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I. Introduction

The multiplicity distributions for the_phargéd perticles
produceﬁ in high energy‘prokonfproton coilisions exhibit two ‘
wonderful peculiaritieé. One.of them consista in the approxi-
mate constancj of the ratio of the average multiplicityfoff ‘
charged particles, <r1ch> ; to. the dlsper81on of charged par- -
ticle number, D, ={<{n h> ¢(n k> ] The experlmental
pointe for th1s ratio taken from- ref./ / are presented.in »
Flg.I. For tha firat time the stablll%y of ihis’rétio”appar—»
ently was mentioned by Chyzewski -and Rybicki in iheir inves-
tigation of the multiplicity distributions at relétivelyllow

/2/

_energies .

The second peculisrity is the asymptotic so-called

. "KNO-scéling" that has been discovered bybxoba Nielsen and

Olesen /3 4/— if . one plots part1al cross sectlons multlplyed

by average charged partlcle mult1p11c1ty at plven energy,

< nch)P (hg) = <nck> G, /Z‘n='z.'l. G'h , versus -

. Ny /<> then at sufficiently high cnergies

the experimental points form a universal dependence.



The experlmental data polnts at lab proton 1nc16ent momenta'
19,50,69, 102 205 and 3083 Gev/c are presented 1n F1g.2 taken -
from ref, /5/ . Indeed except the relatlvely low 1nc1dent ;
momentum 19 Gev/c, theae data Justify the KNO-scaling. Koba,b
. Nielsen and Olesen derived their scallng starting from Feyn—i
man scallng for all the mu1t1part1cle inclusive cross sec-‘

/4/

tions .

Each of these peculiarities is alien to the Poisson dis= -

tribution ¥) which appears in'tbe:independen;;pertieie;'
production. . . ‘m'fvvi
“>HOWever we know from the hlstory that there 1s anotherﬁ
disﬁribntion for the mult1part1c1e productlons. It appearsk
when we dran our attention to an ample multltude of branch or:
chain. processea. The maln feature of these processes is. the
. dependence of a partlcle number 1n the follow1ng generation
on a partlcle number in’ the preced1ng generatlon. "
Two: pecullarltles -are typlcal for these processes. e
I) The dlsper31on of partlcle number dependa on:the ’ F
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average mult1p1101ty by the law

x)- For. the Po1sson dlstr1butlon the ratlo <r1> /I) changes

as, (n)”2 . Consequently it increases w1th.1n1t1al _energy.

) Be31de ‘the. P01sson dlstrlbutlon poosesses a sca11ng pr0per-'

ties’ but it goes “to the asymptot1c d15tr1but10n w1th the
1nf1n1tes1mal width L3 a0 o L : SRR

e . -

O
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D =<n>+ & <n> U ¢ o)
where C is eome parameter;

..2) There is a.limiting distribution with finite width
<n}P(h)——}}'(<n> . G ) (2

when <—:\—) & min (4, C) K

We have just a distribution with the desirablevprqperf
ties if paremeter U 1is & function slightly dependent on
a change of external conditiona. Usueliy the negetive bino-
mial Polya distribution is very convenient as a distribution
for the branch processes. ItT;as used for a description of ‘
the distribution of particlejnymbererin the eleetron-pnoton .
showera /6/ a8 we11 ag for ihe atatietics‘offtne smplitudes
of the pulses from the puleed fast reactor /7{.

We propose to employ this distribution as the emplrlcal
distribution for ths multiplicity of secondary particles in
proton—proton colliaions. In theee collis1ons mainly pions
are produced and below we shall mean their productlon.

In section 2 we compare this d1stribution with experx- V
mental dota, then in section 3 we d1scuss poss1b1e reaaone

for its origin in the case of interest and give its phenome-

nological derivation.




2. The Polya distribution as the empirical distribution of

" multiplicity

The Polya distribution for the probability of ri-par-

ticle state is x)

P.(h)=P(o) ‘fl?zn)) (hC)(hRC) [‘h-(n 4)(]

nl.
where ]
P(o) (L) ™E . _<4$
Its factorial moments are given by
<‘n(n’-4‘)‘..l.(h—o’+ Y=
=(4+‘C")(.|iat.).{:[1.&('5’—1\)]<h>5 . (®

For the square of D /<{ N>~ ratio we have

2 : .
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x) We shall derive this distribution on the basis of generee

 ting function in the following section.
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" where X = N/¢ Ny  and

The flrst term 1n rlght-hand 81de of (6) corresponds to 1nde—
pendent fluctuatlons ef the. particle number around 1ts mathe-y
matical expectation, whlle the second term corresponds to ge~
netic correlatlons between_particles; The Polya distribution
turns into the Foisson distribution when C=o.
s «min (l LS
distribution which is the X
*22n/t<n >

oo o L=y ) 5 )
mPm-(E) e (F) TFE s o

In limit " there is a limiting

- distribution with respect to

is Euler gamma-fun-A

-4
I G
then 1n 1ts turn the 11m1t1ng dlstrl—

t,<<1

bution (7) goes to the normal Gauss dlstrlbutlon.‘

ction. If'

When we compare the theoretical results thh.the'ekperi—

‘mental data we ought to take into’account the'following: -

1

It is naturally to suppose that our emplrlcal d1str1bu-.f
tion is applyed to the total partlcle number while the charged
partlcle multlpllclty is determined experlmentally. At the
present time thererare some indications about'the'correlation
between the charged and neutral partlcles produced in PP = .
00111810n8 at high energles /8 IQ/ Wlth these data, we take

for the total produced part1c1e number a 81mp1e formula
.o . h=idhy, . «8)

where .ritﬂ is 'a number of charged particles.



*Further, as a consequence’ of thegeoneefvation_lew ofi~*
baryons two baryons must be. present in the finellstete. Thus:
_they must ba excluded from the particle number for-which we
apply our distribution:
nN‘=n-2 =4.5hy -2 . (9)

Instead of (6) we have. Lo o

. o
D 45<nay-2 (1 5<hed - 2) . (10)
<nch>? C 1.5(ﬁck))z 1.5<¢n. >

. . y c 2 . .
' Proceeding from the date /% for Dch /<Ny ana ( Ny,

we obtain the values of paramester ¢ presented in Table I.

.. Table I. The veluea of parameter C

19 50 69 . . 102 205 303 -

“Gev/e Gev/c' Ge#/ck Gev/e Gev/c Gev/c
0.I77 0,253 0,257  0.266  0.273 0,251

$0.007  $0,027 = 10,014  #0.022  +0,026°  #0.02I

We see that excepi the region of relatively low energies
the values of»pérameter C are weekly chang1ng. ¥ith thle

exception the average value weighted w1th squares of the 1n5'

e

verse dieberSiens is

x).
G =o0.2588 + 0.0034 . (1

In Fig.I we present the ratio <{h > /D, calculated

by means of €q.(I0) with the constant value of pafametex-'c

"~ from (II). We observe a good"agreement between calculated and

experimental data at high energies, while at relatively low

. energies we cannot consider the parameter (, as being con-

atant. ) N
Now we calculate the mu1t1p11c1ty distrlbut1on in KNO-

scale accordlng to eq.(3) and eq.(Q) with the constant value

of parameter c, “from (II). In order to compare d1rect1y '

our calculations with the experlmental data we get the cal—

_culations for N, =2,4 6,... (n’ =I 4 7,...) then norma- '

lize their sum to unity and mu1t1p1y them by (rTgh> . We
carry out the calculations also for the case of 1nc1dent mo~-
mentum I9 QGev/c and with the parameter c = 0.177 accordlng

to data from Table I. The agreement between theory and exper1- ’

‘ment is demonstrated in Table II, In this table we indicate

also the veluee of‘x when we exclude some of p01nts whlch

evidently drop out: of the common regular1ty. Usually they are.

the lasat po1nts.

‘x) One should not attach very importance to'the concrete -

- value of parameter C because it is dependent on the .
way of the connectlon between charged and neutral par- ..
- ticles,
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Table IJ. The agreement between theoretical dlstr1but10n,
and axperlmental data

I9.- 50 : 69 - . I02 . ...205 - 303
Gev/c  Gev/c  Gev/c = Gev/c = Gev/c Gev/c

T ¢ ¢ < ¢t

) IO R O

0.I77 ., 0.2588  0.2588...0,2588 .: 0,2588 , 0.2588
SRR T T YT PP
e X Xe Xe Xs K
s S e ¢ 78 o
203 8.7 47.8 7.4 15,9 22,5
6.9 o.1?)  22,9%) 102

a)pny1ch =2,6 are excluded '
®) ng, =16 is excludeda .
c);JWcL =18 is excluded

Ney, =22 is exc;gded

In Flg.z we present the results of calculat1ons for the

cases of I9, 50 and 303 Gev/c. Although the dlstr1but1ons are

discrete we joint the calculated points by the smooth curves
by hand, Ne see that the curves for 50 and. 303 Gev/c lise
tightly one to othert These curves almost coincide with the
lxnxtxng curve - calculated by ‘means of (7). Thus we - 1ndoed ar-
rive at a unxvcrsal dlstrlbutlon and it is a consequonco of

the nature of the Polya distribution,

10

" We mee that theredare'someAregpiar’deviatgons of the
experimental p01nts from the calculated curves 1n the reglon
of the distribution maxlmum and these dev1at10ns become
smelier in the reg1on of high mu1t1p11c1ties. T

On the whole we get “the satlsfactory agreement between
our emp1r1cal d1str1but1on and the experlmental data. Th1s’v
distribution depends on two parameters. One of them im the
average charged mu1t1p11c1ty <r\d,> and depends on the
proton 1nc1dent momentum wh11e “the other parameter - C o c&ﬁi
nected with = <n h)/[)d‘—ratlo is found to be constant 1n"
the region of "high 1nc1dent romentum as we11 as thls ratlo
1tse1f. At thls polnt the proposed emplrlcal dlstrlbutlon
posaesses, in our’ op1n10n, “an advantage as compared w1th

other emp1r1ca1 dlstrlbutlons.'

3. Hypothesis of the induced radiation of psrticles in:.. |

proton-proton collisiona at high energjes“., .

- -

We have noted in Introductlon that the Polya dxstrlbu-
t1on appears in the branch processes. Now, 1f 1t sppears in
our case whst 1s a mechanlsm whlch could 1eed to thls dlstra-_

but1on?



. At the present t1me the author does not know any m1cro- -
sc0p1c theorles of multlpsrtlcle productlon 1n hadron colll-'
sion which could 1ead to the Polya type dlstrlbutlons. Per- -
haps the mechan1sm of the multlpartlcle preductlon ia moreli

compllcated than it is assumed in the contemporary theorles.

=

arkinetic equation._x) For the description of the hehaviour

of pions (or any other particles) in. the system we propose e
the follow1ng conceptlons' ' i

-

The mean life time of plon with respect to 1ts ann1h11at10n

Qua11tat1ve1y we could try to conslder it startlng from the
f0110w1ng argumentss

In a c0111s10n between two protons in lab.system the

1nc1uding its goxng out of the system - ‘Cd',;
The mean. life time of pion w1th respect to 1ts absorbtlon

with the following emission of secondary pions (multiplica- 0

proaectlle 1s compressed by the Lorentz contractlon into a

B

thin disk, Thls thin d1sk can radlate a coherent e.g., p10n
wave" /II/ x) however, 1t 1s pOSBlble that this plon-wave
is not radlated by the system 1mmed1ately but 1t runs through
the target proton. Our hypothesls cons1stsv1n the assertion
that the tsréet proton is a ;pion - active - substsnce“

which is capabls of absorptions and spontaneous and induced

‘productions of the pion~-waves, The terms "spontaneous and in=

duced productions" mean that the radiation of pion-waves by
the stuff is independent:-or dependent on a presence of other
pions in the system,respectively, The- same reasonings. are.
applicable, of course, to the projectile proton in the pro~
Jjectile (antilaboratory) system.

Moreover, ne conslder thls compllcated process as.a con~-
sequence )f the elementary acts of the ahsorptlons and pro-

ductions 1? partxcles and we shall describe them by means of

x) Perhaps, it radistea a coherent "vecton-wave",e.g,,
" W -reson-save", which then decays into pions,
12

tion)--—QfCC'h I T

In the: latter case the conditional probab111ty of 1rradiat10n

of a number ¥ of secondary pions =~ p (=, R,S,..;-Pvu —I),

The total mean life time of pion’ in the’ system o el
T I oy -
T . T Tw 2y,

The strength of source of pioris“is charactsrized by the aver-
age number of apontaneously irradiated‘pions per time unity
- Q. M .
Now, for the probability of a presence of pion number n
, P(n',”f ), we have 'thé‘*'-

in the ‘system at an instant 1’
equation SEIRALERE

dPnt) (Q+ )P(n’f)+ “”P(h+4 {)+
dt

v 3 = Doyed P(h 9+'|t)+Q.P(n 41)

9=2,3,..

-(1'3)' ‘,

x)

We should emphasize that’ the same approach was developed
by V. M.Maltsev and N.K.Dushutin

13,



Muitiplying the eq.(I3) by ‘N  -end ;aummiﬁg"f.hé result”

over‘all ‘'h’~ ‘we arrive at ‘the aquation for the average pion -

- number . o I S
df _ o R +Q, - (19)
d - 3 . * . - N .
where :
A =2 nPmt)y L g
, n=0 ’ '
and "tﬁe rate of'phg piég_mult;pliéatiopf.is
oL = -1 _ 4 ,where ¥ =Z.VP e (16)
Twm T .

a B
. VI’t‘is_ g:pnvgn%cnt to introduce the generating function

H(a;t) =2. Eh P (n1)

n=0

)

SR A Toove s . g T P el

. . N - h ) 3 .
ldult:_lpl’yi:ng oq.‘v(Ia) by,. Z:. and summing the result over all .

n we f£ind the equation for the generating function

A

'aH(z*t) _G@)-2 QH(z t) r(2- 1)Q_H(a ’t), (18)
3t T Rm

where G(2) is & generating functlon for a single act of

dleappearancc of p:l.on in the system A

.

a\, p -rl(Ig) )

‘The boundary condition for;H (z',’c)" has" a form

H(1 t) 1. : (20)

. LI RS ‘;E‘::“[': goer &7
An inltla'l cond1t1on 1s not 1mportant because 1t relaxes in

[N L v

the presence Of a sufficiently st:r;ong source, . fe

-
5 -

The manlfost solution of cq.(Ia) can be obta'ned only

Wi osanr 2O

the case of a multiplication of pions w1th redoublmg

¢ p, =1) /W

. « However for a small value of ol from (16)
.- T Fa I
we ca'n decompoae G (E) { a_,round 2 =1 /7/ )

Loz 2272 _ iz -G Q-0+ e
L o o oD
wh.r. v o - i R v ' ;." T TV ;\ ‘ ’.12'."{ B

N T T —_— CLIE o T
=252 Y- =2 v0e-40p - (22)
N RQTM - . . Vet oM, !F:P:‘ A A

If we iestpiét the series (2I) only to two written terns . .
then the solution ao’f eq.(I8) is reduced to the; aboy§ mentioned
case /Ia_/. It is.

e [ e LT ey e

; B B —- - _4/§ v,
Het=[1-@G-HghetH 1 7 L,



The distribution itself is defined by

P(nt)= h,{LH—(E——QJ L e

Z2=0

We can change the multiplicity at an instant t , h(t)
by the final multiplicity <|1) and arriveiat the distribu-
tion (3). The cxprossion (5) for its factorial momcnts 1s
obtained” by the formula

<n(n-1).. tn-5 + )% ¥[' L Het s

R 3z 2 Yaoa
. It is interesting that éithough our initial phenomeno-

logical model includes a variefy of paramcters.thoifinal
formula for the multiplicity distribution is a function,of
the average multiplicity with the only paramoier c s de=
fined by eq.(22). It is 1ikolj~that the product of the
atrongth of a apontaneous source @  with the multiplica-
tion mean life time °n1 “is constant The ayatcm which is
capable: to irradiate pions ‘is capable also to absorb them
with subsequent multiplication. Thus it is likely that thc‘
parameter C is constant during the whole process of multl-
plication of piqna as‘well as with a-chnngc of the incident

energy.

4. Coneluaion - - - it T R I

We proposs to considir th9 process.of the multiparticle.
production in high energy hadron collisiona as a particular
cage of an amplo variety ot th. branch prdcoauos. By this
analogy we auggoat to use tho ?olya diutribution as. the multl-
plicity di-tr1bution. It dopondl on two paramotora. Ono of
them is the averagse multiplicity of chargod particles and do--
pends on the incident onorgy while the other one is paramotor'

C ', connected with the rétio of the average nultiplicify‘
to the dispersion of parficlo number and is constant at higﬁ y
incident snergies. ‘A compa;iuon' of the empirical distribu~-
~ tion with the experimental data Qhowa a satisfactory agree-
‘ment, o ‘

If indeesd there is éomc‘nochanian of the induced produc-
tion of pnrticlcs then we can expect ita most visiblo rovca-
llng in the casea w1th high lultiplicitios and its 1ntonli-
fication with the incroasing incidont energy. As we could
see such a tondency was really observed, On tho same round—
.ation we can predict that at vory high onorgios (for oxamplo,',4
at colliding beam ~.energies) tho multiplie1ty d1atribution B
will coincide w1th a 11m1t1ng diutribution and if paranctor B

c w111 not differ from its prouont value thon the diatri-w
, bution will coincide with that -has been found alroady. Ve saw
there are forcible arguments to consider paramottr»'c;_ ,F’-.

a constant. Perhaps the ssme reasons lie in the basis of the




esrly onset of the KNO-scaling. Then the latter is indebted
rather to the nature of the induced multipartiéle production

process than to the Feynman asymtotics.

The author is very much obliged to Professor A.M.Baldln
for 1n1t1at1ng this work., He would like to thank Dr.S.B. Ge-

rasimov and Dr.V.A.Meshcheryakov for helpfull discuasiom.
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Fig.I. The ratio (N >/ D) ve lab.
incident momenta of incoming proton. The'aoiid
curve indicates the results:.of calculation by
means of eq.(I0) with the constant value 5 of
parsmeter - C =.0.,2588, A
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