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Introduotion 

The Logunov and Tavkhelidze quasipotential approach /1/ 

is a very effective method· for the analysis of relativistic 

two-particle interaotions. Kadyshevsky and·oollaborators 

/2/, /J/, /4/ proposed another version of this approach 

based on Hamiltonian formulation of quantwn field theory. 

One of the distinctive features of the latter formalism 

is the natural possibility of exploit;ng the methods of the 

Poincare and Lorentz group representation theory. and the 

harmonic analysis on the Lorentz group •. 

In th~ spirit of Kadysh~vsky's quasipotential approach 

we assume that in the case of particles with arbitrary spiri 

, the quasipotential equation for the effective 

(J,J'l~'/.p) particle wave function L
1 

(' in the center of mass 

Note that for the case 5 = 11.z.. eq. (1) is the same 

as that obtained in / J / • The wave function -~~} (f) 
is connected with the scattering am:i:,litude Aj<rC!'1.f/ by: 

- J V 

\, Z -A,...6"(!,.!JX/ 
'f I( , 

,2,.fp-J..f, + t' C) 
(2) 
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In ref./4/ a relativistic configuration representation for 

particles with :: .: 0 was introduced in the frame-

work of the unitary irreducible Poinoare group representation. 

The modulus of the relativistic relative coordinate is ex

pressed in terms of the Casimir operators of the principal 

series ~f unitary ·repre:ientations of the Lorentz(SL(.l,C)) group. 

The connection between momentum and the new relativistic 

configuration spaces is realized by the Shapiro integral 

transform / ?" 

From the grou11-theoretical point of view the Shapiro 

transform is a reduction of the irreducible unitary Poincare 

group representation, contracted to the -' .:_ (i., C ) group 

representation, into the irreduoible representations of the 

_; .~ i .z, l ) group. The kernels of this transformation 

are generating functions for the matrix .elements of the 

Lorentz transformations (boosts), if the matrix elements of 

• the ..S U(.2. ) group are. used as basis functions ( for the 

zero spin case see ref. /6/). 

The reduction of unitary . ..IL.(l1<) group representat~ons 

of the principal series generalizing the Shapiro transform to 

the case of any spin was carried out in ref. /7/. In ref./8/ 

this reduction was given in a fonn convenient for the 

Kadyshevsky quasipotential approaoh, which gave the possibility 

of proving the "addition. theorem" for the transformation 

kernels. 
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The S):lapiro transformation kernels+) 

-1-c'r 
1 Co; ( 1, f') ~(Po -1- :E) 

play the role of plane waves in the relativistic configuration 

space. The nonrelativistic limit of the plane waves (see 

ref./4/) is the usual ~xponent: 

e t' r, r t,u. (!,r} = e - -. 

The plane waves 
(ol } 1 .(1, I: are solutions of the "free 

Shrodinger equation": 

Ht1 fc0{.f,r): ~ ;~ f(o/(! I [) 

The free Hamiltonian 

operator: 

-11~•J is a "finite-difference" 

fl
c~J L" ·i' L•'l ' .-t ·'.) · 
0 

-::. ,2, c ;"r..,. .!Ls ;,Pr.+ - L ,e,xpc vr . r r.2. - / 

where l is the generator of the .S V(i) group. 

(J) 

In this paper, on the basis of harmonic analysis.on the 

Lorentz group /10/, /11/ we generalize the finite-differenoe 

free Hamiltonian· (J) for the case of particles of any spin. 

From the grcuP-theoretical point. of view this means that the 

algebra of the Poinoar& group is to be constructed acting 

on the relativistio ooordinate, rather than on the momentum. 

+)us~-;;d;-;ffusystem of units ?n=t=C:1... • 
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In §l the necessary results ot'the Poincare and Lorentz 

group representations and harmonic analysis on the Lorentz 

group are given (see for example refs. /8/, /10/, /11/, 

h~,h~• 

In ~ 2 the plane wave for- particles with any spin is 

considered. A series expansion of the plane wave components 

into SV(.2.) group irredicible unitary representation matrix 

elements is given. The orthogonality and completeness con

ditions for the plane waves are derived explicitly. 

· 11(s I In , J the operators of the free Hamiltonian rro and 

P(S), 
momentum __ are constructed and their nonrelativistic 

limit is considered. 
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§ 1. Harmonic_anal...zsis on the Lgrentz_gr!ll!J?• 

Let an element of the Poincare group be represented by 

1. j, "~ c ·? _ , , the wave function of a particle in 
, I (> ) 

momentum space be. ,; (P where S is_ spin, ;u 
is the spin ~rojection, and ,.v - the four-momentum 

( .P'=P.'- l ~) 
- o -J -= m . 

The irreducible unitary representation of thePoinoar6 

group is: 

·--,- 1,) (S ' ' 

b,,5 1 ... (P) ~- e 
) . ' ) ' 

'tc, _T ./Jc, -'t19:&.f ,'--; /Ft 
_,;.__ ~Ill {t ,l / 

V:-J , 
(4) 

The Casimir operators of this representation are the square 

of the momentum I'~- c' 111 2. and the square of the spin 

operator :v - = '"' s (J /I) 

Let CJ be the "boost" matrix, transforming the 

vector j' :3 (111
1 .f ) to the vector 9 -= ( 'f,, J} ' 

1 
() 

i :: 1 

and the four-dimensional translations 

eq. (4) takes the fo:rm+): 

a=U 

tr yi!Jk) .- y(_s /V(9, P)) JJ(j / f c-J<,) 

+)If it is possible,the tensor indices are omitted. 
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where 

- -I ( 
P(-1 9; /ff p = f91.f-J. 

The unitary 2:x:2 matrix V(J, I'} 
"Wigner's rotation 11 : 

V( q, p)-;;. B·/ Ber BpL-) 9 

where 

57 : 
is the· 

1 f :l 
Cr1, 'loi 

boost: 

/>otf'j' 

I -I l'o ) 
is the so-cal.led 

. • t-
73 fB = 9 

7 7 . .,,,._ C/ 
I ,..., = ~o . ., _'I.§: 

( (j' are the Pauli matrices) . 

Eq. (5) represents a reduoib1e representation of the 

s L (<, C) group. The integral oonneotion with the 

irreducib1e representations of principal. series is given 

by: 
. J ( ., (1 J - ti, (.11 ) 

ti,_ (J(P): L~I L '(vz~,,,ud1! i'I,, (.!1.!) fy (F 
1 

.f- (,h,j ' ,/:-.; J 

~

{fl I Ls ( i 1
f t.r'( yrs, r-=- ,_- pr /> /" (1 j (< >,/4- v~-.l j -i. -i'o (1 V - ' - ) ~ Y 0 ) 

(6) 

The wave function 

?7z. ~ 1- E'- :: 0 

ibrs' TV (I) is defined on the cone 

and transforms under the irreducible 
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) 

,, 

unitary .SL(i, C) group representations 

. -,[ II, r) J_;(Sl(r 1 

J /,1 -; f 

where 

r' = r !Jr , 

The vector }1 f 

+ 
~ n <1j l5;, ~1 

:::: 

. ' -/-/ r I lj (j ' ) 
=- (fn) Y ,r I )I /-

is defined by: 

11~ ~ 

(7) 

(a) 

where the unitary matrix L f, n ·satisfies the equation: 

t li. 
U.11 Up Zin := ,, t-f >z ·zr;:,f Y1 

I I 

The unitary matrices ll n ,.,nd u,~ define rotations 

of the 

vectors 

z -a.xis into direction defined by the unit 

n ,, 11cl ·].Jr correspondingly, k.r, n. 
is an upper triangular matrix with real diagonal. elements 

(see /7/, /8/,/11/). 

In spherical coordinates: 

p = (ciiz. 1 sf?_ '!]p) 1 ~ €: L o,0oJ I 

7}p ;:c('-,·/l~1<b1 r;./IJ9Y114, Cli19) I [&,9J E (G_; >r), 

'}') ::. ( h1,f (), l.OJ\f I f;,,16) rnr'f
1 

UJ10) 
1 

t~,~J f[p,-2.'lr], 
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the matrix elements of llr, ,t. have the fo:rm: 

(~ 1 :::: i1z/2 f~ft lj)2 ./- w., £ nn9 ti(e-f )7 
l,lf/4,1 {pn' .J. :l. J. ~-{.. J1 

(4.n),.,n:::. (Pre-l't/1..[U>J~mrJ _ Q 9 -tL'e-c/i,~ _;f 
, ~ ,~ L ~ ~-~-t e .t. :L • 

If in spberioal ooordim tea the vector 

J}f;:: c~ 62f le)* I Q1u (9-f ff>J 'epl Cv.J (9f) 

from eqs.(8) a:.ld (8') it follows that: 

(l9)0f= 

h.r c" = 

d? p, .J - sit 
f'Jt.. 

I !7, X ]! I 
fn 

}1 f is: 

(8') 

(9) 

The C&simir operators of the 

have the values: 

L 11, r] representation 

i,.,/z.. 2. ( ·L -a ~ v - i- 1. 

L - fr ::- 11r 
-
f }I LS :- - .f", .. H- '1 . · I J-1 J S 

r e- l o,l'OJ 

The kernels of the •transfo:nns• in eqs.(6) have the 

form: 

(sl -/-/r-r-/JI r,~ // r 1, r J :;- (f>?) -1-1r V r !! /J) (10) 
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l 
! 

j 
( 
\ 

I 

I 
·t 
I 

i 
.}' 

---:--./~' 
The function __!.-.j.., { ?:! ) is the matrix element of 

the J ~I (z. ) irreducible unitary representation with weight 

S {.h- c r 1111/ - · · ) • Defining L + =- L 1 :t t" L 2. 

we have: 

I C:,•l ) £ 
j_ f 7>.. ,, (:_7 ::=- l{_S TVl{Jt V -I I) 

L 7)(5! .?1 I -
!J ... v(- ✓ • 

' 

--1-->(.,J ) 
V __1/,,,, V ('!1 

7---i< .J' (}1) 
-1-j//t/ , 

The fo:nns of the invariant scalar products in momentum and 

relativistic configuration spaces follow from eqs.(6): 
j 

v<:S' L- '~, 
'I , 'I / 

V= ·.i 

and 

r / 1! 
; ~ l'o 

/ (JI r. (ti 
1 y 

. ', G; '/ ) 
./. V ( . 

( ft 6 
', t''') 0 !, 1

~ ', r•JJr/~1 f :5

('.r} f,_ '~' ([:) 

The transformat1ons(6) are made in such a manner that 

the projection of the spin is helioity. 

µJ 
(It must be noted, that the argument of . :}::> -

functions is a three-dimensional unit vectors.) 
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5 2. ThLl!~.!l.1!~~ 

From the correspondenoe principle·it follows that 

transfornntions (6) are relativistic generalization of the 

usual Fourier-expansion. From eqs. (2) and (6) it follows 

that the plane wave in relativistic configuration space 

of a particle with any spin 

has the form: 

i and helici ty 

?s;v -1-t'r (sJ • 

1 (!,:) = (PnJ · J) (!! 1-1 
s
' v_ 

The spinor 
J:_J' t' 

is defined by the equations: 

5:t X JJ -

r . rJ' v 
,)-, /\, 

,cs ,i'){5-l)l..f I) 

y xji ~, I 

y s,,1 :r-1 

" 

The vector matrix operator 

equality: 

.s is defined from the 

·f 
S =- P (J )(!! ) L D(S :177 

(11) 

(12) 

where generator 
I 

L 
(s i 

operates on the y - function 
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onl7. Explioitl7: 

( ._5 t ~ v -: /(!'TV)(5f VU} 

( s _3)/1 V = V ~ v 1 

_;t S;tl 

. r ft'-1 z/ 
i 

~) ii± I I 

51 V 

Any oomponent of the plane wave . f /" is possible 
. ./}(.>) -

to exp&Jld in powers of the -1---"' -functions: 

. s V ~.:, [Ytd +(-:,) . ("' 

fl(~,£}= 2 [CzJJl}~3/<{r}:t)11(-17,)7dv(!). cu) 
t :J:.S M::~J 

From eq.(1.3) it follows an integral representation for the 
Jfr,r-J ·. 

function IJl.) s r~ ) : ,I"- l;. 

~'7' J. ' 

~.> (2): ~ttit-JJL~) d ><cit-S ,!. a. ~) (14) 
_;lr,0 J' -1-,r (,r· ~ } (5-1 

51 C' 1/ ;,4r cfJ-"·rh,. ,.,v(1/' 
-/ I . . . 

where 
ci.(s/ 
~v -functions are matrix elements of the 

operator rotati11g around th• second axis: 

7',(j"/ ) . ,'fottV'e) /(.rf 
--1/ {c/,t91'f ··= .{ f'l •. 11lw&J 

.Jl V i'1 ( 

Therefore from eq.(14) the expansion, of the function 
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in powers of hypergeometric functions is obtained as 

follows: 
1 

-t/., 

cL [ u i rJ - .z· 1· . ...:..c.1_, -" J_1 c_j._;y J_,..-'.,....(i_ ... Y_,J_f_(!>_-·-:-:--), f 'l. >( 

.Y~J<- - l:1:r>-'(1-;,>'(JyJ,'(J-j<)_iJ 

J f-1iJ+J-.tY)-(-1)1
,

111..('J '. i.j(S-/14-)(.J+f"-yJ-)'-) X 
L 11, ){s-v-11, -11:1.. ;(J-1'·»~ 

n,,,1;1.. 1/ ( 
) 

I -?1/t·Hrt·,-+lf111 l5) 
('J•S-r-v-n,-1Jz)' (,'<+t'+11,t-nz e. ll X 

-,. { j ;- S + 1 ) .1 

-J. ·~) 

X ~r: (t+ir+S ;f•+v,- 11,.,11,.,.JrS+!l; I· e /, 

From eq. (14) or eq. (15) and from (9), (11) (for example) 

i i V1rJ 
it is obvious that the. function :is {?) · is a 

'/" matrix element of the boost for the [ _r1 r] irreducible 

S L, (i 1 C) group unitary representation .of the princi-

pal series. So the orthogonality and conpleteness conditions 

for the plane waves are simple consequences from orthogona

lity and oompleteness of the S,i (21 C) and J {/(2} 

groups matrix elements and from the forms of the invariant 

measures in momentum and relativistic configurational spaces: 

s + 

S d
J {.I) ~ (V I I 2. -/ . LL _L 5 (1;r) [!,t'; = h cir-.r)~µ 1 

r.tr,·-' __ .2 Po J11 t . Vjt 1 /' .J. r I I , 
L" 1/ y_ J ' 

S . + . (! I (16) 

..LL~! r')Jrd'!i {."' (J, r) l, .[1\I}, .2fo b~-!1/ ft' 
(}'rfi V=-} J '/" V Yf , 

14 

.3. EI~_filQ.B!an_!2!:_!.__part1cle with any spin 

Let us oonsider the operators: 

Jc~)= J)(1/(1JP)L fPt1l}1 

11M = •-r-l.,lr: , , ./f,ro' --!,rs -i; , ,, 
7To _..U l!! / o _L./ (·!7 / , 

i . 
,pc~): TJ°rF") _!(r,:__p (J (!7 ') 

where 
. (<' / 

1/_e;, is f:cee Hamiltonian (.3) and 
1r•' 

(17) 

(18) 

(19) 

is 

the momentum operator in zero spin case. The explicit ex-

pression for the operator 

was obtained in ref. 17 

L)(O I 

in spherical coordinates 

,A•'= Y>Hfw'(' 11:·_ T1-mGun + ~ (l6)0U]t d.9 - hUY 'JfJ]el'f<',}, 
I ~ r I y,,<16J · 

p_(c I jl(t'. [. . (, .. 'I UJ( ') )\7 '1 

.2 ~ hi.6/ni,(' a.· --l 1?'>16'/,u t- ~ (UJ~f1Ut Cl& f n<1{/ ''C(.j ~ff' er, 

• (rl . 
p(~I :lf, f 
I?, -: (l'j [, 'T - i. U'J& - ~ hw tJ r)'<? J h'/'. J, 

· (" ii (s I p(r) 
It is easy to verify that the operators J fo 

- -- I I -
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satisfy the commutation relations of Poincare algebra for 

the angular momentumoperatorsand the four-dimensional 

momentum operator: 

L l': !. (i']:: i' !(.;) [l(;J I fl~ 
01-=- 0 I 

[/J; l ~ J = <! rs, , L#/'; J (r }] = 0 

t'', !('} ~ 0 

(20) 

From the expression for the plane wave (11) and from 

eq. (18) one obtains: 

fJ L' . J 'J ,f {1/.2. ·:ilr!,v '?J,t/ ·( ) 
Cc idr,. }-' s11,,,vr + rL} ~Xft(/G u,r}=i.Po7 (.!,f} .21 

The finite-difference matrix operator in the left-hand side 

of eq. (21) is a free Hamiltonian for spi~ S particle. 

It is interesting to note that, as it. can be seen from 

./(
. (s I 

eq.(17), the free Hamiltonian · 0 depends on the 

momentum. 

The nonrelativistic limit of eq.(21) has the form:· 

l-_ _1_ d. ri'iJ + j_ {f-t-.f/7e.i!.r-,,v,n)./;r2.e'i·I'A~.r~t1 
r z r t rz. j .J/ (- - ..V(-.'.1'(22) 

16 
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If one uses the operator equality: 

i < ·J I C. I , \ I --f--.. J (71 I D ~ (2? / .L -1-,I -1 
L-+ s 

one gets, instead of eq.(22): 

P
.11 z. - , · "· r- I ., t, 2. 1· P, r i 1, 11 e -• -J( I ~- _!: (? - - _,/\ 1 

where 
/, L 

is the usual three-dimensional Laplacian. 

so, it is trivial to get for the momentum operator: 

(.1 ) ,. .fl ti , ) p ( .!,r - _f f ~ V (JI£') 

The nonrelativistic limit for the momentum 

the operator: 

P.()) 
Ir' tl. 

_ 7)CS ~- ) 1 • 1 ) -/--rs), ) 
~ _v l !? ( - t fr . _J/ ( ~ J 

/ 

?(s) 

(2)) 

is 

Using eqs.(21) and (2J) and commutation relations of the 

Poincare algebra it is possible to find the form of the 

pure Lorentz transformation generator_s. 

The author is grateful to Drs.·A.D.Donkov, V.G.Kadyshevsky, 

A.N.Leznov, M.D.Mateev, R.M.Mir-Kasimov, M.B.Saveliev, 

A.N. Sissakyan, N.B.Skachkov, D.Th.Stoyanov for interesting 

and fruitful discussions. 
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