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· CKa'IKOB H.E. 

.CnHHOBSH CTpyKTypa B38HMOAefiCTBHH ABYX penHTHBHCTCKHX 
'ISCTHU B MOAenH OAHOMe30HHOrO 06MeHa 

B KBa3HnoTeHuHanbHOM ypasHeHHH nnH '!aCTHu co cnHHOM s Ka'lecTse 

KB83HDOTeHuHana paCCMOTpeHbl «fJ~fiHMSHOBCKHe MSTpH'IHbie a'neMeHTbl0 OTBe

'IS!OmHe AHarpaMMSM OAH06030HHOrO .06MeHa. lloKa3aH00 'ITO HX MOlKHO na

paMeTpH30B8Tb B TepMHHSX aneMeHTOB npOCTpaHCTBa no6a'leBCKOrO T8K 0 

'ITO CDHHOBSH'CTpyKTypa B38HMOAefiCTBHH npHHHMaeT BHA HenocpeACTBeHHOrO 

reoMeTpH'IeCKoro o6o6meHHH cnHHOBOfi cTpyKTYPhi noTeHuHana B KBSHTOBOfi 

MeXaHHKe •. 

Coo6meHHe O!h.e,nHHeHHoro HHCTHTyTa s,nepHbiX HCCJie,nosaHHii 

.l\y6Ha, 1973 

Skachkov N.B. E2 -.7159 

Spin Structure of the Interaction of Two 
Relativistic Particles in One-Meson 

Exchange Model 

In quasipotential equation for particles with spin 
the Feynman matrix elements, corresponding to diagramms 
of one-boson exchange, are taken as quasipotential. It 
is shown.that after separation of the Wigner rotation 
from this matrix elements the rest part is' local in the 
sense of Lobachevsky geometry.With the help of the obtain 
ed representation the quasipotential equation is trans
formed to a from, in which the spin structure of the 
interaction looks like direct geometrical relativistic 
generalization (in sense of exchange of the Euclidean geo 
metry for the Lobachevsky one) of the spin structure of 
the potential in quantum mechanics. 
Communications of the Joint Institute for Nuclear Research.· 

Dubna, 1973 

1. The eqttations for the scatterins amplitude and wave 

function are the main tool used for description of the 

system of two relativistic particles. In.Kadyshevsky's 

paper [ 1] a covariant equation, which describes the 

interaction of two relativisti'c particles, was obtained. 

In contrast with the Bethe-Salpeter equation, based on· the 

Feynman diasram techniques, the Kadyshevsky equation ~as 

~--c~.~der:l.ved7intliC-,.framework"'of=-a-cccovarlant-=Hamiltonian-,for-·"'-=cc-'-= 

mulation of the quantum field theory, developed·in [z] 
As a result the momentum space integration in this equation 

is performed over a three-dimensional manifold of the 

hyperboloid 

b:z.- ~,l.- .1.'· lo. I _m. (1) 

while in the correspondins Bethc-8alpeter equation there is 

integration over the four-dimensional momenta of the. 

virtual particlea. This .feature makes it close with the 

three-dimensional' ;quasi-potential. approach of Logunov-

Tavkhelidze [.3,4]:. which was successfullY: used for 

calculation of the relativistic corrections to the energy 

levels and the maBOetic moments of the hydrogen-type 

systems 

action 

[5,6] as well for description of strong inter~ 

processes [7] +) 

+rs;;-~-[;y---~ 
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It was shown_.in the case of. the. spinless :Particles that 

J,n Kndyshevsky quasipotentiaJ. approach· the :relativism 

appears,in the ·equations .:for the .. scattering ~plitude am 
the wave :funetion,in·such a.:form, that they look like 

direct relativistic generali3ation of.the Lippman-Schwinger 

and SchrCicUnr,er equations [9] · .• This generalization is 

equivalent to an exchange of the Euclidean geometry of the 

noment urn· SIR ce -in the nonrelati vis tic ·equations;· fo.£ ... 

Lobachevsky geometry, realized.on the upper sheet of the 

hyperboloid_ (1) in the relativistic equation •. 

The quasi-potential equation for particles with spin, 

based on the covariant Hamiltonian formulation of the 

·quanttunfield t.heor~',was obtained in[lo]. The aim'of the 

~resent article is to consider this quasi-potential equation 

as geometrical relativistic generalization 

of the equations for the particles with spin in 

quantvrr. mechanics. We shall restrict ourselves .with the 

consideration of interaction in 'the one-boson exchange 

appro:<lraation. It will be demonstrated, that the intro-
. ... ' ' 

duction of quantities, th'lt are elements of the 

Lobachevsky space, aJ.low1 one to simplify the spin structure 

of. the quasi-potential and it takes the form of direct 

georletrical relativistic generalization of the spin 
., · ..... :. .. 

structure of the _pote11tial in quantum mechanics. 
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2. Let us consider first the case of interaction of a 

spinor particle With scalar one. The process of 

scattering of these particles is shown in Fig. 1, 

where the solid line corresponds to the spinor particle, 

the dotted o:oe - to the scalar particle 

, 
·-f' 2r 

!='t~- L 
and the momenta of the initial and the final particles 

are in center-of-mass 
system (c.m.s.) 1 i.e. 
~ ~. -~ '+) 

and ,.,. ~ r:r pt =- r~:: r 
Let us denote the 

~! :: - ~,_ =- '} • 
initial state of two-particle system 

by l r, 5{ ' ' where 6" is spin projection 

on :=, -axis .and the final state by. \If , 6". 
1

/, • 

The quasipotential equation f9r the relativistic 

scattering amplitude ~rfl:\~,6'~describing in c.m.s. 

the transition between the. initial and final states, has 

-------+)The masses of particles are taken to be actual• Genera1 i-
zation of the formalism to the case of particles with 
different masses was clone in [ll j · 
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the_ fo:nn · [ 10]. 

{f,E> 1 Tl fo'> ::: <..f.il V(E}llf,s-'/-:+ (
2
) 

~ f,J'>%_,. ~ J';r. ~p;~/V(E,_l)i';•)'·(i?;•")T/if,•'), 
(I E>'~-~JE~e EK (E~-E,.-i€). . . 

Here EK = v~.:.+IVI;) and .(r;'oiV(E,_)IISG')is 

the quasi-potential,which depends on the enerey as a 

parameter and can hav~ an imaginary part at /i E}:. S > llm:z., 
The connection of the amplitude ..( y;-6'"1 ':fT If r> with the 

differential cross-section is giveri by 

Js
Jtv 

l i 

= (Sro)': II · L 
-,tS"k~i 

1 <;;6{T I f,o_'/ r 
. . ... 

(J). 

Let us represent the .scattering amplitude in. the form:. 

. . . . . . , . . · .. I . -

(f;G-} T/ ip6'';~ii~ ff) Tr (f.j f) v;(f).c4) 
.... _. _ _ (o<1 ~ ~. I,J.?It}, · _ .- · · . 

where . ~f>{f) is n Dirac's bispin:or. 
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Passing in (4) from ·b:t.llpinors to the ·two-component spinors 

5o- . we define the scattering matrix.- f (/;f) as: 

, . . I . . 

L i( (fJTv:p (fj f) u; or)~ fer tnl ((' C() 5 ~I (5) 

Q(,p 

(In the right-hand side_ there is no summation over·polari

za:l:i~n _indi?es}. From. (2) follows equation for the .!n~trix. 

t.r~· r r ~~ , . . 
-t_<;, (f f) = Yor;f. ( ~ fi f}) + 

+ _L~ :t .\ d3tr, v:r-6", r~tj~,) +.:6, r~trr 
. (IJ.Tr) c;-"=-tJEK·. Etc. (E.._-E}-ie) 

:(6) 
.•. 

The wave function for the continuous spectrum cnn be··. , 

defined as 

r'l,e-rr)~~~E ·r-rr-f)_ VfL+m~ Y'~_-.+_ 
. r ,.. . . ~,. 

. J , ~I -t fT'rJ'./ r--r~ r) Y'6"t + ~ . _:8"..;.:.'::-;:;:...,!:Vs.~-~f:___ 
• 811'1. Er (Er-E,_ ~i.~) . 

-(~) 

Substi tutioi1 of (7) into (6) leads to ·equation for the 

wave ·function 

7 
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i-,_r(f) = fEl frr-rJvr~-+Wt~ '!o -t · · ·· r-/J 

• ... l _J .t r J~r;.T '-'~' rr;~;E,_.) rtJ,._~rkO 
E,(Ep- E~:..u)(./Jii)9 ~=-!J E ~e_ . 

or 

E,(Er-EJi~"(;r)=!. J.J3·t \ t_g V~, fr~ ~ErrYYttt"' (~) 
l !Lli 5 =-t J E~e . . . 

It ts clear from (6) 'and (7) that the "energy i .. . 
denor.tinator" · -EfTE .:..E,_ -iL:) • 

role of a Green function in this equations, do.es not depend 

which plays the 

from spin indices and is the same as in spinless case. The 

quasi-potential equation for the case of parti.cles with 

spin differs from the ~quation in the scalar case only 

iri the spin"dependence of quasi~potentiaL. Thus,the fo:ma

liSiil described here is the same as in no=elativistic 

theory, where the free Hamiltonian is a scalar in spin 
. . . 

space and only terms of interaction depend from spin. 

Let us also note the fact that the integration in (6) 
,. . . ·. . . . . d J3~ 

and (7) is performed with . .volume element .D. i2" =· -e;-
which~ the volume e~ement in Lobachevsky space, realized 

on the upper sheet of hyper.boloid '(1). In E!quations. (6) 

and (7') all the momenta of particles are on the mas~shell 
i.e. they .belong to the upper shee: Of hyperboloid.T.hus we 

say that the momentum space in quasi-potential equations 

(6) :Un (7~, has geometrical properties of a Lobachevsky 

space. 
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Our aim is to show .that it is ·possible in the case of. 

particles with spin to describe an interaction by qu~si-

·potential1 which is local 1n Lobachevsky space, i.e. 

depends on the distance in this space. For this purpose let 

us consider some concrete quasi-potentials Y,;.l$, (f,i?i E}) 
In accordance with the rules of constructing of the quasi-

potential from the 

tude [1,3,9] 

matrix elements of the scatteringampli.,-

constant ~ 

1n the second order of the coupling 

quasi-pote~tial is pr?portional to the 

Fe~an matriX ~1€l.ment,, tha~. c:orresponds to 

drown in Fig' 2: , . • ... · . 

-6""~·-. ,...,~, 'P) . . .,... :. . ~,v. I . . \". ·' 

•• >.. . ··~·· < :-·. . .··: • ••.• . • . • .. ,, 

. . ' . 

.. .;..~ .. j,.;; ::~~ .,·.~~"':; .... : 
I .. 
I • 

... 
I 

. ),, 
,. "" . -

t-_. 

.... , .......... --P,,' 

· . .:.A.r: 

;,.., 
·• • ~~ ~ 1,7. 

,;' :;·;·; ... 
• ·~: ~. < ' ... 

,._ ' .. ':' ;~ ~ . 

• .;_: .,.1 ).~,·. 

, 

.·;· 
Figo2o 
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the diagram, 
•J. 

r, ,.1 . } . 

.~: :'!' ·. .• ~ -::-r. >~': ;·:.: 

,,_..'"· 

''"""}:· . .. 

/: ~ - '··-~~. ,, . 
' . .. ~- -;: ~. 

. ~- ... ~ ~ \ 
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and the equal~ty takes place:+) 

<~~>/ V'~fE}}jf!,o'/ =- ~ 2• ~(pj U''"f~ 
. .}'/}..- ( f -~c-)4 (8) 

In this expression all the momenta are on the mass-shell 
b.a..- _,__ t. . 
f 0 p - rn ' but are off the energy.;.;shell, i.e. 

po -:F lc., ; when extrapolating ,the quasi-potential 

off the energr shell the terms are conserved that take into 

account the effect of relativistic retarding. 

Now let us choose such a representation in which to 

any transformation. ·,4 from ,S i {2.C) there corresponds 

diagonal matrix o!_the bisp1nar transformation 

S(A) =(:}-•) 
~a representation ~a oal1ed spinor one and to it 

.f:JD!s expression can be obtaiJiea.' from the analogous 

Kadyshevslcy diagram, corresponding to the second order 
. ,. 

Of a~ t by J1Utting in it ';1/(.: ~ ~0 (see [ 10] )) 
that leads to·conservation of four ~omentum. 
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there corresponds the ·ohciioe of . ·lr 
form 

-1llatrices ~n the 

yf ~ ( 0 ~/(Jf6"l') 
0 . _bf 0 ) Y

s- . r-i OJ. 
;;::. ( 0 .! 

where· ~rr = ( !,-I(!,-.L) • The r.Jatrix 

. H ... = 
. ~m + lc~ + " Jc: 

y.fl. WI '(t: 0 + trt) 

1-l~c E Sf;. (J. .c) 

is pure Lorentz .~ransformati on A ;r . , that transforms · 
. ' 

the four-vector with oomptments ( ttt 1 o) into the vector 

(k., J ~) · • Then we shall pass :in (8) with the help 

of the transformation ~ { 1-l~J"bispinors-, dc~ined' in th~ . 

rest system (see. Appendix} 

/ ... r;l vf.t)'E-)j~~~~ = C\1.iftoJS-fll,) S(U~) 'U 6

fo) 
-~~ I y , a . (p-kY- r~ 

Pure Lorentz transformations do not form a group: their 

product· is not pure Lorentz transformation, but contain~n 

also three-dimensional \Vignerrotation, desoribed:bY the 

matrix. ·vo, ~c) t· s·'Ll (:Z..) .. aml defined by the' 

equality+): 

.· .. ~-1. A H. 
' . - . . . -! vr A}lc)- IC A. ·lc:: 

. . A 
A E $L (2•C) 

)With-this defini t:1 on. the wave rurict:1on '11!"' {it) tra.usfo:rms 
. under the Lorenb., tran;:r.ormation !If , that corres}londs 
. to matrix: H r €: ~ 4 (2. C), like 

~r •lfb (~) ==- t._Jb; 6 r { V{fl~.k) j i'~r' fA;~) (')') 
II 
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1 

s-i(Ur) SfHL) = s (HA;'~=). (! ~) ~ V~(Hp,t::.) 
(9) 

Let us introduce now the next notation for the four-vector 
A-! ;t::. 
(A-L~eY = (~::: t->pY = t"f- q = Vm3.. -T f;;tc~)rY' , ~-

( A-1~::) = ~(-)r =~-I (tco- t!"f ) 
f 1'1-\ , D!.. WI. 

(10) 

~ ~ 
Three-vactor IC f-J p . is the "difference" ot two 

vectors in Lobachevsky space. In the nonrelativistic limit 

it transforms into the usual difference ~ - f · of two 

vectors in Euclidean space. So it can be considered as 

xelativistic generalization of the three-d.imensional 

vector of.momentum.transfer. The denominator in (9) can be 

expressed with 1;he help of this vector and as a result (8) 

takeslthcc:a:rml~. ,..., . :L :Uto}SfH"' ... ,,).:J:?{VlH,,~e)J u~(o) 
t,tro Y(E.) r;,o 1 =-a · -

f' Y ' a !~ - .1r.t~~... + ~ n\ V h"'" +(~'->i'Y,-

.~· .. v {~). \. ., 4-..f t -l IZ(ll) 
= L ( y; 6"1 _l'E~) ~!i,) . ,.u 6;6' 1 v [l·l,,ic)J .• 
. ~~:-\' . . . 

Thus the quasf-potential (B) can be represented as~roduct 

V { .. r 
of n '!liener rotation. and a new quas:t-pot-imtial ~6'.' E"}) 
IJarametrizea by a vector ll = if!(-> r . r 
belongill[; to the Lobachovsky space ~ the quantity i! if tt) 
Vlhich is vresent in . H-k.l-lp : The quasi-potential -v:.~;. {Et) 
seraraterl in :mch a way is .local in Lobachevsky :space. 
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Parametrization (11) is oiosely connected with the 

obtained by Chesbkov and Shirok~v. [ 12] . parametrization 

for the matrix elements of the local operators. In our 

notations their formula has-the form: 

<P,ErU(o) I~,~')=-

t ~t . . .t"'l . . t -J. 11. ( ltl (12) 
= -=i-?L. E {Er\ { i k11·VIr_lr)J. s-, >·:B~r/fv fH,,~e)J ·J .. 

p 6" s•f> h:O .. · p • ' . . . . . . 

t = ( r·--"=s· ~ rr~-;;t , · · 
where the inv~iant form;tactors } .. {f) are- ·obtained as 

a result of expansion of the matrix elements in linear 

independent scalars under·· rotations - the· scalar products 

of momentum lc~' with relativistic spin four-vector 

wf rrJ · 
p(p:~) ~ 

) Wlr) = ~6" + ~o{f")=f~ p•t WI 

The yecto;r 'Wr(f) .is obtaiUed.after a pure Lorentz 

transformation 

Wr(f~ - (Ar); w~ fo) (D) 

In the·rest system it has components: 

,~. 
13 
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c 

....... 

__,. 
VI (o}::m5 ; ·Wo(o) = 0 (14) 

The following condition for w,. (p) is valid 

p~ wr fp) = o. 

Due to the Lorentz invariance o! the scalar product 

~I' 'vJ I' { p) and taking into account (1.3) and (14) 

we oan write: 

· Kt4 w; (p) :r_( ~c-;jt) 6'". 

That gives the parametrization of the matrix element 

L;y,rl J';lo) \ ~6" ''? in three-dimensional form 

.. qt~fi"l j {o) I ~J 6"' / = ( . t ~ . . . . -... . ' . . . '(12') 

= _L) · L <~I { i ;-(i"~-;;t)}lo;{:b;~6' { VfHr,r=) j . 
{!lf) ft.--" 1\:0 ·' 

,- ;a 

The last equality makes clear the connecti~n .of the paramet-

rization (12) with representation (11), obtained for the 

F~ynman matrix element (8). 
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The presence in (12) of :J..J · • ;..function, ·containing 

Wigner rotati~n; i~ connected withthe following fact. 
' . . ' . 

The transformation law for the state vectors 
,\_ 

= £ :b;,bu {v-{u,,~)j lA;~= )~ '',> 
6'~-~ . 

'U {U;iJ I ~o') 

implies that matrices describiug spin rotations under 

Lorentz transformations depend on the momentum of the' 

state and so they are different· fo'r ieft' an~ right spin 

indices in the m~trix. _el eme_nt _(12 ) • In the terminology 

of the authors of .pap~r . [ i2] , ·the spin indices · 

are "sitting" on different momenta.· That is vihy the . ·,, 
spin indices have to be, removed on one momentum in order 

to obtain the invariant parametrization of the matrix 

element. This is just ·fullfilled+) 'in (11) and (12) by 

the func~ion j> ~{ V"1(H,,~e)j_ • < . . . . . 
Let us note, than application of the .equ~ity0··(12) 

·,_;• 

~c"·;~·lrl;b_;{v-,·YHrJ~)J ~ -~ .:b~JV(Hk)r)J r/{· VIr f\t) · 
allows one to ·write analog~us to (12) ' ~: . ' '' 

parametrization for the·· element in which the spin indices .. 

are . 11sitt1ng 11 on moment~· r k' ; . In' quasi-p"oteiltia1 · 

(8) and (11) it is equivalent of using of the ~qUality. 

~ -~o~r) S (H~) -=- V(HK)r)®(~ ~) · S ~yl-lrc-)r. Y 
(15) 

instead of (9)+). 

+Tin more dctailes this questiol\ is discussed in -[12 -i4 J 

]! 15 
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Quite naturally the question arises if it·is possible 

to tra.nsfo:::'lll an equation (7) in su>ch a way in order to 

extract from the Fey~ matrix element (a) the function 

;b.S { y-i(H,,~e) j which has a pure kinematical 

origin. \'/e shall use for this purpose the fact that in 

the right-hand side of equation (7) the summat_ion is 

carried over th!) spinor inde;c of the wave function 

~'l-"' (~J . So, let us define under the sign of integ

ration in (7) a newvrave.function 

~q.,, (~ = t ~!~ ~, .[v-YHPJ\e)}'\1 ~€' {~) 
r P. 1 ~ p r 

(16) 
6'::-:;~., 

spin index of which shall "sit n on momentum r 
ThUs .. we have sh~rn that equation (7) with the quasi

potential (8), can be transformed to'the form 

Er(Er-Eor) '\l:rr;(r) = 

~ 

t ~ 
. (17) 

! J3~. (~) :(~ill·~·=-~ E .ytrtlr {ll'E-Ifj'E~ 'i:,_~p' (.t"), 
r '2. "' . 

+)Parametrizatio~ of quasi-potential, based on (15) was 

obtained in [15 J 

" 

~·~ 
1 
> • 

v' 

4; 

; 

r 
' 1 

t: 
I 
'I F. 

:where all ·sptit. indices .ro .- .. """"I 
a.n:t .. · ·"'I' are "s~tt1ng" 

. ~ 

on one momen~um r . .As a resUJ.t of such a transfo:imation 

the interaction is described by the qUa.si-potential 
{:1) . . • . 

V r tr; {ta-> pj E'r) , which _is local in Lobach.evsky ·space. 

From (11) · we get · r1 ·. , 

v. c~J ( ) 2 ii'fo) ~(H ...... Jp) u_ r>rto) 
I ~'"'>fT;E =- Q. -

6"15', . 1- <J ,;t.l. -:lw.~ t Vm!l.. t c~_,rf 
(18) .----..,.----:". r 6'"s-r . 

=- .2.. V.2 ... (A.t t:r) )A.t.- ..2t~t4.t.:l.m. A 0 ). 

where in accordance with (lo) 
•· 

L1o = y'fr<a.+ ( ii?''-"'Jf>'J.z.' -=. Y m.:z. + (jif£-li?Y' . • 
(i!l) 

J. Let us consider now the case of scattering of two splntt · 
: ~ . ...... . { . ::. -~' ,j" .: ~ . ... . . ' . "' 

particles.· Quasi-potential equation for this case was' obtained 

in [ io ] . • . for' ~he wa~e,-fu~~ho:~ ~~}~~-· -~;~~~-,H ~~;~ . . ·• 
~efum: · 

1-1(p-)~t~ = ~3 ~(f'H f)YrL.+~'. ~~~:· . .J~~·:+ ... _, 
\'V\ . ..,·· .· -~. '. 1 f., ·-~~(}: ~,·-~ 

. . k• ~- . . (20}.. . . . . 
• ~: 1 ·: "· ·· · j_' ·· ll: \la~ ·. ·. · '?. .. -t : :.. . . ' ·. ~ ' . Ct,IC:~ Y.,i · ... ,: ... ; '""·E ~- (~ . 

E {E E ·r.} fJ.,.-)3L ... ( ...--E ... -·6io. ·~'6:; (~I(.) .. ~) q. -~1.'/;'' 
r r - fl.- l l"~ •• . ~· 6'' = -'>', .... . ~) ~ :.> >'. . • r t -::1') • -

r · ·: ~--· i>;.L. 2 . ·: •. · 

or 

Er (Er -E'l) 1}1-(p )~J.Si 
(20') 

· _ _2:_. . t Jl~ J I \ 

- (!J.Til st,~=-t E~t: 
v;L G; jfr,1~1 rr.~jE}) ~1-(k."'")~,5;_1 

lf;; 17 
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In one-boson exchange approximation the quasi-potential· 

corresponds to tli~ Fe~ graph:·· 

I 
I 
I 
I 
I 

Figo!Jo 

' ,. 
.e';Gj. 

~ 6:1 
-IG I :,a. 

. ,. '.· ~~ 

J 

In accordance w1 th the general rules of construction .. of the 

quasi~potential from the matrix elements of the relati-

vistic scatteri~ amplitud~ [1,~]. , ~e 
1
have, for the 

oase ot exchange of scalar particle with mass jl 
the next expression: 

, , .) , . . . . I·: .. 

~~,i~ r.v~ (E~)I~,~j-~'r- _ 

~. [-ustr;r)u~(~)] '[i~f-f) -u ffi'(-l) 1 
=- ~ . .f.t - ( f:- te)~ 

• 

(21) 

·i 

: 
.:;, 

.I 

·.~ l. 
f 
L 
! 
\ 
l _, 
\ 
·I 

and for the case of ex~hange of pseudo-s_calar (Int) 
particle 

~f,o~~l V :t (E,)I ;z, ~>i G'l/ = 

2. [ ii~(p-) t5"" ~'rt?JJ [ -u'i.r-f) ys- rur;;.(-i:)] 
=- - ~ r 2. - ( ~ - !(:. ).l -

(22) 

Let us. perform noW in the spinor part of expressions 

(21) and (22) the transfonna.t~ons (9)+). It leads to the 

representation of (21) and (22) in the form, analoeous to 

(11): 

Y m )l"" I I (fjG er.,.j _ ( E} 1 tc:,6j ~/ ,: 

o+- (,a.) ~ 1 I T.L -• • 7.t -
d. . -_ - ... r- .. ~ ., (2J) 

= ~ 1... p.~~~ v (e. ''k:~6j,.,G;,.):b I • vnt,,~) ::b .. , I { v)H,.1d1 
~. __ J. '#" ~,'£ ".trS:. - . ') 

Th~{--~ifh account of (18) we get · -·- · ; · · · · ' _: 
. . c~> . : . . . - . . ~. - -

L. ,~~I Y"i (E,_)I~6"'6';_~)' -~ . - .. ,< ... 
a [ii~{o) S (u~.;Jp)'U"~o)J.[ii'to) S(~)r)1A'4'{o)] 

:-a. fL_ 2.\'Mt. '1'2.m V ~:z. +' (~F-Jf)a._•' 
. . (24.) 

= 

+)Liatrix $ (U,.) depend::: on the ·Dirao matrix .. ;t":r•r 
. ~ . r . 

<sec Appendix) and so commut~ with K. • .. 

_, ... 



L =-a g.~·:,. r~A.r.!e rL- .:2\"tt.._ + ~\"" f1o 

~tl' (~-~ 11 .. ) 

ana in the s~e w~ 
(2.) I (c .. 

<.f>6"~6i I Yr.$ (e,_) I~ o.,. 6ir '> ~ 
- -. q '· [ ii"c o) ( s ( H.H,) u .. ;r,il{ ii • ., o) ( s ( l!.,.,,l !1 ... ;, .g 

q . r .1 - )... W< .,_ T .;l.v.- Vtv-t. +- ·r-- if")&.'. . ·• . -. . . . . ~~)r· . 
. . . 

,. 
(25)' 

- CJ.a. - 0 • 
(?:4) 1 • (6it) I 

! .,.,. 15'tp . . ~ &;. p 

r:L - ~}'1.1.1. -t :z .... .i1o . { Ao+h'l) 

iM. 
~.; ' ' 

.. 
; 1 \ 

~ '. 

:t"' ·where 
11...., =-·~!-)p ) 

Ll., = VWt.:l t 1!4 
I ., ).,; ·;. 't: 

'.:~- l ~ 
'~":. 

. . :. ~f ~ ana < ·• 
·(~:Ll·:;.,.J-. '/<=-:__. i"8"~ r~ 1'\.~ · ;-G"~f · ·. 

0 . li".L tr£'p c -- ? ' b tJ ) ) 'i .• 
iL~ 

. » 
In complete analogy \vi th (16), we can -perform· a change 

. . . ~' " 
of .sp~n ,indices . .oi J;he mw: ~~tion ·:·7'Y.fi?')Gf~l' ; ~.f!_om.;, 
momontwii it on·.pomentum . r .. :. .. .. ···': .J: J, ' •. ' 

.;;20 

J 

.., L ( :-:'P) 1" I -':1',.. lc 15'lp ~p -

~ . . (26) 

~ ~-r ~ ,1 t v·ill,,•l} ::b:zot {V-'(fl,,.~ ~ rli),; .-.· 
With the hel-p of relations (2J), (26) and taking into 

account (24) and (25) ·we can revrrite equation (20') in 

the form 

lr (E, -E,_)'~·,_ (r~~i~ = 

. . 

- i .. ~ ~J'it. ...,._ Ill. ~ (
27

) 
- (!ln)3L -E . \(6'~·.,:' r;.' (~ '-Jp;Er} ':r"q(tc )~~c; ... ~ ' 
· 5:' tr.':.. 4 ... J •r '-r · r 

'1'1¥--~ . 

where all spin indices are nsitt1ng" on the same momentum 

p 
Equations (20), (20') ana (27) are \7ritten in the c.m. s.; 

ana the wave function '\}1-(p)r~lli, describes the relative 

motion of two particles with spin · ~ = 1 . That is why 

we can add :particle s-pins with the use of usual rules of 

addition of two momenta in quantum mechanics. Let us define 

wave function with total s-pin ~ = OJ i with the 

· help of the equality 

l . . . . . 

1q,.(f)~lr = ~ Zi ±; o~o,.J$ ()'/l'll,_(r)~>16"~·:c2a) 
Gt !>#.=-! ) J-
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The :relation for Clebsh-Go:rdan co-efficients 

.t (·f!is-l~IS s; z.!i;oi~'ls'o 1( = ~5,·: ~~EO"~ 
I I i ; . . . 

~~,s-&.: -:i. .. .. (2~) 

a.llowsone to_rewrite equation (27) in the form 

Ef (Er -E})~~(r)$• -= 

. . I .. . (JO) 

i j • ~ \J .. (~) . . ' ·. 
::. fl·r;)~ ·L: L ?.~ ~6"j$;i,(~c-".>f:,Ett) 1q c~)tt• ~· .'. 

\..I:L ~ '-o ~: 6'! ' E · r r ·. r ~ r ' 
•. ~ ' r =-S \C.. 

where we have defined 

(jt,~~rj VcfE,_)\ ~, a's~ / -

... ~ -' 

·.. . . (Jl) 
. . . ~ • ~ ,· I . ( I . I . I t 
.. ~-· .:,·.• .. ' ..... ' 

= ·'· E ~ ±f j 6i~r.t.l S E>/ (P,6!~I V C1)/t/;'r'ir)<:f_h6f16j,.l$ 6j.). 

s-l,~=-1 o-~,~;,; -r· · · · .: · ·· · · 
. .., ·. 
•' 

It is known, that 1n some processes the symmetry pro

perties of two-particle systems lead ·to a conservation of 
: .... ~ I ' ~ ; • ' • I -• • ; • 

the tot:;U. spin, i.ie •. that\ the tota.:J. spin be'comes int.egraJ.· .. · •. 
r ..• • .- --·L· ·. ; 

of motion. Thus, for example, for posit:ronium,~he conservation 

of the total spin comes from CP inva:riance of electromagne

tic interactions. At the scattei-i.ng of identical spinor-

l..:U 

) 

particles singlet-t:riplettransitions are forbidden 

because of the Pauli principle, an:l in neutro!l..:.proton· 

scattering the absence of singlet-triplet transitions 

(when the elect~o~~etio 1llte:raotions are neglected) 

follows from "charge symmetry" p:rinciple,In what follows 

we shall restrict our. ~on~ide:ration only with such proce::;:

ses, so we shall take' the quasi-potential diagonal 1n 

total spin: 

c:: ;,~ s- /.V(E,_)I~ S'E> 1> ~(f.,$, sl V(E~I~. S s'( : f~$1 . . 

In this case the substit';tion of qusipotential (24) in 

(31) le~s to a scalar in spin space 

<..~ S s-1 V(EIJ)I~)'S o'( =. 

(32) 
~ f!6""6"' 

:l.m ( t>- +~ ~) 
=.- 3 r-~ :-l h"'- +~2.~o . 

and for quasi-pot"ent13J. (25) application of the formula, 

( ~-E)(ii;_ lJ = ;;_(!I')~- .l~, ~ -.:: 

(3J) 

where 

~ :: 1- . (~ -+ s:.) 
(34) 
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,, -:. 

--

perinits to divide it in :Darts, which give a contribution in 

singlet and triplet states: 

Y.(#.) ( ) ,_ ($I).2. -
. p~ E'r --: + ~ YL -~W.~ T~.,...IJo 

~ It'' 
·~ 

II. 'Ao-:- ~tt' . :z. to' 

- ~ f :L - ;2w.2. +ll'l-\ .do 

'(.35) 

Let us denote by the example of quasi-potentia1.(22) one 

" remarkable feature of formalism developed here. Usually 

when e~~racting information about interaction from the 

quantum field theory, one puts in correspondence with ex

pression (22) potential 

vr,,~) =- f {S: K~) (~ F7 ) 

r:L- c; (.36) 

·obtained from (~2) in the nonrela.tivistic limit. In (.36) . . ....,. 
the vector L1 ~ = e -r is :the difference of two 

ve·otors~ in .Euclidean space. In -~~ ~pproac~~:· after· 

exraction ·of the \Vigner rotation, that has'purely .kinema.

ticAl_origin)we obtain quasi-potential (25). With _this 

the spin stl'llcture.ofinteraction is defined by the same 

expression (S:~(~K) _that in (.36) with the only 

~ - -difference that in relativistic case Ll = tc: E-) r 
is a difference of vectors in LobachevskY space. 

24 

j 

~ I .: 

{ 

-+ ""' "-It\ · Llo+W\) ·-
The form-factor }".a. 1. ( .d ) • ( at 

the spin st~ucture in (25) depends on the_squa.re_of ~e 

veotor a.-: it}'·> F' , i.e. it is local in 

Lobaohevsky_space, while 1n(J6) the nonrelativistic form - i . . . -
is lo cal.in E.tclidean space. factor 

JAL- r: 
The role of factor I. ' in (25) can be easily 

- A .. +~ - --
understood if one would consider this expression at .)A : 0 

i.e. at scalar photon exchange. With the use of expression 

A~ ..,..t 
0 - A = htl-.1. :in , (25) we obtain for this cas-e 

instead of (25) the expression 

(~F){~%) 
£3.. 

(.37) 

that has the same form as the ·nonrelativistic expression · 

(.36) at f-= 0 • Thus it is possible to say that ·in _the 

oase of exchange by massless particle the quasi-potential 

(25) after separtion of the Wigner rotation, has an 

•absolute• character ·in the transition from nonrelativistic 

theory to the relativisto ~ne. The transition f~om one 

theory to another in obtained parametrizati~~ is.equi~alent 

to exchange of Euclidean geometr; of t~~ nonrelativistic 

momentum space by Lobaohevaky geometry in relativistic 

case .• 
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4. The obtained three-dimensional parametrization cif'the 

matrix elements of' the ~cattering amplitude in tenus of .. 

elements of Lobachevsky space can be applied to other 

pro9esses with scalar or pseUii"o-so'a:Lar meson exchalige. 

Lrt us consider, for example, the process with vector 

meson S' : r.-+ + ~- f-+ + p (iG]. In Born approrl- ·· 

mation the amplitude of this process that corresponds to 

Feytllllan·diagramm 

. · r---~-------/ r~· 

"P;Ei 

i a defined . by 

I 
I 
I 
I 
I, 

,.,f>, 
r· 

..... ~ 

Tt~,r) :_;~.ft .. : v1r) ¥'" u .. (f: / er.:,;} Q.~)_ c 38) 

. ; •' £_~) r~:- { r- ~) ~-~··· -~j/ . 

. . '!J . ' 
The four-vector e (1.1 ~~) that describes the polarization . 

of ·vector meson { ·,. -polarization index J ?. :- :i, o, +.!.) 
can be obtained from its value in the rest system by pure 

26 

-v-: 

Lorentz transformation .Aft 

e."(!A,iJ-1) = (A,.;)~ e.Y(,.,o) .. (39) 

In the rest system the vector meson is characterized by the 

vectors: 

! 4. • 

(0) ~"[! o\ =- i ) e , ') '{j"' o 

e If(()} o) .,_ 

so we I1a.ve 

e0 ('i,o) :.0. 

~.f(-:J.,o) .J. =-
'ff' (-!) j 

m 
Lormtz invananoe o:t the scalar product e." {li(J · if I' 

.·. 
allows one to represent it with the help of (39) in three-

dillent1oml':tom: 

,. , 4; ··rA-' )Jf . e ('-,fJ·ttf4:. e (,,o) f ~ ·1r 

= e{l,o) -{fc-:->f'J :. e{:A,~o}. 6~ 
(qO) 
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c" 

,. 
;-/-;"_./'"/. 

Taking into account the parametrization (18) and '(25) 

-ttr' -')yo ,.,r(-) for the current '1A r 0 -.,. p - we pass to 

the three-dimensional parametrization :for the amplitude 

-T ta){ p; p.') in term~ of. elements of Lobachevsky 

spac_e: 

r"l1 (.2) ~') " 

I {P, f> - -= 
~

' - - -- -~1,..___ 
__. ..,.I _- - I ~--[6' rrt-)p J ~- er,.A.(crl-)tt _ --", 

" ' : • ) il - \ 
tn+Ar \ J.om(rn-A, -fTI 

- .z~ l·hlii . 
- J.n)o 

[
-- __;.]- . *I. - 7 
6" L1 :!! . e l ~~ o) . tJ 'Y 

m -l- Ar .2~(~-A;)-rt 
Analogous three-dimentional par_ametr~zation of the 

Feynman matrix elements in.the case-when the-interaction 

is realized by vector particle will be .given in the,next 

paper. 

In conclusion the author expresses his' sincere gratitude 

to V.G.Kadyshevsky, ~.M._~Ilir-Kasimor, ;A.J>.I)onko"(., M.D.~~a~~ev, 
~ " • - • ·' ~' .......... ? • ,• •• • ' • '~ .. • } • ~ • ,. 

S.C.l.!l:l,vrodiev;, jV • V.• Babikov,} B._f1o V~og~il:qo:v-,_i ;Lolol'ono.ptarev_, 

A.N.Tavkhelidze, N.A.Chernikov for useful disc~ssions;--~~ , 

valuable rema.JXs. 

\~ 

21 

r-:-

A.ppendjl.?!j 

Here we shall give an explicit expression forJ1·{v{~~~~)J 
:function, that contains the Wigner rotation, and an · 

explicit :form of the bispinors used in _the text. Bispiilors 

~(~) -1;( 1c: are normalized by the 
1 
condition: 

;;?e-) 'U&"f~) -=- :'U+6"(~Jr·t/'(t7) = 2~ ~~' •. 

The m tr1x of bispinor trans:fo:rma. tion J!> { H ~e.) , that 

corresponds to pure Lorentz transformationJhas the :form: 

S(~~e.)= (II" ot_;\ = v~' {L ~~-) 
. . o u" 1 .2. ~ lc~+"' 

. i . 

(I.l) 

·=- -~ 'Jw:J,. + (~ h"w:) ~ j••/z. , 

where 
' -- l -- - ( ... a. J \ 

lc o : M ~ j" ) ·it = WI- ~ j" · h ~ . -l'l~: ~). 

In the spinor representation used .in the text, Z. -matrix~ 
) . 

is: 

T= ff: (~ o) 
0 -?") 

and the bispinor in the rest frame has the form 

1A'"(o) (f') --= v-~---r,- rr , 

··-~· 29 .... -~~-

·(1.2) 

(I.J) 



' ~.,J_. -"' 

where· two-component spinors are normal.ized by condition 
+~> ~' rr .f J .: 0f)o1 , With tlie help of (I.J) and (I.2) 

we obtain an explicit form of bispinor in spinor reprcsen~ 

tatitmi 

. ( It~ -t h-\ ""' if'~ 
1A ?e) = ,s { u_~) U 10

(.·) = y;;.' "~" 1•··~1 
· ._ .· ko -t". 11.\ - 6f"r!" 

~~(tc.i-w.) 

56" 

(I.4) 
. ~ 5 .. 

The transition from s:pinor to· standard representation in 

which · ~ : -rnat:i:'ixes arc ·.·i 

/ (L. 0 ) , _;. ·, / 0 ~) . . r : o -! ·• j r. = , \-~ o ., _ . 
· · ~ c~-L 4 ( L l.) 

can be done with the hel __ p. of_ the matrix ~o : ~o = .,-;;- J.. -J. 
' yl. . 

As a result one ha~ in the· standard representation 

~o{o) = ~ -(~J (I.5) 

am 

Jt= (;,:) (I.6) 

With the help of (I.l), where ;r -matrL~ 1~ defined by 

(I.6) we define the explicit form of the bispinor in standard 
. . 

representation 

30 

I 
uY?"J 

. I>) Vkot w. I "S 
= j{JI.}u~{o)=( V<•-,.. (iN.) ~~ : 

(I.7) 

tJ -t )J 
The :b l V{H,,~)_j-function, that .. contains Wiener rotation

1
has 

case _of :pure Lorentz transformation a simple. ·:form in. the 

A r :· 

j)%{v-tHp,t:)j = H~~)P: NtH~o = 

= 
{~ot..._) 7-.co +~ 
~ ... { IJo f w.)-

f L .. _ r~ ~~ ~rr~lj 
{po-t~) {'teo+,;..) 

' 31 ' 
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