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I. Introduction 

The multiplicity distributions for the .ch~>rged particles 

produced in high energy pro'ton-:-proton collisions exhibit two 

wonderful peculiarities. One.of them consists in the approxi­

mate constancy of the ratio of the average multiplicity, of 

charged particles, < neh) • to the dispersion of charged. par-
I/. ~1t/.& 

ticle number, D~h -[<nc:h)-( nc:h> • The experimental 

pointe for this ratio taken from·ref~/I/ are presented in 

Fig.I. For the first time the stabili~y of this ratio appar­

ently was mentioned by Chyzewski end Bybicki in their inves­

tigation of the multiplicity distributions at relatively low 

energies / 2/ 

The second peculiarity is the asymptotic so-called 

"KNO-scaling" that has been discovered by KobB 1 Nielsen and 

Olesen 13 •4/: it one plots partial cross sections multiplyed 

, by average charged particle multiplicity at given energy, 

(nc.l.>P(ncl.)=<ncl.)6"n /L _ . 6'n , versus 
h- 2-.'*' ..... 

n .. h I< nch ) • thGn at sufficiently high energies 

the experimental points form a universal dependence. 



The experimental data points at lab.proton incident momenta: 

I9,50,69,I02,205 and 303 Gev/c are presented inFig.2 taken 

:from ref. /S/. Indeed, except the relative~c·l~~ in~ident 
momentum .19 Gev/c, these data justify the KNO,;.scaling. Koba, 

Nielsen and Olesen derived their 'scaling starting ,:from Feyn­

man scaling :for all the muitiparticle inclusive cross sec:..·· 

tiona 141. 

Each of these peculiarities is alien to the Poisson dis­

tribution x) which appe~ra in the independ~nt p~rt.icle 
production. . 

However we know :from the. history that there )s_ another 

distribution :for the multiparticle productions. It',!i_ppears 

wh~n we draw our _attention. to an ample multitude of branch or 

chain processes. The ma~n :feature,o:f these processes is the 

dependence of a particle number in the :following generation - - . . ' . -" 

on a particle m.IJllber· in the preceding generation •. 

Two pec)lliariti~a -are .. typical :f()r. these _processes; .. ' - -· . . . . ' . 

I) The,dispersion of-particle number depende cin t~e 

average multiplicity _by .the .law ·.·" ... 

x) For. the Poisson distribution the .ratio. < n > /D ·· · changes 
as. < n>

1(:!. • Consequently it increases with initial_ energy. 
Beside the Poisson distributionposseaaes a scaling proper­

. 'ties but it go~s· to 'the aayoiptotic distribution with the . 
inf'initesimal width ./4/~:. · · · ···· 

·.,·,·. 

;_,~4 

I 

I, 

\ ·,' 

r 
J 
J 
¥ 
:l 

·2. 
D 

~ 
<n) +-~<h) 

where C is some parameter; 

~I) 

·. 2) There is. a .limiting distribution with.:finite width 

<n? P <n) - ;t (-< ~> , t ·) (2) 

when (~) « tl'lin ( -t~ l:;.) 

We have just a distribution with the desirable _proper~ 

ties if parameter ~ is a· function slightly de~endent on 

a change of external conditions. Usually the negative bino­

mial Polys distribution is very convenient as a distribution 
.• 

to~ the branch processes. It was used for a description of 

the distribution of particle' numbers in the electron-photon 
- ~ f ; ... .• 

showers 161 as well as for the stati~tics of the amplitudes 

of the pulses from the pulsed fast reactor /?1.· 

We propose to employ this distribution aa the empirical 

distribution for the aultiplicity of secondary particles in 

proton-proto~ coliisi~Dih In these collis,ions mainly pions 

are produced and below we shall mean their production. 

In section 2 we compare this distribution-with experi­

mental data, then in section·s we discuss possible reasons 

for its origin in the case of interest and give ita phenome­

nological derivation. 
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· 2 .• The Pol,ya distribution as tlie empirical distribution of 

multiplicity 

The Polys distribution for the probability of n-par­

ticle state is x) 

n 

P(n) = P<o)C:~;n'>) (1+/; )(h2/;L.[i+ <n-nt] <
3

> 
n!· 

where 

P(o)= (1 -o:t. <n>)-i/t 

Its factorial moments are·given by 

(n(n--t) ... (n-~+1))= 

= ( h l; )( i ~ 2 t. ) ... [ 1 ~(~ - 1)] < h >~ 

.,_ .. ~ 

F~r the square o:f D I < n >.- ratio we have 

D2 
:( n >it 

t 
(h) 

+ t 

~· 

(4) 

(5) 

(6) 

x) We shall derive this distribution on the basis of genera­
ting function in the following section. 
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The first term in .right-hand side of (6) corresponds to inde­

pendent fluctuations of the:particle number around its mathe­

matical expectation, while the second term corresponds to ge~ 

netic correlations between particles. The Polys distribution 

turns into the Poisson distribution when l: = o. 
I~ limit - 1- <<.h.. in ('I; t ) <n> there is a limiting 

distribution which is the )G 
2 

- distribution. with respect to 

X.:a=~n/t<n) :' 
. .L -'1 . 

(n.>P<n)=(~)~; exp(-~) t,r\c.-4)' (7) 

where :X:. =' h / ( h ) and' l ( !:: -4 
) is Euler gamma-fun­

ction. If ( <<.. 1 then ~n its turn the limiting distri­

bution (7) goes to the normal Gauss distribution •. 

When we compare the theoretical results with.the· experi­

mental data we ought to take into ·account the :following: 

It is naturally to suppose .that our empirical distribu­

tion is applyed to the. total particle number while the charged 

particle multiplicity. is determined experimentally; At the 

present time there are some indications about the correlation 

between the charged and neutral particles produced in pp ~ . . . . . ·• .• 

collisions at high energies / 8 - IOI. With these data, we take 

:for the ·total prodUced particle. number a simple formula 

h=1:5ncl.' . ,(8) 

where n c.h is 'a nUmber of charged particles • 
. . ··~ ·~ . 
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'Further, as a consequence·o~ the-conservation law o~ 

baryons two baryons must be. present in the final state. Thus­

they must be excluded from the particle-number for-which we 

apply our distribution: 

n'-= n-~ -1.5" hc.h - 2 

Instead of (6) we have. 

~ 

De.~, -= ----2 
< nc:.h> 

f.S<n .. h> -2. 
< 1.5" < r~ .... ) )~ 

~ 

+ ("· 5 < nc:.~)- 2:\ t. 
1.5 < nc:.h> J 

2 :t 

(9) 

(IO) 

Proceeding'from.the data /S/ for Dc:h / ( 'nch) and< nc.h">' 

we obtain the values of parameter ~ presented in Table I. 

Table I. The values of Earameter t 

I9 50 69 I02 205 303 
Gev/c Gev/c Gev/c Gev/c Gev/c Gev/c 

O.I77 0.253 0.257 0.266 0.273 Oo25I 
!0.007 !0.027 !0.0!4 !0.022 !0.026 ;t0.02I 

We see that except the region of relatively low energies 

the values of parameter ~ are weakly changing. 'lith this 

exception the average value weighted with squares of the in-

• 
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verse dispersions is x) 

t = 0.2588 + 0.0034 • 
' ' - (II) 

In Fig. I we present the ratio < n c.h "> I D c. I-. calculated 

by means of eq.(IO) with the constant value of parameter-~ 

from (II).-we observe a good-agreement between calculated and 

experimental data at high energies, while at relativelY low 

energies we cannot coriside~'the parameter ~ sa being'con-

stant. 

Now we calculate the multiplicity distribution inKNO­

scale according to eq. (3) ~and eq. (9) with the constant value 

of parameter t from (II). In order to compare directly 

our calculations with the experimental data we get the cal-

_cula-tions for n c.h =2,4,6, ••• ( n' =I,4,7, ••• ) then norma­

lize their sum to unity and multiply them by ( hc.h) • We 

carry out the calculations also for the case of incident mo­

mentum I9 Gev/c and with the parameter C = O.I77 according 

to data from Table I. The agreement between theory and experi­

ment is d~monstrated in Table II. Iri this table we indicate· 

also the values of X~ when we exclude some of points which 

evidently drop o~t of the common regularity. usually they ·are_ 

the last points. 

x) One should not attach very importance to the concrete 
value of parameter C because it. is dependent on the 
way_ -~f the .connection between charged and neutral par­
ticles • 
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Table II. The agreement between theoretical distribution 
and experimental data 

I9 50 

Gev(c "" Gev/c 

(. ' ,t. 

69 
Gev/c 

.t. 

I02 _,, 

Gev/c 

c 
O.I?7 . 0.2588 0.2588. .0.;<!588 

...... 

:.:2 .... 
x~ 

2 
Xs 

~ x6 
29.3 

6.9a> 

I3.7 

9.Ib) 

~7.8 

22.9c) 

a) 

b) 

n c.l, =2,6 are excluded 

n~:h ~16 is excluded 

c) nch =:~8 
d) n , =22 

Cn. 

is excluded 

is excluded 

l· 

XG 
:j 

7.4 

,·; 

'' 205 
Gev/c 

t, 
()~2588 

~ 

X a 

15.9 

' ! ~:. 

- '303 
Gev/c 

t. 
0.2588 

' ~-­

xfO 

__ 22.5 

~o~;d) 

In Fig.2 we present the ~esulta of, calculations for the 

cases of I9;50 and 303 Gev/c. Although the distr~butions are 

di~crete we joint the calculated points by the smooth curves 

by hand. 'Ne see that the curves for 50 8Ild. 303 Gev/c lie 

tightly one to other. These curves a1most coinc~de w,~th the 

.tini t ing curve: calcli la ted by ·means· of: (7). ·Thus we indeed ar­

rb~ n't 9. uiiiversiti d.i'st~ib~tio·~ and it is a .corisequ~'nce 'of 

the natUL'e of the Polya distribution. 
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We see that tliere"'are some-regular deviations of':the 

expe;ilnei;'tal points from 'the ~alculs"ted cm.vesin the r~giori 

of' the di~tribution maximum arid th~se,deviatioria becom~ 

Bmeller in the region of high milltipliciti es~· 

ori' 'the whciie ~;; get. the satisfactory agreement. betwee'n 

our empirical dist~ibuti~n' a~d the e~perimental dat~/This . 

distribution depends on two parameters. One of' them i~ the 
ave'rage 'ch~~ged" multiplicit~ < n ch > s'nd depends on. the 

prdton irici<lent ~omimtum. whiie 'the other parameter .. t, .. cori:.:. 

nected with <nch)./Dch:::.~~tio is found to be consta~t iri' 

the "region of;high incide~t moxiientum ·a; well as this ratio 

i ts'elf. At this point' the ~~~posed e~~irical distribution 

pOSSesses I i~ Our,' opinion; . Bh adV~~tB'ge a~ COmpared: wifh 

other empirical distrib~tions~ 

3. ijypothesis of the induced radiation of particles in 

proton-proton collisions at high energies 

We have noted_in Introduction that the Polys distribu-. ~ ~·. ; 

tion appears in the branch processes. Now, if it appears in 

our case what is 'a mech~~is~ whi;~ co~ld .lead to this distrl-
·r: . -· . ' 

but ion? 
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. ,At the present t~me the ~uthor does not know any micro- · 

scopic theories_ of multiparticle production in hadron colli-
!;·' 

sion which could lead to the Polya type distributions; Per-
- <;. ' . • "' 

hap_s the mechanism of the m~tiparticle production is more 

a kinetic:: equation. x) For the description of.th~ beha:vio~ 
of pion!" (or any other particles) in. the _system we propp~e,._. 

the following conceptions: 

The mean lif~ ti'me of pion with respect to .. its ann:ihilation 
1 complicated than it is assumed in the contemporary theories. _ -·-- _u ·---· ___ • ~'-- __ _ 

. -~ J.ncludJ.ng J.ts goJ.ng out of .tile system - '-a -; 
Qualitatively we could try to consider. it starting from the 

following arguments, 
~ . . -

In a collision between two protons in lab.system the 

projectile is compressed by the Lorentz contraction into a 
0 • ' •• c; " • • 

thin disk. This thin disk can radiate a coherent,e.g. 1 "pion 

wave" ~II/ .x> However, it is possible that this pion-wave 

is not radiated by_ the system immediately but it runs through 

the target proton. Our hypothesis consists in the assertion 

that the target proton is a "pion - active - substance" 

which is capable of absorptions and spontaneous and induced 

productions of the pion-waves. The terms "spontaneous and in­

duced productions" mean that the radiation of' pion-waves by 

the stuff' is .independent.· or dependent on· a· presence of· other 

pions in the system,respe_ctively. The same reasonings. are 

applicable, of course, to the projectile proton in the pro­

jectile (antilaboratory) system. 

Moreover; ~e· consider th.is. complicated process as a con-
-. 

se.tuence ·lf the elementary acts of' the a~?sorptions and pro-

ductions or parti~les.and we ahall describe thim by means of 

x} Perh'l;H, it r:-Arli<ttes a r:oherent "vecton-wave",e.g., 
.. W -:::eson-.vave", .vhich t!len decays into pions, 
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The mean life time of pion with respect to its absorbtion 

with the following emission of secondary pions (multiplies-

-tion)- .... 

In the:latter case the conditional prob~bility of irradiation 

of' a number Y of s'econdary pions .:.. p ( L... _ .. p 
~ ~-ll.."l.... ~ 

,;I); 

The total mean life· time ~i pion in the· system· ' : 

_ i 
'\:' 

_1_ -+ __ 1 _ 
'\:"a . '"C"' (!2) 

.. ; 

The strength of·source of pioria·ia ·char~cterized by the aver­

age number of spontaneously irradiated pions per time unity 

Q 

Now, for the probability of' a presence of pion number h 

in the system at an instant t ' J p ( n. t ) 
equation· 

we have ·the' 

dP<n.t) 
dt 

= - (a.+ ~ }P(n~t) + ~-~ P(h+1,t·J~ 
. Q 

n--.7+-t 
+L.... P, 'Ln. 
~=it,l, ... 

P(n-v~i~t) +QP(n-~.t) 
(!3) 

1-" •• • 

x) .We should emphasize that :the sam"e. approa~h was developed 
by V.M.Maltsev and N.K.Dushutin /!2/ 
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Mu1Hplying the eq<(I3)'by ·h and summing'· the result. 

over' all 'h . we arrive at the equation :for the averag'e pion 

number 

where 

' 

dn 
dt 

r:l... h(t) + Q' 
v.c: 

n(t) =,E. n P tn,t) 
h: 0 

and "the rate o:f _the pion multiplicatio!l" is 

c:i_,v-~ 1 
'l:" - -;:;::-

tn '-a 
,where V'=Lvp, 

~ 

(I4) 

'(I5) 

(I6) 

It is convenient to introduce the generating function 

H<a,t)=L i"Ptn,t) 
n=o (I7) 

:r ~ ... 
:Multiply~ng tq.(I3) by,,_2.· and s~nling t~t rtl!lult t;~ver all. 

n Wt find the equation :for the generating :function. 

'dH ('l:;tl 

.'dt 

-. 
G {'l:)-l.· 'dH <z. t) + {r. -t)Q H cr.. t-), 

'l:· 'dr.· ' ;·, . 
(IS),. 

where G <.~) is a generating :function :for a single act of 

disappearance o:f pion in the sya~em 

14 

' 

~ 'L ~ G (a) = ~- ·-t _.. Z: · p · 'Z 
'i:a cern " . " 

_. r:..-
(I9). 

·""' : ,. ~ . ·~ 
·The boundary condftion for ~H <i,i) has- a :form" 

1-1 (i,t) = 1. (20) 
~ .~. :-. '.~- ~. ... .... #; .-

An initial condition is not important because it relaxes in 
:) •t· ..... ; ---,·--._, .... ,_ ~J. :·-i')~~·-:\_.:.:: 

the pre:sence of a sufficiently stJ;"ong source. ,. . . 
·-,:~ .... ·:::· • .. --~.: .. _ -, .. , • ,t• ' ._···:~1.,. -::;,~1 ~·:~: _,_, ......... 

The manifest solution o:f tq.(IS) can be obtained only in 
-- ' .. - -• , ... •,:-}1 !J'~:l.i.t::'.:(~U 

with redoubling the case of a multiplication of pions 

( p =I ) II3/ • However-,for a S!llall 
a. . . .. . 

we · c·an decompo~e G {'C) , ~round : 

value o:f oG from (I6) 
' ··!11'· "~·rl)N.> :c = I 

G {c)- c 
'i: 

. . I' 
o<.::(e-'1) +~ Q (i!:..,.i)'+ (2I) 

<:. .•. 

where· ,·. 

,.t = H~--o· 

. R,Q.~ .... 
\I(V--1) z:.... v<v-n·r: 

~- ... :- . •'·. 
(22) 

··.) 

If wt rest,pict .the series <?I) pnly t,o. two wri,tten terms. 

then the. solution of eq. (IS·) is re~uced to th.t, aboye mentioned 

/I3/ . case .• It 1s .. , .. 

. .. . . .· . . .. • --.:_·Ht. ,, 
H cr.,t) = ( -t- cr.-n~ h Ct) 1 

.! 

:'(23) 
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The distribution itself is defined by 

P (n .. t) -" ( 'd"'H ~~.t) j 
h! 'd'C. ~=0 (24) 

We csn change the multiplicity at an instant t h tt) 

by the final multiplicity < n) aitd arrive at the distribu­

tion (3). The expression (5) for its factorial moments is 

obtained by'the formula 

,-. ·- . ~. ' 

(n(n-o ... tn-!:1 + -i)) = ( 'd H ~e,t) 1 _ 
d~ lj! .. ~ (25) 

It is interesting that although our initial phenomeno­

logical model includes a variety of parameters the final 

formula for the multiplicity distribution is a function of 

the average multiplicity with the_ only parameter ~ , de­

fined by eq. (22). It ia .likely ·_that the product of the 

strength of a spontaneous source Q with the multiplies-

tion mean life time • ~"" is constant: The syst~m which ia 

capebleto irradiate pions'is capable also to absorb them 

with subsequent·multiplication. Thus it is likely that the 

parameter {; is constent during the whole process of multi­

plication of pions as well as with a change of the incident 

energy. 
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4.-Conclusion 

We propose to consider_ the process. of the multiparticle 

production in high energy ha4Ton collisions aa a particular 

case of a~ ample yarie~y ot tht branch processes. By ~hie 
- . ' -' .. . 

analogy we suggest to use the Polya distribution as the ~ulti-

plici ty diatribution. It depends on __ t'!'o parametus. One of 

them ia the average multiplicity' of charged particles and de-· 

pends on the incident energy while the other one is parameter 

~ 1 connected with the ratio of the average multiplicity 

to the dispersion of particle number and is constant at high 

incident energies. ·A comps~ison ot the empirical diatribu­

tion with the experimental data shows a satisfactory agree-

·aent. 

If indeed-there ia some mechaniaa of the induced produc­

tion of particles then we can expect its most visible revea­

ling in the cases with high aultiplicities and its intensi­

fication with the increasing incident energy. Aa we could 

see such a tendency was really observed. On the same found-_ 

ation we can predict that at ver~ high energies (for example,, 

at colliding beam energies) the multipliciiy distribution 

will coincide with a limiting distribution and if parameter 

~ will not differ froa ita present value then the distri­

bution will coincide with that_haa been found already. We saw 

there are forcible arguments to consider parameter · C, as _ 

a constant. Perhaps the same reasons lie in the basis of the 

17 



'. 

early onset of the Jam-scaling. Then the latter is indebted 

rather to the nature of the induced multiparticle production 

process than to the Feynman asymtotics. 

The author.is very much obliged to Professor A.M.Baldin 

for initiating this· work. He would like to thank Dr.s.B. Ge­

rasimov and Dr.V.A.Meshcheryakov for helpfull discussions. 
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PROTON· PROTON 
IHTE RACTJOHS 
<nc:~.> 

( <n~ > _ <nr),>") ''2 

2~ - I I I I ~ 
The ~mptoti.c value - t.97 J * · 

20 30 50 fOO 200 300 500 

pLAa(GeY/c) 

Fig.!. The ratio (nc.h)/Dc:.h ve lab. 
incident moments of incoming proton. The soiid 
curve indicates the results.of calculation by 
means of eq. (IO) with the constant value > of 
parameter · l:; = 0.2588. 

' 
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tical curTea represent -the Polya distribu­
tions, Though the diatributiena are dia­
crete we joint by hand the calculated point• 
by the aaooth curTea. 
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