ ·u_ = L Jta
2 

· tJt' - ct~ I 
t-::: I 

The scattering amplitude of flat process is written on the 

form 

T (P.; ~I e,~; .,, ; ~I i3; e.;~'.,.). s,s. s3 s
1 

. ./ 

\J 

(4) 

;. (?) -s .. -~ .... 
Let ZL.!',s ( P) be a Bargmann-W.igner sp1nor for a particle 

of four-momentum p ' charge e ' spiri s and spin 

projection .e~ , Z <><jJ • .• 1 ~.z.s J = 1 1 .2.. 1 3; Lf 1 

which satisfies the equations x) 
(u} . . (e J 

( p- e );! ) US; $ {P ) = 0 1 

where .z.s 
(_ .. u) ··~ 
jf ::: / @, .. riP 1 

and 

1 (tJ (e J 
§ US:$ {P): ~{stl) 21s;5 {P) 1 

~) 

5.3 lis; ~ (P) : e ~ 
(5) 

(e) 

24~ (P) .. 

. x) We omit the spinor indices 1n this and similar formulae. 
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("We have used· a somewhat unusual nota.tion for. the spin . 

projection, .which :allows· us to _write do~n all .. folir. solutions 

of the_free Dirac equat~on.in one formula). 

In analogy with the case of spin 1/2. particle .we .introdu-

oe a D:f:rao conjugated spinor·· 
,--___ -----

(e) 

u5,~ {P) 
(e J . . 

?A.s,s (P J -

(,u) 

r (6) 

( the bar stands for complex conjugation). The Dirac conjuga

tion transforms upper indices· into lower indices. 

In the basis on spinor s~aoe, used in Appendix 1, in which 

~ is diagonal we introduce also the four-component complex 

spinors 
~ 

r = c~ J I -r :: r c, 
where 

c ~ (~ :-1) E ==c.~; z := (~), 

2/ I 2.z._ are complex numbers. 

We associate with the physical amplitude on a given 

channel ( 12 --7 34 ) a Bargmann-Wigner spintensor: 

T,J
2

s!Js
1 

(P;1 ~ 1 .. / ?3,~; · •. ) -=-

(!:,) (e,) ) T (, ) 
- U.s;.~ (P,} ~,.S.2 [PL S,I"s3 ~1 { P,; ~~~s:;,.; --- .;r 

. c ( v" J . ~) r .) 
x Zis,i ~.:> (- t;) Z!.s;; 's; 1.:: P1 . 

7 
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In eq. (7) a sumation.is· to be carried over each ·repeated 

index .Ca._ from -Set: to Set... ( Q '== · 1,2,3,4). The minus 

• signs of arguments of the Bargmann-Wigner spinor are dictated . 

by the choice of the olls.mieJ.. 

Further after multiplying J!! (7) from 1eft· and right 

with the necessary number of f 's and r 5- , respectively, 

we_ obtain the invariant amplitud~ s 

-r;S._S~)'t r~/ e,, z,; •" j ~I e.3) Z3J' • ·· ) :::, \, 
(-'J,} . <.2.h) 

- ~ Lf./ ~- Zt(fz) T . . 
- r, 21~.~ (fi) f.z_ 'Sj_,~-(P.z.). s;sLs~sy (11,4; e,~j·--) X 

------;;--. ( -l..fj I / ) . · Cur) . \.~) L'~' 
X ~~~t/3) K ~~-~~ (-PrJ J; 

(8~ . 

The amplitude (8) satisfies the invarianoe condition: 

-r:s._J_!J; (P11f,1 :2; /··_) = -{S"..S:.f1- (/](71}1}1 4-/ /12,;'_··)1 

where 

-A 6 SL (i,c) 
and 

A P A~ 
r-

. /l(AJP 
~ 

It is a homogeneous _polynomial of degree .Z Sa.... with respect 

to 2a... ( a :::: 1,2;3,4). 

From the theo:z:r of the-·finitedimensional representations 

of the Lormtz group in the ·spaoe of two~component complex 
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spinors it foll.ows that ~he amp1itude (8) is a polynomial· 

of imariants o_f the type; 

Uo (z<~.., zc) ) 
. " . """'-"" 

Ui (zct, zt:) = j_ ~·~e ZQ E ~f. 4 Lf; 

where Za_ are two-component complex spinors and 

$t· 
~ 

= rl,-"< "" = £· 0 - s:. -0 ' Pt ~ L - - ) 

s 
(.. 

- S:AiJ<t<- 6j.- = $.: o + S,; . 0. - -So we write 

T ( P1 ,· P 7 • , .. ,· ~~ ~ z.:S · , •. ) : 
•,.r'-.s~s~ 7t-.J _ ' '. 

SdJ3 J, fSr J...rh_ ~ 

=L L L ~ (2;,z5~~ 0~)x 
. ' • I J> 

,h=/S,-J,i Jz~/S,·Jr/ J={~-h_/ 

i.. j 
><·1;:,~ {z£,2yi'Ov) +fl. (l-i. 1 ~1/ c'Jz) x 

(9) 

~ (e, ez L3 e1) _ 

)( I;,£ J- ( 2 ;' ~} ~ tJ) . 

The monomials --p and the functions F satisfy the homo-

geneity conditions 

p i 2f; L)z_ Z/ /) ) • ) 
/,),_ { A,U/A~_v;)3o2)=~ )z A.; -r;,( {u, V;' az ) 

0 

(4t~l~t,) 

t;Jz.j. { A2; ,sl, T, U) 
2/ F.{4~_~4) - '0 )' 

~ -1Lr (z;?t ~~ v 

9 



The. monomials P have the form ( of. ref. 7·); 

J , · · . ~·fi.-i J·:_Jz_t;- i-i. +- • 

tjlt.(u1 v/»z)=-!l{{fzav) (a~) (VOz) _' ~ <1o) 

The normalization constant oan be determined from fo11owing 

requirement: If Fj (z) and F), 11Jj:<t v) are homogeneous .,~ 
polynomials of 2.. and U 1 II of degree .zj and 1}r I"Y~ 
respectively and 

},. f.i . 
-. J . 

{). t { u, v) ~ L +}A. (u, v,· Oz)fj {2) , (11a) 

/:)J,-J.J 

then fj {! ) can be expressed conversely in te:nns of 

~-~ (l<, v) by 

F;(z)~ r:·(IVv ;z) li,;,. {u; v) 
(11b) 

Conditions (11) are equivalent to the operator equations: 

1;-- 7j{(u,v;ZJz)'J?: (8t,,8v;z) =i. 
d • (12) 

and ' j' if' P. J (~I{ f)y· z) f? {tl 1 V;' Jz) =- 6 
~Jv I I Jlz._ . 
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If we apply the operator equations (12) to the function 
.lJ, .:ZJt_ 

Cul-l) (_tv) . 

c .t.J,)! (!-~) ! 
take into account that 

t/ / '-'.!,. 2;; 
idi (?Jt,1av; z) Lau? (flv) _ 

(:tj,).' (.2h),' -

j 

l]l {a;6/2) 

and compare both sides using the differentiation formulae 

(o. 'Oz)(&z) = (p-6); 
(a 7J2)-n{tz)'"'_ (a_ t) ~ { t'z)

711
:n . 

r 1 - · J 
'11. '?n. 0.' (111-n)/ . 

d.. f J o(.,. . . I< ~- k . ,6- It!. • 1'- .l f jL 

(a.:~~cycc1 o l_{ta){ca) {tz) (c z) _ 
1 

. f' 0· lt.==O. Kf(!t-~J!(i-~J_I (rJ--~c~-K)/ 
oL tag- 1st: u_ 

[Q92~[fz~(cz~ ~z~ = L lt;~ tJ, (ct;}, x .. 
,£, /'' 0: 0, S+ i +f,t.:::,L • 

I' -s d-- i S'- u. 
· J< (tz) {c.:z) (clz) 

(f-j)f (t-t).' (rJ-u)j 
the binomial equality 

e 
;__ (~){!)(~):;: 
lc= a. · 

(f )(u:-a)' 
and the import_ant identity . 

&!-tv}(att) =- {p.a.J(vt)- {ut)(va), 
< I' .. 

II 

.. · 

(D) 



.· 

we obtain 

(;tj+t) 
;V ~ := 

J,lt (!, +l +-J- 1-1) f ( j, a-j._ -)} / (J; -iz_ -1-J)/(i_-J, +))I 
n 

The 21- and V- diffe~entiation in eq~ (9) "gives 

Tsl. .!JS)' ( P,t l!r, z,/··· j p~~ f3, ~/· "' )--
,(A}- . . 

. .:: ) ~ (z,, Zz 1 Z.5
1
"Zr/ Oz)x L._ s,s,r5 s~ 

~/ .. ,j . 
~- --:r:;. (~it.~ 4) -). 

J< ih I ( 2 j ~ I I U 

(14) 

where 

p<Ji.; . ·. .;,~ r · Sj-lf;,-.~; J.z_+J)'ck ·-~ 
J;J,J,sf (Z.,Z.z1Z!>,z,;82 ).::A{;t!

3
s,.. (z,tz~J (z..t.t2r) 

o<.. I J- .· 
)< J. (z, l Zz_) (3 E Zy) (Z

3
lZ.z) ~ EZ,_ )J"' 

L_ f 1 .. ;· .... .X .c.+t~o-~-o-: ~- ~- q-:. · of 
=S;+Srj . . 

s,-Jj+J,-J.-fo Sz-.S>-+-k-.t.- r 
x {zJJz) . {:.~. Bz) 

(!'t·S!>+,J,~oi-t)_l (sJ.-J~+k-ol.-J-).' .x 
(ze, ozJ-s, +IJ -.r-- o (z't' 82 fr-h -h- o-f! 

X . I . r- I 
{!rSi +J; -lr--q) .. {_sy~S2 -h- o -j!>). 

The factor ;t/-1 ;,_; · has the form 
s:1 s~. s> s~ 

12 

(15) 

.I 

-· ... : 

') 

l 
II 
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·~ 
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I 

!lift. i-
s, S',S~Sr -

(16) 
~ J~~+~(!,-I;+_~J.rs3-~+jj1{!~+1}(-s.-I,+/Jl{f_-.ft+iJ! x 

(5'1 + s, +- J. + t)/(f, t- ~ -;,) .'(f.z +Sr +1,. +I) / 

(.!j+t)(~-~-i -JJ,'{J-~ -1))_1(~-i 4).' 
X -{!..L t-.Sy-h_) .'(!, +J +/ .f 1) _I J 

-c~,,.,t;Al 
The function r/.. L ·{z -~·-)is determined from the homogeneity 

1~/ I 1 . 
condition and the possibi11ties to form Lorentz iiiV'ariants 

from 2 and ?', T 1 U : 
{: (~t,_i, t.,) I ) -

i ~ J-. C z ,· /, 7; rJ I -
zf I (44Ls 4) · }<:. J-k 

= L . .. (s,i,u) ~(-z) 1--t;_(zJ f 
. IL- <> J., ),_J /:. - j,:_J. · (e,4-R.4) 

t u~cz} L lii.oK (S;t,w) 
fC-::.0 

),- 1- k:. 

c-:t)z) t:c ( ;z) 

(17) . 

Higher powers of ~ (z) do not appear in the right-hand 

side .of,eq. (17) since they oan be expressed 1n terms of 

ppwers of ~(2) and. Zf~ (?.) from the identity 

[ ~ 2-t,[z) f ~ li.~-Cz) -1- ~ U3 (zJ] 
2

::::. O. (18) 

In the right-hand side of eq. (14) the_ Z- differentiation . 

oan ·be done lr1 th the ·help . of formulae of the type 
1! .J- ·{fl ot- n+ 1< :n-;u< ·) K-

~t>.z) ~A2) ~ L (zllz) ~Az 12.Aa.) (p./fc.~.-
1!! .,t! 1=-0 (:>l-nr~<)_l ('11-t'J<.)! ~.1 ) 

13 



71 oL .B 
(a Bz) (2-li 2) f?- t3 2Y _ 

?'1! .X./ j2>1 -
-YJ [_"';_"J [£] .t.~n+-~<1-C.. 

~2__ 2_ 'f_ (zltz) X 

':J 

1:::::>-0 €_:0 ?n::O-

?1-~f:l.e e. 
Ia A 2 + z A a-) {a- A a) · · 

X ~ ~ 

(11- JC.t-.ze) _f ~ / 
. ~rLJ11I )"YYt 

{ct.8z 1 z Ba) ltL 8a.... ;x . . 
(f<t-2.'VI-;i)! r/1_, 

As a result the amplitude (14) is a polynomial of \he L~rentz 

invariants : 

2"'- t 2 if I U., {za., 2 (} -

·lj: ( 2 <l, 2 c ) ::: I . I l~ rl d) ;ztlKe zct £(!;~-reP;: Zg>/ ,...,., 
where 

.' . l ct. '· g} :=- f, -l, b I L/ • 

On the other hand the way we do the transition ~rom the 

spinor amplitude to the scalar one shows that the amplitude 

should be a function of structures associated .with a given 

channel ( 5-, r - or U - ohannel)oorrespond to pair~ of 

variables (12) (J4), (lJ) '(24) or (14) (2J), respectively. 

As it oan be seen from eq. (9) in ~h• present paper we 

have oho11en to work in the f- channel. 

2B. Identities for the invariant structures 

The remaining structures oan be eliminated with the 

help of the identities: 

14 

I 

.• 1 

' 1 
-~ 

i' 

t 

i L 

.Ue(z,-z
3
)Uo{z£,zy}- Uof3,.2t) Uo(Z6 ,'Z'I)-llo(z,;zr)t4{z.z,Z..3):: 0 1 

?io(7j,z~)lfj {zL,zJ- Zlc(~/z.z) tt;"('Zj,Zy)- 2]•(1,21)74, {z;/j) = 0 1 

L . 

EK.j e ~ Uo~,l.5)lii<{zL,z.,)- ~- {z,,zJlte (z~,z.,) f 

+ ~· (zz.,z:,) !4(z,, z;)-=- o 1 

4:J: Ltl~ (z,, z!J} lfo (zL, zr)- ZJ{~,ztJZC;l2:>; -zJ f

+ ~· ( 7717y} ~- (!z., zJ == 0 1 

(!,j,e. ~ 1,2,3) 
which follow from the modified identity (lJ) 

(2ii ~~~jl~z.;)(zz ta;z ofrzJ-

(l9a) 

-~f~ 0}'"zL)(z0 E o;J CJ14)~ &-1 t~, o'::;;(z~ l~OJ'-'~l:: 0 1 

Zfi,J•lt~t!~ J:: 01 I; t, 3 

Another neoee~ary identity is found when the operator 

{z, Oz)(zL8z)(z3 0z)&Y fJ-z) 
(' 

" acts on eq. (18) ; 

15 
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1·' 

C) 

.3 

L S z[~·{z,,z6] ~-(z,/zr )+ ~{~,zJ~{zz,zJt-~·(5,zJq{z3/Z:j}i-
. d 
Fl 
';) 

2_ (~·ee)~ ,/J [z~J: (?,z.) !fe(z6 ,zJ 1-

J,r, (:/ 

+ Zl~ ( Zr, z3) lie &z; zJ t- «,~, zJ Zte0,2~] .:= (j . 
(19b) 

Obviously·, taking different differential operators and higher 

powers of equation (18), we can obtain identities relating 

more general structures. 

). Discrete. operations 

For obta1n1D~ the CP~invariant expansion let us analyze 

the right-hand side of sq. (8) 

7; s,_ ~ sr ( P,, ft, ~; · · · ) = 
(~/ 

("V (e,} T . ) :; !; ~1 ~ {ft)' ' ' J;SLS~S~ (P;I ~I ~~ j.. . ". ' 

(8) 

Here we have two types_of scalar. products: one 1n the spin · 

space coming from the summation over ~~ 8nd another 1n 

Dirac space. So, the product 
(t.J I 

,....., c~ J 

"f Us;3 (P) 

,.-.;.._· (?r }) 

( u~(ivJ f . 

16 

.~ 
! 

r. 

L 

r 

is a scalar 1n Dirac space and a spinvector in spin space. 

The transformation properties of each single ~ under 

space and.time reflection will be determined from the 

requirements 
c~,, 

""--

Ir 
{g./ 

t<.~ (P )::: 

or wJ 
""---' 

J f zts,:} (P) =: 

wJ 
~ 

~ ! (ej 
7 lis,!, (f J 

. ,---..____ ~ J 

T (~) 4 
Zl.g (rJ i 

when I involves time·reversal. 

JA, ~ace refleill2!L 

The physical amplitude (4) transforms as 

~ 7;.J.;,(P,,e,,r?tt. 1 ~--.J-=-% T(L~ P1-1 tt, ~4/· .. ) ,~ 
where ~.S . is the phase .factor of space refle()t1on ( which 

is a product of four such factors, one for eaoh_particle), 

and 

L fJ ~ (.po -f>) 
.5 (I I -

Using the space-invariant condition 
C.2.J) . (u) 
~ "-

I ? (eJ ?' (e) ) 
s T ,Zis,s (~>) = 7 L Zl~ 5 {P 

'1 

with the help of the identity for the Bargmann...Wigner spinor 

( see Appendix I) 

17 
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/ 

- (z.s) 

(e) { . ;) .(~/ {- . ) n 

ZtJ;s(eJ= l~ ~. Zt~:s L-4 P .· 

we derive 

[ 5 Ze<. 

.....__. 

- fa. 
- 11a.. Za.... ( tt = _f, ~~ 3, <{) (20) 

The .invariants 'Zfr ( Zq
1 
z1)transform as 

.) 1. "" 
[ 5 Zlo(z~, ZG -= - 2q_ E P~ I} Z g J 

,H,._ !tit . r-- . 

i 

("'"' I '"'J "'- (21) 

Is ~·(zq,z6)~191!e ~JI~ 4_E_ea.(~~~--Je,f,}Pcz4' 

( See Appendix 2). 
The amplitude.will be invariant under space reflection if 

and only if 

-r;Sz..~S't_( ft; If, z,; . "/ 1:, 1 f-:!,
1

Z3/ •. ): . 
(22) 

..tg +-2S1 c- u ts -r;;,_·~S., { L ~ ;'lt 1;;, /····;' I;~, !:3;" I;z~,~· .. ) 

..<.f,tl!~ 

where the phase factor (-1) results from the minus 

signs of the arguments in eq. (a). 

18 

I 

; 

L 

,!o- "! 

JB.~~~. 

·~under time-reversal I== Tt- . the ampl.itude (4) 

transfonns as 

It {s.s}s, (r;,.t,, e,S.,i'"i ~A, ts.t; ·") = 

Y s,.-3-a... • . . 
= ri" n{-tJ 7;_, c.s (Is~ ~~-~~/···ji;.fte,,-4~:··)~ 

~ =r .3 ->t -, :Z I 

where 'tt is the phase factor of time reversal. Using then 

the T- invariance condition 
(ZJ) 

...---- (e) . 

It f ~ '5 (f) c= 

....---___ (2.J) 

l (e) 1 t U;,'!; (PJ 

with the help of the identity for the Bargmann-Wigner spinor 

( see Appendix 1) ; · 

ceJ • S-3; 
~ 5 (f) -- (-1) 

(zi) 
.,)(.. 

~JP 'v,_) Z<rt-3 rs / { ~ 
. . 

we derive· the time-invariant condition for the amplitude' 

Ts;sJ~~r (P,1 f,,·~/ · .. /fJ1 ~1 2!>/· .. ) = 
(23) 

l.~ f2Jj- T. . . 
=J::l) l?- ~s,s,s2-(4t~1 ~1 kZ3;'· .. /J;t;; tf,J;t,/ .. ) · 

!9 



I' 

Ji 

I 

Hence, we hBY"e 

It z,, Zz = Is z3,'f 

It 2z,Zy = L ~. ~ 
and 

It- JJ 
It~ 

"" = - 51 
~ 

-= 5i 

(24) 

(2.5) 
"'-' 

If 53 = 
"" 

53 

The invariants 

follows 

-~ ~4 , ~) transtor11 UDder time-reversal as 

- 1 r---

lt Zlo (zq,z6) = - Za' t f}~.r ~/ Zc I 
ffq)'t 

) 

It Z)' fc.,zt) = f1)i~¥.e L:~, zt<, t.fa.{$£--ff; )tt~~-.. 

JC. £U-..!!:e!to:raaUon 

Under CPT-transtormat1on J = IcPT the ampl.1tude 

(4) tranafoms as : 

7 _ Tsrs rf',,e,,e,~/ .. ·/~,4/~~/ .. .)=· 
- C p I ;,I l. ..IS y . ( I . 

· Sc~ ... I ( ) 
~ lCPT /](-1) ~.5;.JiS .. (~J-~/~~/···/t,-4~~~j"· _ 

20 

i 

I 
!, 

,J . ~·I 

!I 
I'• 
f 

v 
t 

I 

L 
i 

! 
l'· 
l 

I 
l-
1 
\ 
i 
!• 

,_ 

. ; : 

Using the 1dent1t7 

(.u) ., . ~ 
. (e; - :r-s . E~J c lls,"3 (P J = 7 c-~J . 1{3 (PJ 

1n the same W8J l.ike 1n the previous subseD1:1ona we find, that 

the CPT 1m'ar1anoe re-duces to 1D.Tar1ant of the ampl.1tude (8) 

TJ, Jz s;.r,. ( f,l 4, .;;:; / '· ~ / !jl -~' 2 -!>,,' • • ·) 

UDder the transtoraationa 

2j <-> 23 
' I 

Zz_.~ZY/ 

4 .('-> -~I 

e ~"?-e .. 2- f J 

and 

?; _;- $ 
I . l, 

(~ 

~ 

-;:>, ..1~.- I. 

~;> -~ • 

(26) 

. (27) 

(28) 

ObT1ous17, the 1D.Tar1anoe UDder ·(27) imposes reatr1ot1ona 

onl7 on the im'ar~J; .aoal.ar ampl.1tudea · / {s; -11 u) . 

0 
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4. Al!l!lli!S!!m..~~..2L 

..:L ~~AI _!!5!!!hrtng 
n 
\d 

Pion-nualeon scattering 

Using the formulae (9), (14), (15), (16) and (17), we find 

with .), = SJ .:: J. J Sz == Sr = o 

T;u (r,,~,z,/ ... )-== (29) 

=- /rJ~. f, ;_,_ J '-4(2,.-z:.J 1- /Js, t,u)u, k z.jJ ~ Jt.fif,u) cMz,. ~J + 
+ ~(s1 -l-1 u) U~{;;,z~) i 

''r 
where 

1£1;) ( Z / 1 Z 3 ) = .-? f z_ _-, J 

"'--

t~-(~,23) = {/Ke Ljcf! ~ ~ 

we apply the space reflection operation to eq. (JO) and require 

that the amplitude satisfies the fJ- invariance condition 

7;,,._, (P;,4,~) · ·· )=- 7;,~/ (~l/ 1 f1,l;z.,_/ ··). 
It follows that only two of the invariant scalar functions 

j {I, (; 1 ~ ) are J.inear independence. So the even parity 

amplitude can be written in t~e form 

22 

--,;1/ (P,, R,, Z,j .. . ) : . 

.: ; [ .t. (nu) Zto(z,,z~) + ~(z,, z~)- tl~{~, z3 5J J.. 

-/- MB (.t.(S-~) Zl0 01 :z~)-Ur{~,z~J- 'tlt/(2,
1 
2.:.)] !C. L:. . . 

where 

.4 :::: ~- J.?:J .z } j.{ 6 == - .t- l-o ) 
and · M is the nuQleon mass. 

(JO) 

. 2,J 
Eq. (JO) agrees exaot1y with the familiar-result ( see ref.) 

A -1- 6 Jf, 
where 

C?= f.J.. + Pv 
:z_ 

as it is easy to verify with the help of ·the formula 

TirN ( PJ, -'1, -z, / ... ) ; 
~ . 

=. ~ (rl"+ J1) (A f·l/ ~(--P;, 1fl)~ 
Further in the !Bille wa::r we find the odd parity 'if AI- amplitude 

1tu (. .. ) 
,4- 1 [ -.2 t Vo (7. 1 ~3)+ fAt(~, Z3 )-ll3(~,2;,)] 1-

+ A.t. Z(z c~ I z~) 

!'or the even T-invatiant >r ;t/_ amplitude we obtain 

23 
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7;~ (. . . ) = 

_:, ,4- [.t(St-u.}~(Z.,2':>)f ly(~,2!>)-'U3(Z,123)}-f - ~ 

+ -~ {:z(u-s>2tf)(d];z!>) + Ur(z:,,23j f U~;(2,,z~}] f 

+- ;{j '( 'Z(z ( z, I Z :,) J 

where 

~ -- ~ fl-1?) -~ 13 = - ~- -~JJ ) _At/ -~ IlL 

. (Jl.) 

Hence, the l'-and T-iiiV'ariant }t;t/- amp1itude is given by 

(.30). 

• ..l!Y!£:.!2a=~2!L~terlng 

In the case of s; ::: .f2·, 53f: Sr = ~.z. we find from (9), 

(14), (15), (16) and (17) the Lorentz iiiV'ariant expansion of 

the anp1itude x). 

~~~ (r~~~/- .. ~· l?t z.!>J· ... ) = 

::: t ~ Z4(1:>)Uo{!'t) t- ~~ /~[ Uo(Jz)llo(3't}- llo(t"}llo(2.~JJ f-. 

t jh/Uo(t?)li,(2Y)f j /'f Uc(t3}~(zr).;. jfr Z1~!>)~(2't')t
!: f ./.(_!2 /1~) lfd n)f f h ~ (o) U, (z r) + JIK {/~(H) Uo(L v) 1-

x) We use the abb~eviS:te notation · z;... (:z4 /Z1} -..:> z;,.J a. 1 t) . 

24 

+ '!~ lr [ llc{tL} ~ (~y} ~ ltr (tt)llc(.311}- U.{2!>)llt(1'1) r l-'t(2~ U.,(N)] t

t- y~ ~() [li<,{fL) ~{3--1)+ lf.£{1L) l4(?Jv)- zfo (z.?>}lt~{t~} fllJ-[23} llo{1viJ~ .. 

.f-Y~ .ftt [ lto{1:L) u.d~'l}l-tl~(tL-}Zto(ar)- ~ [2.?J~{fv} I l~(23) l!6(1VJ/t

f ,2& tL[Ut{fz)~(Jo/f tt1 (1~)q{lr) + tft(23)llt(frjj 1-

1-ii -/,;~ [t~('/2.) Z!,t(MJ + l{J_ {tl3) t/.[(2'1() + t~,t(29ll.z-(t'r'J]I-
(.32) 

./. ...L ~'f {zH1z.) lf,;_{?¥) + ~(111 )lt.2(zv) -1- (o/ (ty) {f.:z.. {3.3) t- ZA.t(1z)lt.t(.H)t
'ifl 

+ Zl,.t(lb) lV(tY) + tt.L(1Y)U1 (23)]+ 

f- j_ hJ-[.tt<.(iJt}~{3V} f- U;_{t!>) ~(H) f-t/:l,_{4V)llj{23) + l~{1L}t1:z_(H) 1-
Yr? 

f- Ub(12>)ZL~ {2'f)-f tr3(H)U.:L{23)] i- -

+ {(6 fJ6 [ ~ (nJt4{3J.f) 1- t1,:;{13)ll1(;y) f- aiJ(f11)Ly[l3) f zt1 (12) /§(3/y) 1-

+ U,[1.3) Uz,(zv) + to/(11f)ll:!>{z~J]-
As it can be seen in the invariant expression (.33) al.l three 

kinds of structures (1.3) 1 (a4)1 (12)1 (.34) and (14)/ (2.3) appear. 

But, because we are dealing with the t-ohanne1, our amp1itude 

should be a function of the structures (1.3), (24) on;J:y. With the . 

he1p of the identities (19) al.l structures in (.32) oan be 

sxpreseed in terms of the sixteen 1inear independent structures 

'U;---<n) 2Ly(24) (!J<-,11}= o1-11z13): 

25 



f;N ·~ j ~ l<.t,{!!/)tfo (z.'f) f-

I /£. (r · . t:,- } .·· )1-
1- q,;;; -. .:.t [ft{to) f.tt{l't) f S.z ~ t1~)l(p_(zy t-.f3 l~(f.!J)~{lv .· . 

<><-1_2J S1 S4!.3 • •• 

1-- i /!J Zlo(t!jl~f2y} fj /;; llc(t!J)ZI_t[zr)~j/r?~(13)l~(2Y)1-

f- j_ fc U, (tj)Lfo[ir)f j/-1. tk_(t~}lfo{Zy)f j/t !1J{l3)Z10 {Z-Y)f 

/ 49 [ )7 +iii s; l(t (1!J)l/3(t'1) -l{6(13)lt.z @'l}_jl--

1-.1_ /,0 [7t0 (1!1){4{Il't)- il{(!.;)_U.;(t'f)]-1-' 
.l[i J!l_, . (JJ) 

f-,t~ ~ 1~ (t3)lt;_[zv) -ll_,z(i.?)tt1(zrj} f-

f-1~ ·f1 [.qzz~(t.?j~t,[.z't)t s/ /u(&J~~r)~~Lt/Jfi~)t~{ty)] 1-, . . 

+-J. _k_[s, L ly{lb)U,(q) 1 :t..*-.2. ~{tJ)0-rz.Jfs./·~r;3}li.J(lJj t-
.lfl f;_ z_ . . 

1-r~fly [ut (JJ)lfl(z¥) i t~(r~)t~(lr}] + 

fy~ ir [ 41.[1J)U_p{z y) f l6 (f~l£t[n5J+-

t- y~ ~J. [ U3 (ij} f4{z J t- L<t (1.P)ll_p{z'f)] . 

26 

;~. 

The P-invariance o:f' the amplitude means 

T;,N. r Pc.,za._): 7¥¥ (is pq_J IQ ze<_) 
This requirement imposed with the help o:f' the transformation 

laws in Appendix: 2leads to relations between the soal.ar·:f'unotion 

.f.J<: (s 1 f t lC ) ( ~ -=-1i 2/ • • 'J 1-6 ) so that onJ.y eight 

o:f' ·them ( 9trl(s,-iJ'-l).,·l17=1,zJ -- • .i) are linear by independent: 

. TytV = 

= ~~ i (S-tu)2 l£o(t~)zto(21) f. 
+ j {!fu)[ zto(o){4(2r) t- ftr {t:P) LLo (zr)] -1-

+ x[Hu)[Uo {13)U.7{t'l) -U3(1ljt!,c {zriJ + 

f J {Ztt(?j)l/J (z~r)-l9frb}0(zr)+ Ur(1~Z'f{L-~-V~f.t3)~(lJ]j1-
+M~.z.. {~~u')U,(tj}lfo(:tY) f 

+/; u[ Uc(Qb)lftfz.~ + l<t /f:>J/4[~~] i
f f .S [ ?4{f3} tfj(zy}- ;.}(1,;){10 (lr)] 1-

- t [ Zi,(t3)ift(zr) + ft3(f!J)U3(!Y}] f .f-
f )1.2.. q 3 f1..L (13) l(z @r) +-

" 

27 



+ /v1
2?; '! ! (5-tf) 2..{4, (t!>) !4, c z'f)-

-j (s -uJ{ 24, ( f.3)ty( z 't) f Zfr (t.P} l/0 (2J1)] f 

+-1 ~-v.)[ 'llc(t3>}Uj{zlf)- U3(U) ~(z~J-/-

+ f [-a, (1.!~Jlt!J{2'J+ l{j {t!JJ.trr l~-~-lff1!J}lftflv- ttj{t!>)l(; e-;;i 1-

.f-~.rz ft l~(1~)L4(l'f) +-

-E-1 f f-~{t~>)~ {tr}- 0(?3)Ltc~r)-
- ~(t~J ~ (z y) f tlj{/!>) Uo(!.v)] 1-

+- ~ [ 7.1, {t>}U~(ztr) - Z(j(13}Ct,(zYj f-

; ~(t!JJLftr,vJ- uj rr3J ~r2'1IIJ f-
+;U q, Z ~S fz~ (o}Ut(zr)-tt,(ts)Uc{lY)] -· 

-J.zt. [ 'l4, (t.b}llj (zr)-1- tt!J{f3)lto(L y}] -

- f { if,(t~)ll3(u) f tlj(o)fv(lriJJ t-· 

f r;, { [- .d u,(,,) 1 ~ (o) -t&fi4/kt MJ f 
rf13 {u2r"J[-ztu.~') •lffith~<.>rniJf 1 

where for convenience the substitutions are used 

~ 1 -> s , sl. ~ u. 1 s..; -> t . 

28 

(.34) 

.• 

"· 
The T- invarianoe requirement implies in addition the 

vanishing of the functions G't- . and · r;; r;. 
Further the structure with coefficient q( does not 

satisfy the s~etry property for_ identical particles , 

i.e. it is not symmetric under the substitutions l.<!-> 2 and·· 

.JL~ 4 • In fact, it changes sign under these substitutions: 

lft (1.3 }t:-.., ~(H) 

Zl1 (i!>) <--<>-lf..z. (!2.'t) 

u!J (fl/ ).:::.--::. - lr?{ Zy)., 

S, :-=:->J/, 

~~ -o) -J~ ' 
;S;, -.? - (~ . 

so, it follows that 

c; ~ ··~ . '0. 

Thus, the full Lorentz reflection -invariant amplitude fo,:t; 

NN scattering has the form (.34) with 

'G ~ t; f. ::= (f :::: 0 
This expression agrees.with the well-known result for NN scatte

ring 1 i 

TyN ( p~) = G
1 

1~1 -~ 4'"' [ %@ t+ tfJJ?] 1-

.+- G_, p/ 1 1 ( tt/)@{c'IS/) -1-
L) r . 

i ~s t'{;-@ t'd;- J 
') 
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where 

k= ~-P~n/ p := f,- ~ / 

as it can be seen with the hel.p of tlle formula 

~'N (P4.1 zQ_) = 

~ ~ (r, ti~ I (!;. f)f) 7;;"' ( Pa) {-A ttt}f,,{-fl tAI}"fr • 

5. Q2~~ 

Summarizing, we may assert, that a prescription for the 

covariant expansion of the scattering amplitude for particles 

of arbitrary spin is found. Furthermore we can construct the 

modulus of the amplitude, which is related to the cross section 

of a scattering process 

4 . 2.. 

/ -r::sLs~sr { Pil; to.) I :- f I X 
0-Jf). {p,)J (?tJJ/(U'J, 

x T.s.~ ~ ( Pq1 fr;z 1 ?J2~) /S,.sz.rJsr { f'(1 fq 1 2 (?f._) . ) 

where the complex conjugation concerns only the invariant scaJ.ar 

amplitUdes. 

30 

In order to find the explicit ~ovariant expansion of the 
< • •• • ~. -

amplitude and hence the crcss.seotion for particles of any 

spin it might be useful to apply the · so-called therm1nal 

systems of computer technique ( see ref. 8 ) • 
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mend~ I 

%!l!!..J2!m.2..1o~e_and ·ide~!LL~I!E&I!Iann-Wigns:.JR~ 

Let 

~ {;.I (y f ~ .2 Jr V ' 

where 

( 1 t v) = ( o1- ~ ) 
For the Dirao r- matrices we ohoose the representation: 

aa={:o1
}
1 

Oi= (~. -: )
1 
f=PPf1f3 ::-t'(:-~). 

We use also tlle matrioes 

-1 -t 7f ·.rVr~ (t. 0
) C = - C = - C = - C = t '~J v =- o r' 1 

'* -1 t 
Vr=- Vj =- Vr =-- Vr = 

with the properties ; 

r ofl d0 = 

c rflc-l = 
!'"'of<. 

t - r,.,u 
-.1 

vT o)'L vT = r~ 

* _ rr 
- (J' I 

( rr-c =- ( ~ :) , 

32 

', 

c 

~- ~. 

As usual we denote 
,.. ' 

Y == P. r;4- ~ r·~ rt)· I p o J 

where 

J! 2 p~-<~ = Po - _!. £; P =J;t/ P:f = Po f _f.£. 

. The tw~-dimensional representation of the Loren~z .boost is 

A1 + .;: 
8 {-f) ~ (~M (.,_u)' 

where 

W = + (M 2 i-_p2. == /Po/ · 

It is seen that the ·boost matrix is positive definite.· 

One readily verifies that 

[f3 (l J] L= 
? 

"-" 

,M 
or eqUivalently 

p 
"-' 

E (fr) ~ )1 B {!_) 

The useful relations 

I t- . 
EfE-:= p 

("/ 

~ p 
J 
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follow from 

T u 
./"' 

= 
[ (}/"'- [ -i_ 

The solutions of the Dirac equation 

(Y- e ;t1) Zl ; ) (P ) = o 

where_the charge e =- !: .1.. and the spin projection 

~ = __ ,_.-0. have the fonn 

(e ) 
·Zts (!): 

(

i B(c)~s ) 

e B(l) fe5/ 
The two-component spinors J?.ts are detennined from the 

equations 

~ f.$ 

f- t?_s 

= ~ f;s I 

1-~ 
-- - (:1) e_s 

With the normalization 
~ 

e~ e~~ =- ;11 ~.t~ . 

It follows then that the spinors 

conditions 

': ::~. 

~· (e' (.{ ~ {I') satisfy the 

+(~I (<I . 
z~ .5 (P) zt_i; i (t) :::- o2 to ~-t~ ) 

~ 
'7 (r:J. ((1. c-
cl:s {t) (!51 (P) -- .:2 )l e o Ji !r; 

34 

'-; 
and the completeness_relation 

. 
~ 

e; (e/ u :5 (P)@ Zt..}:} (p) ::" /ft)f. z 
s 

It is not difficult to verify the followiDg identities: 
. ;f. 

2 · (!?; } ·YO _.{§ (e)(,- ). · 
,{ 3 (!> :: U .)( 2(.5' . lis P 1 

~ ~ .<f-: .. · 

/} 1 (e J _ (f 117 . jJ : 
u .'5 (f) - Zts 0 t) ;11 Oo J 

. 1 ·,r----- o\<'-

(j.ttr) =(:IF!; 1/_;e) (L P)::; t-VT 1 

.....--...__... 
'7 / {</{i {/l5 I) 

- 1-:5 }' Ce/~;_ ) . 
{- 1 f V-; /[1 l( 3 cis .p I 

~ 
~} . 1_5 te). 

uS {P) == (-1) 
2 c . ~ tf) 1 

f f)j~:S C !A.!;c-e)(t) 
,---___... 

·it;(t) -

.) 
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;"" ' - .. ,- • ~ .- '. -· ."1 ·': ~. •• ~ 

with the help of the relations:: 

rc u;e;(i') = e u~(cJ(!;p)} 

· .r ce' ) (-d r;) 
tur {!3 (~ ::: 2!-:s Lf 1 

1 --

c Z 
t<l/ .i~57 (-()(,..,.., ,) 

{ 5 {P) :::-- e (-1) //~ tfJ P; J 

\Y /!
3
(eft) := - {:-1}-~ [-(_;e/ {~) , 

The relations given,above can be verified also without making 

use of the explicit realization of the solu~ions of the Dirao 

equation. 

One can easy check that they are fulfiled for the 

Bargm6l1Il-Wigner spinors also, if the Dirao algebra is construc

ted like in eq. (5}, and eq. (6) ; 

G.iJI CO . (e) ) 

Oo l(s 5 (P) ::: e {~ 5 0 p I 
, I • 

(LJ} ) 
(e/ &e 1:} ', 

t£- Us~ (t) :: lJ5 -~ t P ) 
I f, .--

(_..l.J) S-5 (-e )(i ) 
C Z/.;

1

:; (t) = -e (- t) ZIJ_;s L P 1 

-C;J) (eJ s-~ (e) ( 

Vr Zt.s;s (t) :- -C- ') Zl~ -3 tf) 

' 
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AI!I!..en~..:_g 

Table of the 1' and T-transformation laws for the invariant 

structures 

If 

}fl '::' )f.J = )1 I 11'- ::: )11 :::- m 
1 

we have the following transformation properties for spaoe reflect-

ion: 
I 

I 5 . 1-lo(n,j ::: ·'I;,. /r:-J + f:- u) Z~(f2)- Ctt(,~) f-/l_;{t~] /. 
Is 'Zit (1!>) = 'f~L {- y t(tt f ftJtlc(tlJ -(rd-u)Ztr(o) -.Z(«t.lt:}t~(1;;j J 

rJ v:Lr~!/}-;:: u:L(,!>), 

Is u5r~~J 1i2-[ tr t (s l/{Jt~(t3) ~~(s ~/!;}zttl'1 ~(f-t-o/0rtlJ;· 

Is U6 0r)~i~z. [ 6- i--u.) Zto(J.,'f)- Cy(z y)- L{!> (? y)]; 

Is Zlt (2r}-= r;~- [... '! f (u+.Jit)z~(tr)- (5 d-t{)Zft(tt) 12 {zo /t1tl~{zr[}1 
Js U,d z.r) :- 'V.t_ {z. Y) 1 . ·. · . 

~ Zl~ {ly)_- Y~v[-1 f(st ltjtto[tr} 1.2 f f l~lft(l~ f ~-t-ll)Z(jf-r)]; 
and for time reversal: 

Ir 1.4(t3) =- Is l4(t!>} 

It 21,{13)::- Ij {4(t~) 1 

T t ll;.,(f~J-=. ~ ll:~.f?!J)) 

It u~{r>.!-=- ~ •;,_,,,_,} 
.I • ~I • • . I 

I't; lee( l r} =- - I; Uc (z y} 1 

It u,[zr}:-- E U1(jr),, 

I~ U').(zr) :::: .Is t.l,z(l'f)) 

2!' ·u?>{lY)::: -Is U~ (l~. 
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npOH3BOllbHhlM Cfii{HOM no HI{BapHaHTHh!M' CTpyKTypaMo 

Coo6~~teuHe O~.nHHeuuoro MHCTHTyTa a,nepublx Hccite.no~:~aHHtl 
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