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Introduction 

A conformal covariant operator expansion for the produc!. 
of two scalar fields was obtained by Ferrara, Oatto and W l l r ' 

/2/ 
and Eonora, Sartori and Tonin' ' . It was interesting to 
derive such an expansion for the product of two Dirac fields. 
It turns out that the basts of irreducible Lorentz tensors of 
the type (u.t ft- J used in papers' J ' is not sufficient here. 
We have found out the basis needed here and constructed thn 
operator product expansion. We use the manifest conformal co-
variant formulation of local field theory based on tho isomorphism 
between the confornal group and the group JU(4,2j/7_ 

of pseudorotations in 6-dimen.̂ ional space'"'. 
The paper is organized as follows: 
In sections 1.1 and 1.2 we. summarize some background 

material contained in ref.' ' . Seotion 1.3 deals with symci.-t-rio 
tensors. Section 1.4 describes the antisymmetric tensors needed 
for the expansion. Some calculations concerning these tensors 
are collected in Appendix A. Chapter 2 contains the deriva
tion of the expansion. The final results are given in Chapter 3. 
Some of the two - and three - point functions needed in the 
text are given in Appendix B. In Appendix С the relation 
between the OPE and the three - point functions is illustrated 
in the case n=l. 

3 



1 Manifest Conforms! Covarlant Formalism 

1.1 Relation oetv/aen the manifestly confomnal co-variant fields 
and the f ields in x-space 

A Poincare oovariant quantized field (or shorter 
x-fleld) i s called conformal covariant if i t has a definite 
scale dimension CI л (in mass units) and in addition i s 
ccirarlant under infinitesimal special conformal transformations» 
We can obtain our x—fields s tar t ing from manifest conformal 
oovariant fields Ф(ч) • The fields ф ( п ) are multispinors 
defined on the subset: 

of the llflht cono in 6*dimenaions: 

c*={HvH^n)lf=/W0j ( 1 Л ) 

( « Л 6 is diagonal and Q = (i. ~i. —1. -i ,"1, ij ) , 
they are homogeneous functions of degree -ft; on the cone 

С л j and transform under the action of the U(4,l) 
generators J according to: 

£Ф(|) = - ; * " Ч 5 Ф ( 1 ) = - ' £ Л В ( < - в д

+ 5 ^ ) Ф ( ч ) , (1.2) 
where 

and S^j is some finite dimensional representation of the 
0(4,1) acting on the indices of ФЫ) only. Then the 
formula 
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<|(х) = /*Т(х)Ф4) K ^ « ? H V S ' r K ] -; "" "r (1.3) 

where y^=*V • Ь*Ь°"~ • V-4(. = A , ( i ' 
gives из an x-field In our sense If % = + j where a. 
is a suitably chosen eigenvalue of I S^j ' ' . 

In all cases (except scalar fields) we must in addition 
to the above procedure, impose on the W -fields ф Ц ) 
some subsidiary conditions (to oe specified in each case) 
in order to exolude unwanted (we also call them unpiiysical) 
components of the x-fields. 

In the following sections of this chapter we are Going 
to oonsider the fields needed for our expansion. 

1.2 Spin i/t field 

Тпе иШгас п У) -fields are 8 — dimensional. Here 

where DA are 8x8 matrices-whioh transform as a 6-vector» 
The йд omi Ъе defined аэ the lowest order (irreducible) 
representation of the Clifford algebra 

We shall use the following direot-product realization of 
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thr' /? -matrices^ 

( T- are the Pauli matrices). 

In this basis the generators $.„ assume the form 
(in 

There exists also a con-formal pseudoscalar 

The 8-component II -field луп is homogeneous of degree - d 

and satisfies the following subsidiary condition 

(П]Щ = 0 > (1.8) 
«here (Jf)=fi'h , 4 = 4 + 1 (<4)' 
The Dirac conjugation of the field J( Is defined In the 
above basis for the 6 -matrices Ъу 

The relation between the x-field Щ and Щ Is given 
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by (1 .3 ) , where In the basis (1.5) 

Tw-_TV^^°?VbV^- ci.9) 

Ihe subsidiary condition (1.8) Is equivalent to 

whloh leaves us with an exaotly 4-component spin VJ_ field. 

1.3 Symmetric tensors 

The x-flelds U„...u^x) we consider here ars irreducible 
borentz tensors of type (JL.U) (symmetric and traceless). 
The corresponding V -fields are symmetric and 
tracelessj homogeneous of degree -d.K(a-0) and satisfy 
two subsidiary conditions (for Ъф О ) ' 3 ' : 

f 6c....cJD-0, (1.10) 

Here the generators S^g are given by ' ; 

( t f £^j!M-fc0£.--£ £••••£• c " e 

5 « B = °-
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In the case n=l the operator I I*) talres the form' ' : 

•R l J slTxl»««p[-i( £'f + S™)x"]e I ,* Шд • £ < , ( 1 . 1 Э ) 

where t , . ц й , . 

In the general case of a tensor of rank n 
where 

fw=®T>) f o r n , 0 ) T'°U)=I ало 
and T- (x) is I (x) acting on the i-th index of 9C __c Ь[) . 

As a consequence of the first subsidiary condition (1.10) 
one can obtain'1/ for the fields Q ^л ) : 

From the second condition (1.11) using (1.15) we get' ' 

Л Л - » % / -t" ftJ.-i-i.ttiJ /••••/« 

Equation (1*16) becomes meaningless for oanonical-*"̂  
dimensions ^=2.+Й ^ Й.+ 0 , The reason is that for tensors 

+'If A and В were free aero mass fields, satisfying canon
ical commutation relation so that <!,, = *•=. i , then the irre-

ducible basis tensors (K*) = :&(*)№)!. 0M (*)= •' .' R(*ft« / >A', 

would have canonical dimensions 2,3,4, etc 
8 
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with such dimensions the seoond subsidiary condition (1.11) 
can not Ъе imposed, unless the tensors are conserved 
li^'O. <*'=<? ) D U t l n tj„ i s o a s e i t l s j U 3 t a,, iaentitjr. 
I ft • •• u n / 

1.4 Antisymmetric tensors 

The x-fields Гх. (х) we are going to consider in 
this section are irreducible Xorentz tensors of type fiii, |l )ф 
®(JL, Hi ) j i.e. they are antisymmetric in the first two 
indices, symmetric in the rest» traceless in every pair of 
indices and satisfy 

C %*.-/.. ' (1.17) 

Ufiju, 
where с i s the to ta l ly antisymmetric tensor 
(Г"я 1). 

The corresponding /7 -fields T . „ L ^ 1ч) are anti
symmetric in А,В symmetric in C.traceless in every pair of 

,лвс,оо'0"Д- , , indie« anfl satisfy c r 'U = О • In this oase 
явс,.--сл 

the generators S. b and the operator T ( x ) are given 
by (1.12) and (1.14) as for the symmetric tensors (й—»Ht2J , 

The tensors Jfitc С '*0 a T e homogeneous of degree 
- Л ( d - 0 ) and satisfy two subsidiary conditions analogous 
to (1.10) and (1.11) on both seta of indices 

ЧТА6С,...СЧ4> = 0 ' ( 1 Л 8 а ) 
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t C ' V . . L l l ) = 0 ' П + 0 ' (1.18b) 

С - с ' - ^ Д к к , . . .C,«1)»°. **°" (1.19b) 

'.Ye s e t the rollowlnr; r e s u l t s f o r t h e Л — t e n s o r s 

rARC,...(V • 
Fron (1 ,13a) 'tie o b t a i n : 

£ * , . . . c n

( , " s W c x " " , F «c , . . . c^» = ° - С 1 ' 2 0 ' 

1'rnu (1.13Ъ), 

F ("' = F LX ) . (1 21) 

Frnrn (1 .10) us inn (1 .20) and (1 .21) we s e t : 

F _ J r(J,"-"-3J дУ"-"" y« 



F i Г ( 4 , - n - i ) -)/-..«„ у 

(1.23) 

1 r * > ' ' " ~ f AjV". л..*У + 

(1.24) 

The derivation of (1.22), (1.23) ала (1.24) is given in 
Appendix A. (1.22) is not valid for VH - 2. and <f% - Л+3, 

Ъ>, I and (1.23) is not valia for d^ = M+-J 
( fl^ = 1 ^ives no trouble because positivity requirements 
yield i^n+i (K>,l), J*?Z ). So we call 0-^-2. 
and л = H ti т H ̂  1. canonical dimensions. For such 
values we cannot impose (1.19) unless the tensors are con
served in both kinds of indices, hut in such a case we canaot 
derive (1.22), (1.23) and (1.24) In the same way as in the 
symmetric case (1.16). 
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P.. The ОРД of Two Dlrac Fields in 6-Dlmenslonal 

Space and the Transition to Minkowski. Space 

2.1 Contributions to tho expansion 

The product of ':vo scalar f ie lds i s axpanded in the 
basis of the symet r i c tensors described in section 1.3 
(see ref. ) . ~uch a set i s not sufficient for the expansion 
of the product of two Dirac f i e lds . We mist add the a n t i -
symrTCtric tensors described in 1.4. \,'c have to d is t inguish 
tensors Ци, .. u^. a n i 3 pseudoter.sors 0^ , , . . . v ^ in 
contrast to the scalar expansion which can include only one 
of the two kinds depending on whether the two scalar f i e lds 
have ident ical or different P—parity. F inal ly i f we assume 

ig - invarianco, i . e . , invariance under which the spinor 
f ie lds transform as 

f w / f t , Y->its (2.1) 

we must include in the expansion both /- -"even" and "odd" 
tensors, i.e. tensors trmeforning as 

respectively. ( fip.,... Un, stands here for both 
symmetric ana antisymmetric tensors). We must note again that the 
OPE for two scalar fields excludes one of these types of 
tensors depending on the relative Of -"parity" of the 
two fields as above for P-parity. Obviously the results obtained 
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i n sec t .1 .3 and 1.4- are valid for a l l s ix kinds of tensors : 

О o'" Qr 0f[" P г"' 

It is Important to note that a oonformal covariant field 
contributes to the expansion of two Dirac field3 if and only 
if the three—point function of the two Dirao fields with the 
field in consideration is not zero. From the point of view 
of conformal oorarianoe the question is whether we can build 
a oonformal eovarlant structure in the expansion corresponding 
to the field in oonslderation. 

2,2 OPE in 6-diir.ensional spaoe 

We are going to build a manifest oonformal oovarlant OPE 
for the product of two Dirao fields -Ц') and X(]t) as 
described in 1.2 £we denote л — *< and «^ = я г ) . 
The most general form of the expansion of these fields is then 

2) 

a? nK) л ' " 1 rr,s"> + contributions from У ( У У т • 

The gene ra l 

5ч'«с,...е, 

structure of £ f ( 4 ^ ; ; er^f.Jjf-Jle 
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hero {ff,)(&)='(ffi)$fjf fa L1A& i s well defined 

on the none V.~ — О • 

In the above sums 0-<-.m - i hecau.se of "с.-.С-н, 

being symmetric and traceless and i- takes even values and 

flt takes odd values for 0,- "even" tensors 

and vice-versa for *- - "odd" tensors. The numbers J-u 

JL. =i•_ к are easily found from considerations of 

homogeneity» 

•ий 

Six vectors 'L are not included in the tensor struc

ture of £> because their contribution is proportional to 
the structure written above (see ref.' ')» U l must be 
a differential operator defined on the cones >J, : ̂  = 0 , 
finite for С*?"1 "7л ) — 0 • In fact it turns out that this operator 
is essentially the one used in те±.' ' , i.e. 

6 ) ^ V A « U k = (2.4) 
к 
X here ' " 

It can be easily checked that any other covariant combi
nation correctly defined on the cones Vi~ " and Чг-О 
reduces to (2.3). The operator /0 (~ •* ) i s analogous to 
0 " " c , . <"„ * ''' ' 

s <4, ft) a n a i s written in detail below in (2.7) 
and (2.8). 

Now we are going to write down the explioit form of oaoh 
term of the expansion. 
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I. Symmetrio ^-"even" tensor part (S.P.) of the expansion 

*LK¥ym4<%tiji j\) c2.5) 

t = k 

(2.6) 

2. Symmetric «j - "odd" tenaor part (S.P) 

here <*„ and л are de-fined aa "Ч* and h. in (2.5) 
ohanging а и -' an . 

3. Antisymmetric i { -"ovon" tensor part (/..P.) 
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a* 
•hal 

4 . Antisymraetiic dr-"odd" tensor part (A.P.) 

/)"'P. Mf)Mf) = 

We must note that the four—constants in (2.7) correspond 
to three and in some cases two constants in the three—point 
functions < J(fy) Щг)%к 'V.CHJ,' The s a m e i s t r u e f o r ( 2» a)« 
(The relation between the three-point functions and the 
corresponding terms in the expansion is illustrated in Appendix 
С with the case n=l for Qu(...«^ ) . 

To account for pseudo-tensors we must add to S.P. and 
at 
S.P. an expression that is obtained from them by multiplying 
by Pj, and ohanglng the notations respectively. 
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2.3 Transition to Minkowski space 

Let us denote (̂  ) M )*W*'--<«Л*= К ^ 
Using the relation (1.3) between x-fields and П -fields 

we get from (2.5): 
S.P. П М ^ С * ^ 

(2.9) 

here k'= 4 -J, -J» + n + A ; 0=0j 0'= 0 ^ . 

Deriving (2.9) we have used the relation' ': 

?«• - ^ 0

C< ..#» =ZCJ(«r.• feAAJD r%/ _ ( 2 . 1 0 ) 

= z x " " /w о <*>) 
t*o ' Г * . .— 

к 

То get the final result it remains to use (1.16) for non-
oanonical dimensions. This is done in Chapter 3. 
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For the symmetric Jr - "odd" tenaor part we get from (2.6): 
S'!.'P, W ) f o » ) = 

+1*П) * * " - We§ L Х"" л " 0""' <*) 

here D= О,,,, j к =.<4-»i -"» V * + A • 
We will not reproduce bere the corresponding formulae for 

the antisymmetric contributions, 

3. Summary of Results 

3.1 Noncanonical dimensions 

Introduce the operators: 

V.r Yrr4,Vnmr)tt"-«r - • • * » 
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Then we finally obtain for the S.P. from (2.9): 

S.P. YC*,) ? ( v = 

« S i A / If «« л ° '/•••/..I 
K-.O " л 1 Л••> ] 

Is") 

Similarly for S.P. we obtain from (2.11): 
£'ЛР. W*< )?(!*) = 

.:, " l l / ' ' к.„ П.К.0 /«.• -|*n (3.3) 

How for A.P. we obtain from ( 2 , 7 ) : 
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Фг0>- Г0Л* -2 Г(иГ0Н «И'- OkjJI f" ^ p f % , l 

во 

г—г» J 
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cp.fc,4,,..fC(#"|}rir,ir0.[.-aw«.ter), 

' £ С Л KI? ,. ̂  +Ф-,а- VK(*o - ол) t?, r « Й * 

' Jfc=u ' " Л , О <?Ам, . . M H Г 

*> £""' </"r'r~ 

(3.5) 
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3 .2 . Canonical dimensions 

In the caee oC oanonioal dimensions we oannot use (1.16) 
and (1 .22) , (1 .23) , (1.24) to obtain formulae analogous to the 
relations written aoore without •unphjrsioal" oomponeats. Rewerer 
If the tensors are eonserred I t tumi out that In the only 
possible ease here o>d^d the terns »vith the "unphjsloal" 
ooaponents oansel out and the expansion reduoes t o ; 

s.p. ^^ы^Щ^щГх^..^гЩ 
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-J,I 

here [)£= \hlx (t-tt) /.(A-i^^W.-Hl^j^iui/^.,) 
1 Analogous formulae can he written for the contribution 

<*йи - Гл " ^ L e* u s n o* e bba.t In the case d^l^g t n e 

three-point functions < i T » ... p„. } c vanish so the 
corresponding constants in the expansion must also he equal 
to zero). 

The case of nonoonserved tensors with canonical dimensions 
is more complicated « Our method does not give any result 
with physical oompoments only. But there exists a conjecture 
( whioh is verified in the simplest oase n=l) that for 
d^»dg«d'formulae (3.6) hold а1зо for this case. ( Let us 
note that this Is not a consequence of our basic formulae : 
in (3.6) (fl)1"'. . («)''* are written before the differential 
operator Dj whioh is justified for traoeless and conser
ved tensors only) 

The above written expansions are checked in the usual 
manner. One multiplies both sides Ъу one of the basic fields, 
takes the vacuum expectation value and verifies that the L.H.S. 
and R.H.S. ( In whioh only one term Is left because of 
orthogonality of the two-point functions) coincide. This Xa 
done in Appendix С for the oase n«l of the symmetric tensors. 

+) There is a oonjeoture ' whioh exoludes this case but 
no oomplete proof is given. 
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fPTOTOIX A. 

Elimination of nnparsloal Components In the Aatlajametrtc Case 

Ггов (1.19b) using (1.20) and (1.21) we get 

К ' ' fc-l 

and 

1 5 F P 

Ггоа (А.2) we obtain lnduotlrely 

From (l.l) we obtain lnduotlrely using (Л.Э); 

(A. 2) 

U.3) 
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. _[U'-n-i) f Af,^p 
«ff--p-Li z'[tt"n-„-iK «f. Г-*. Л

ЧА.4) 

+2«(Г 
1 -isf. -•/wa-v-A-i yPf. f.-.-"< '-• I 

How to get rid of the unphyeioal oomponents we must express 
To do this we make use r,-u in terms of г ., . 

of (1.19a) getting; 

-+? F 
(A.5) 

We take (A.5) at k«0 and insert (A.4-) in it at k-1. We write 
down n+1 equations of this type for г „ - £ u a n d 

р;эр,--- (••••• [*•, 
solve the resulting system of linear equations ( in this 
case \ f 2. or d * П +S ) with the result; 

F < 
>• г* z^-"-^w;-(] ( j ; '' «Up, ..J«„ •C-2 (A. 6) 

Final ly we insert (A.6) in (А.Э) and (A.4) to get (1.22) and 

(1.23), respectively. 
u a 

In the oases d»2 or d»n+3 we must require 

)'W,.-° • r%r-.f'° 
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la order to ««aura tba compatibility of the авота syatem of 
linear aa.uatloaa> but In thee» oaaaa the ayataa has 
infinitely «any aolutloaa «Ad (A. 6) la aot ralld. (Tha aaas 
ooaaideratioas would Ъа ralld for d»l and d>a+2 , but 
thaaa raluaa are exoluded by poeitirity). 

Гех n»o wa obtain tha formula (1.24) dlreotly fro» 
(1.19a). 

APFMTOIX В 

Uffi=-*9a..lhTa,S~Pol°* ЙИ9Й°ЯЧ.. 

It la wall know» that the requlraaeate of oonfomal 
lararlaaoe ooapletaly deteralne the two- aad three-polat 
fuaotioae 6 ' . 

The two-point fuaotioaaara dateralaed up to a ooaataat. 
Beside», the following aaleotloa rule la true 

<0*...г>!',}0:...№90 с в л ) 

ualeea a«a aad d«d'•'. 
< m H 

x J f » take tha ««aerator» ( o»rr»apoadlaj to epeolal ooaf oraal 
traaaferaatleae) of tha l i t t l e great K„ to Ъа ef.ual to 
aero. 
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We write down some of the two- and three-point funotlons 
needed for oheoking of the expansion ( some of them ere vrell 
known from other papers) 

<0(«.jou)>.=c MM**' 
(4.1 Г \*u I 

<^<^.<>.-.0(4)V 

(B.2) 

(B.3) 

where 

a L 

<%fiv'4w'° • №,f {%] L V fjf vvv (B.6) 

''^п4^Ф ^ЪМУЮРЬМ *k$'tfac*1iw 

(B.8) 

{№*rr*№^„„j t 
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•here V ^ " ^ ' <B'9> 

м-Аи ы'-У-» Ы'-У-* 

• р й М В Д ^ + /Ж,Г,#*ВД*'1 

АРРВЮЯХ С 

Belatlogg between the ОРЯ agfl.the.Jhr ea -Point funotlona 

i?j> oonsider the reotor oontiihutloa to the expmaeiom, 
i . e . ? iiie oaae a»I. Let uo multiply both sides of our f u l l 
exparsloE with 0Л(Ц) aad take the raouum expectation Talues, 
Them ae а. овиедоепов of the se3 «etion rule (B. l ) I t follows: 
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It Is more oonrenlent to nalce the oalaulatlons using S,.T. 
not In the final form (3.2) hut In some Intermediate form: 

5..T. V(0'tuJ,-g)J'J/j-sJU)(?X,)[a-,,r.(Vuk)]. 
(C.2) 

(here X"= 4-Т" « T(x,) i s defined by ( 1 . 9 ) , d-d, and 
• J 

for s iapl lo i ty Л^шй'г-й', h= - i^- ) . 
Then expressing 

(we hare used (1.13))and using the relation for oooformal 
lnrarlant two-point funotlon In П - space 

we obtain for the H.b.S. of (C . l ) ; 

•V 
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where И н i s given by (B.9) . 

Comparing (C.4) aud (B.8) we obtain the following r e l a t i ons 

between the oonstants S, , S, of the expansion, 4i , Hi 
of tho three-point £-.inotton and the constant C, of the two-
point function.' 

2. 

M ^ * ^ ' CC.5) 
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