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Maraeea B.A., Po6aWIIK n •• · BIIUI!peK 3 •. E2 •. 7051 

ABTOMOllellbHOe noBeJieHHe aMnniiTYllbl BIIPTYSnbHOI'O 

KOMnTOH-a¢¢eKT8 B paMKSX npeJICTaaneHIIR 

nai!COHa-i1ocTa-neMaHa 

~: '. ': 

'"""' 

J1CnOllb3YR npeJICTaaneHHR ni1n JinR OllHO'ISCTII'IHbiX MaTp~~HbiX ane

MeHTOB T-np0113BeJieHI!R TOKOB 0 IICCneJiyeTCR aBTOMOJienbHOe n9Bel1e1111e aM~ 

IiniiTYllbi ·al!pTyanbHOI'O KOMnroa~a414leKTa. noKaaaHo, 'ITO nonanmow11iicn a o6-

meM cny>Iae norap114lMII'IeCKIIil >IneH a aCI!MnTOTHKe peanbHoii 'IaCTH aMnnHTYllbi 

HC'IeaaeT 6naronapn KI!HeMaTH'IeCKIIM ycnoai!RM. HaiilleHo, 'ITO noaelleHI!e 

l
!peanbHOii 'ISCTII aMnni!TYllbl pacceRHIIR COJieplKIIT 6onbWY!O IIH4lOpM8UII!O 0 CHH

' rynRpHOCTH Ha CBeTOBOM KOHyCe, '!eM noeeJieHI!e MHHMOii 'ISCTII. 

flpenpHHT 06benKHeHHOrO HHCTHTyTa HAep~x HCCAeAOsaHHI. 
.l(y6Ha; 1973 

Matveev V .A., Robaschik D.,· 'iUczorek E. E2 • 7051 

Automodel sehaviour of the Virtual Compton 
Scattering Amplitude in the Framework of 
· the Dyson-Jost-Lehmann Representation 

Using a DJL representation for th~ one particle ma
trix elements of the T-prciduct of currents the automodel 
behaviour of the virtual Compton scattering amplitude is 
studied. Logarithmic terms in the real part, which occur 
in general, vanish because of the kinematical constraints 
in the case of Compton scattering. It is observed that the 
real part of the scattering amplitude gives more informa
tion on the lead light cone singularity than the imaginary 
part. 

Preprint. Joint Institute for Nuclear Research. 
Dubna,. 1973 
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1. 
Recently-the automodel properties of the structure 

,. ' -' ~ .. -
functions for deep inelastic ep scattering have been . . .. 
studied on the basis of g.eneral principles of Quantum 

' 1 •. •• • ' •• ,. . : • , .· ,._. ~· 

Field Theory by _N.N.Bogolubov, A•N.ravkhelidze, V.g.yladimi-

rov,/1/ • -In that wor~ 'c~us1~lit.;r propert~e-s of the invariant 
•• • • ' ' -~ J~ ~- - ·:·- ~ ~ • 

structure functions have been proved strictly. FUrthermore . '. 
sufficient ~ondit1ons for the_ .spe_ctral function of the D1L 

representation are obtained which quarantee the automodel . '-.:. . ;' . . 
behaviour of the structure functions in the deep inelastic 

scattering region. 

we remark that· exper1mental._and theoretical investigations . 

in deep inelastic ep scattering-are concerned essehtially 

with the absorptive put of the virtual Compton ainplitude . . "-., 

. in forward direction corresponding to a tota1 orosseotion. 

VIr" ~CJ,r> 
•· 

\ 
. . . l~\t 

= 1- L. L:r,'l"lt~/'t"),'bvc~;>11r,-r>e l( gl\ IT . . . 

(1.~) 

... ·;.: 

Here using.the notation of /1/ 1r- are the ~electro-··· 

magnetic current components, q is the four 

momentum of a Tirtual _photon; the matrix elements are taken 

between identical one-nuoleon,states 

four moment-um r of mass 1. 
((J ... :t.1r) 

1 r.r> 
c r,_-= 1) 

With the 

and spin a-

Tbe experimental data of the above mentioned process, 

_howeTer,·are not sufficient to determine the leading light 

oone singularity of the e1eotrOIII!I.gnet1o current commutator, 

3 ,, 



~f we do not impose add~t~onal.restriotions_on the Quantum. 

Field Theory considered. we remember that causality and 

speotrality conditions are not sufficient for this purpose 

/2/ 

Therefore we want to study 'in .the following virtual 

Compton soatte:dng in non fd~ard di1-ect'1.on, because this 

process gives. more 'information as comiiared with a~'ep ··i~elas't'iri' 

scatt~rini£: This 'ha.s ~ iilclud~ an investigatfon of the " 

real par't ·~ · th~· scattering a.riiplitude ·in· addition 'to the 

considera~ions of the ~ginary ~t /J,4/ · ··• EXplicitly 

we have in mind ·the Compton _8catt'e~ing ·with Lepton. p&ir 

production by a real or virtual iiioomming photon respecti~ely 

~· 
· r1 .•. :. f£. - f~ 

For these processes the interesting kinematical regions 

which are expected to give infoDmation on the light cone 

behaviour are 

LP, H.z.)(q,,. "') ~OCt v -=.. l 
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respectively. 

: ~ 

'{'1. . . • • '{'). 
-1. ..... ~ > o . v;·.. . - -~ - ~ 'o. 

V I r" I · ·.t 11, ~ 

·~ .. , .. 

· As· theoretical' framnork··~e will use' a DJL representation 
• ·l 

for time ordered or retarded products. If-the weight functions 

belong to the classes considered in /1/ . the auto~~~el 

behaviour of real and iDiagi~y J8rts of the scattering 

amplitude coincide. ror integer !alues of _the.soaling 

dimension the real. pa'rt may contain an additionallogari.tlunio 

factor. For. the anomal~us c.ases /2 f · the .autom~del ,behav:io~ 
of the real part both in space-like and time·like regions 

·of 91 is deter,mined by. the leading light con~ singularity • 

'.rhis is in contrast wlih the behaviour of the .imagi~y part 
which shows dif~erent automodel properties for space-like and 

time ·like 'f1. 

To study the problems connected with the real part of 

the soatteriilg amplitude :in the ~;st paper we restrict ourselves 

to the case of forward scattering. The generalization to the 

nonforward case may be done in qUite analogy with the corres

ponding generalizations for theimaginary part /~/ 

_, ..... 
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2. 

Let us consider at first the DJL representation for 

the complete scattering amplitude in forward direction. 

There are --t.wo possible expressions -which define the amplitude 

. (summed over·,nucleon spins)·· 

~~(~~) ~· i. ~ch .e~qx 2 ~p,cri~~f(X) ~"(~)I r,o-)' 
: I. . ~TT: . , <T . . , .·• . ·-· .· 

; , .(2.1) 

and 

R .. ~ \ . Lf~" . . · [- . · ,
1 

(t 2) 
M"\.q p) = -~ cJ.x E:. L·<f"•¢' i l1(~c) ~/'ll!J11vccJJ r,o-) .. 
t • ltn , lT 

·which~ coincide 'for positive values of ~~ ,; ·In the following 

we prefer to use 'the first expression< Let .us start from the· 

.. ·"n.rt·representation ·for the' electroma~t1.c current commutator 
r-' "' ~ ' ; . t .. -,J,-> _; . ·-
Vfr_v ('I..~ f.}~- t ~,_'( f',!TI [ or_(l()l ~v(_c,J l f',ll") 

~ •t..)-

: Q~v V, (X 1p) T o;., v1 (X1 p) (2.J) 

.wHh. ~--. · · -~q;: ~· · · ....,. i l. . ..; 

v~ cx-,pJ \~~)d~". -~~ ~~"l ~~~ti>~to:t!-t'\·w·-:- .... J't,~.~, ... \-- (2.4) 

' ~'l ... : J -·~ ·: ·' 

Of'~·:.= ~r-i'D -~or co.., 

0 ~~~ ,. -l'rfv 0 ~lr,;o.., + r. ~rHr:>) ·- ~;v-·(r1)7.. ·<2
•

5
) 

Using the simplest possible definition, the T-produot oan 

be constructed from 

·6 
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• • • . • < .. . - . • • (2.6) 
<(','!"IT 1r~~,iv,u,lr,.,.)-:: e,,.,, ( r:r i'lr u;,., .. i c,l f,7) "t ~ ( -}! 11-'f','~"l hi~, ),.., .. ,I P-"") 

where far the current products the positive and negative 

frequency partsof the DJL representation ~2.J) (2.4) have·to be 

inserted. 

The-Fourier transform gives finally the following expression 

for the T product ( Appendix I) 

Tf'•(l\
1
r/= (.:.~r~t.,.,,;q.,)T1-r li}Pvq'--Cr:,.'l., Tr,,.~>9r-r 'li""'IP>}Tl. 

-:- ~ l 'ar- ~r ~ ... ~) ~c~' ,ta·A~... . . (2· 7) 

- i t-r,.~, + l~,;c I'.I'+Pv~r•)Pc- "Jr" t'cl.) ~1t1..!~ ~"~., 

:-r~ 
A ( -'7 'H.• • ' = - := .\'~ J,.,l. ,., (.u,;..'LJ ,, . ~Ill_ (q.-:)l_,. .... l,. 

(2.8) 

1l1 !: :1. J Jo.1 't, ( 1\ _;, i ·1 - ;!• 
1 

)'-
1 

f' "=' ( 1, ",O,(l). 

If we foilow the usual description of the experimental results 

for deep ~las tic ep ~ oattering v, . ., i VL ~ .1.4 in terms. of 
"}. ~ 

integrable spectra! fum\ions/lj fulfilling 

~ J.x-. """ lf.>:J~ o;) 

(' cl .,.l. ~u. - ' J 1"", ~,l (j~lJ-, c 
I 

then the integrals (2.7), (2.8) converge. The_ other· possible 

int erpretat1on Of the experiments ~""~1 1 Vl.;,; 1;;-~. gives the 

additional coalition \elk ·"lf, IJ/J"" {) • Then the non covariant 

polynomials vanish, i.e._ our construction leads directly to the· 

covariant T-product. In general one has to add some appropriate 

non covariant polynomials.The imaginary part i.e. the 

discontinuity coincides with the oouventiona.J. representation. 
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For spectr8.1. functions increasing with respect to.>...,_. 

we appl.y the usual subtraction procedure according, to . 

C 
~, l-+ :t 1 ~ ~ . ~ ., • .,..;\ 

-'\ :. qC- 1\ •II) ) . j_ _ ( '\ ~ -l 1\ -II})' , · A ......... . _, ... ~ 
C\~1·(07-'l)'-- ........ ~··t (q;-l'l·i.<ll-~;.\l) ).h. ),?·"'- )..1 

~ . . 
The first ~erm defines a' convergent integral which· contains 

the essential properties of the amplitude. The remaining 

(2.9) 

terms which formally ,lead to div_eJ:gent integr~s are interpreted 

as UDknown polynomials in q2 and '\j> 

In the following we apply only such -number of subtractions 

which is really needed for a convergence of the integral • 

Tn other words the degree of the arbitrary polynomials is 

assumed to be minimal. 

J. 

Let us study at first the behaviour of the scattering 

amplitude in ~he automodel region. Following/1/we consider . ., -

separately two classes of spectral functions. 

Increasing spectral functions ( case I) 

"'H. .... 
I i,. \.\1 >-1.) 

...._ 
. :... 1. -'l> IXi 

. l'K "\l 
~ _IC\f) 

-~ 

i \.\1 -=.J' 

require a subtracted DJL representation 

\ = \d~ .» ... ... ~ ( 1.\ ... 'lt l"'" l) . 

to.~-(q-u;] ) "(~.,l.-(~·-'lt)L-~t\d>-1."" 

+ (J'l\-l. tt\l..~pj. 

8 

(:3.1) 

(:3.2) 

I 

't 
I 
i 

, I 

Restriction toa minimal number of subtractions means 

-1~'K-v. <.O (J.J) 

Because we are interested in tbe leading te:rm only we use 

for the spectral function ita asymptotic form ( 2.1) aDd 

exclude in expression (2.2) the lower part of the spectrum 

for which an unaubtraoted expression could be used. 

TO study the automodel behaviour in,the limit 

Vcl.pq 700 
1 
~-- ~l. ~ 

1 
(r"::11 p:,.(11o1c1o)) (:3.6) 

we perfo:rm the integration over angles . 

-1 e»'.-

T( ~ 1l ( I ( ..1 L l.l'<.-"-) 
't, 1' z. Q" ) "i ~"to \1) )'-'~ >.,. 

-r o A 

t"'\•:1. . "1\•t 1.t, . Y\•t -..·t) 
L \.-\) L (lV\i-.f)+l'-lfi)-(vlt-'•iiT-J2

+1..fj) ("' 5) 
~:=• "11-t. • ... 

-+ 

1. L • 1 . 1.>\ ~ Vlt·J)+f -lj'j·t->--~t. 't" r i\1 
-t ~ l ' h •1. \ I~} 

Vl\1-J}-t-J'l.-tl.jj-t_,. -\~ · / 

'l "' I 'I I 
Hate that from it a derivation f',._1. <.v,s, is of degree n-1 . . ~ 
1n v at most. Introducing the integration variable r:::: v 
we obtain 

Ill> 

" >(-.... \(v,~>-::-.. lnvl<.~ cAn'lfol.i> \rArt · 
0 ~ 

t "-
1 

>l•ll .t. . "'•It "'·t. ~ l-1) L [ u-.n ~ lS,.J> . J 
t.coo ...__ t 

-tt"' ~ )"1'\-t-\t 
/•o\;· \ +! -\~ ) + r" -\_ l ''.t/ 

• 

(:3.6) 



.-. 
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For noninteger K the 'limit. V"'>C>O can be "performed at the lC711'er: 

9oUndary. Convergence at infinity is guaranteed by the sub-

traction procedure. The conditiori.-1 < K-11 is responsible for: 

~hat the integral in express'ion (.3.6) gives the leading 

behaviour in the automcdel region and dominates the.oontr.ibution 
. . 

from the polynomW• Restricting expression (.3. 6) to the 

imaginary part the result offl/ may be obtained. obviously, 

the automodel behaviour of the reSJ. part and the imaginary .. 

part of the amplitude coincide.· For integer 1< we have K-'1'\" -1 

and the _leading terms coming from the lOII'er boundary are· 

llv,}J;:::, 2.lwo<.~v ~ .. ~-pl'f.'+cl.n [<t-jl+"-t1-t-.nK+1] 
0 . 

. t\ CJ• 7) 
;- \.' l v"'"J • 

It should be remarked that this.term does net contribute to 

the imaginary part which behaves as v'\ 
Let us now apply. this ana1;rsis to _the iii'I'ariant amplitudes 

-\:..~ which corre spend to the· structure function F; 1 Fl. 

introduced in/l/. From the condit~on 

F:.tG\ 0 ,q=o) -=~ 

_( which means a kinematical zero of F
1 

) and the automcd81 

behaviour af F, 

F ""v~ 
I 

follows ( see ref./lf) 

r" 7.. ) ~ ~ g "t nf) =- o 
0 

'10 

(.3.8) 

(.3.9) 

(J.lo) 

.. 

) 

l 
i 
"? 
I 

• I 

Consequently in the asJ'IIIp~o~io_ exp~esstonfor t 1 

t,l"'•i) ~-lln ec,v \-1".rt"""ttur> +Otv•,, 
' 0 . . .. 

(.3.11) 

The lead~ng l·.ogarithm1c term drops· out. The remaining terms 

are not determined because··of the subtraction procedure. The same 

r.esult is applied to. f.2.Th1s may be concluded from the aSJ'IIIptotic . 

relation 

.\HII,\1 .~ ~1. ~ ~ t,lv,\> -: fz.l v,n} 
(.3.12) 

and the fact that T1 

terms ( see below). 

does not contain asymptotic logarithmic 

Now we turn to spe ctml functions fulfilling 
00 . 

) 1.\ >-'1. ~uJ t~ l'l.) = 'tc l.r) 
I . o_ 

( case II). without diff~ou~ties we can.use the original 

representation 

\ = (J_""' L~ >.l. · 'hr,-'1) ·. • 
('\,f') .) V.) Q1. - ...... ~1.. l.'i-

. • . lo -~'\ -\.\) -~+lc 

Angle integrationslead to 

'l. 1 t.· 1· • 1. "-q -2'\~Tjt•t, 
"Tl"f''-= 11. \ du)J.,. "'tlr,)o'"' ~ *_ 9t.n~1+.s>~it I '} Q 

and.repeated partial 1ntegrat1onsg1ve 

1 

1c~,fJ ~ - t't;> lJ ~a B ~d ,_1._ 't·u, u,~l..> 

l. ~ . -
• • s 

l>-1.-9'l.-l~3 +31.-ll) l>-'"-'\~11i,~ +jt-~t)l.} 

II 

( .3.1.3) 

. (.3.14) 

(.3.15) 

(.3~16) 



I· 
I 

In the limit V-+<~~> 1 1 F we get finally 

-~ . ·. __ -1 
_ ..... (-n1nl"u:1 \ "-S' f 1\-elf) ll~-l -lqS \\v,n- vs"1 (: -~ )~ 

(.3.17) 

Againthe complete ampl.itude shows the same automodel. 

behaviour as its imagimry part. For s=O formul.a (J.l.7) reads 8!!>'1 

.T(v,l)~ 1.: \'dn'lf"\fJt~(.f·.t-·\~)-~~}(i-t-~-~~~1, (:3.18) 
0 

Again the complete amplitude shows the same automodel. behaviour 

as its illng:l.nary part. (For dispersion relation in ~ compa:r'e/8/} 

4. 

For completeness we shal.l discuss the light cone singu-
- I ' < 

larities corzesponding to the T product. 

In the first case we have to' study the Fourier transform 

of expression (~.2) 

_,. •. 1. ., ~ 1. "' 

TLXofJ = .::L ( ~"5iA>-l. 'tti!,>-'1.) rt\u,zlP t~.-(~-IA) 1 
1111)'\ .) ,z..... J I 1. -~ ·-"> 1. .. • 
\. " · ~~-lq-u)-'1'-i-L\. 

+ P'l\-1. (o, r'J) g t~., 

=- ~c\,._z. ~lt!)·> _(-D)""'2c.u<,~,_) -+'f"'-1. ~tx> 
,..._ 
~ t f->,>.1.) 

"..,.-t c ? \.,1.\~ -'> 
·= .:;i. ... ) au e. · "'+ll..\ ,>-\.,. 

v • .-i, th 

' . ~- -t.cpc t , -.1. :c, (X,>.'") "' .1- ~Q '<- C>-L- q - ((.1 
(1-n)l! I 

·12 

(4.1) 

(4.2) 

(4.:3) 

(4.4) 

~ 

~ 

If we take for 'l.f(;!,>-,;1 · ·its aslllp.to.tio 'part >-.1~ 'lt-oltf 

only we have · -/:) l :!). .... ) 7 <lt r) >..~{~-~~ 

which l.eads to 00 , 

"" .... r ... :t\K-""> . . . . . . . 
Tt>~1 pJ = G.ch l-0) )cl."' >-. · .2l,cx,>-L'·· 

(4.5) 

(4.6) 

' A FOr noninteger 1<. , 1··•• for l<..:h> -3. this integral. may be 

eval.uated as follows 

""' . . I.(>(-11.) . 

~ d),I. )o. Ot:C."J"'L) 
A 

o0 A 
{ t. .,. ( 1.' 

:. )"" ••• -) c;\); "' 
i) 0 

' ~ (4.7) 

The first integral gives 
• • . 00 'l.l'(,•l\) 

tit) 1,(.><.-'n.) . L r a -L"" c a .. x 
; d~}.. . ~c.t)(,>.'-) .= (_2.11~'~..) , ~ J ~-....:· ,..~ ... ---~l.---. ~-6--.-

-:(~'I i~l'l\•lt)rl~~"t\+~) rl"-~) s~~ i'~'{lt t~'l.~ttt.]K-~· 
\.2.11) 

.(4.8) 

'L~ ..,.lc,-'1. t -i.t\t~-K)·-'\111 ll1<.7~·H) r,. _ r~ -\~J l .e. 2 rcl<-..;~1"\) l '<.-1'1 H) 

--'-'2~) ~ .. : ' .• , . 

·Application of the differential. opsrator t~IJ)~ resul.ts in 

c- n_ Y' root-\,_\. "'i{i<:-... >·_;o. ... ~. 4" 11 '\. .~_ 'll>< t(><-•ot·l) ·, 
\ . ) . . c tx,» > - t r, ... e.. 2 • 

~ (21t)' '·: 
... 

' r. ~~~ll t~Jr( K-~+l.)t (~k-'1~ .. , ("f\~1(.-Z))[C~~~ :_.. ('n ~l<.'·n]·· (4.9) 

' (xt.::\.~)-~~l. 

13 
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I 
t. 

I 
i, 

~ 

( :for Fourier transforms and derivatives of c_ausal -_distr:i.butiomi 

compare/5/)• For the second term we have 

t tl"-.... {A ..1 '~- "1.~~<---..> CA fA· 'II 
, - ' ) . 17\)... >- .() c: ( x,,. .. J -= ) ch.l. ~>< '<.' ( t 1( ,,. 0 

c 0 
(A S W<.·"> 

-t \ <A~"-l >.. · (-.0)"'-.' S'ocJ . 
(4;io) 

\) ' 

. 'l.i~-..... ~> ... 1. 1.<~-'Jr } 
"t>.. ·(-D) dcx'-t-"·~>-.. oOc> -~--

It is obvious that the leading tcxm ( on the light cone) 

comes from the_ :first integral i.e. 

1 i. -x,p) Gc>~h 

l ".. . ~~-2. "' -I.E.) ,, ' 

As it is well known the causal distributions are analytical 

.:functions with respect to the variable ~ with single pole~ 

(4.11) 

at \(·:::- 0,1,2, • Tb8r efore this result 1s meaningless for 

integer 'K ( 'K"' o11,21 ••• )• The generalized function 

- r Ttl'l,f/ is well defined also in that , . case. As a 

detailed in'lestigat1on shows ( Appendix Il:) one has to replace 

the singular e~r~ssion by its r~gula_r pa.r_t .th;at means, one has 

to take the oo_ns tant term of the Laurent seri~es only •. In this 

manner the usual subtraoti~n procedure gives a receipt to 

handle the causal distributions at the positions of their poles. 
' . 

FOr o6mpl.eteness we note that' in the integrabie case the 

analysis of/1/ m~ be applied to the T-produot without any 

complications. 

. 14 
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·In this section we turn to the-so-called anomalous cases/21. 
characterized by 

.• . "tlt ~ ... , ' 
tl-"""' ---'- = "'-~-elf> ,.. ... .,. eo· ,. ~... -

(5~1) 

ar 

"' \ ch.L "+uJ lt1>-LJ -=:~elf) (~. 2) . 

Q_ 

and 
.II - •. 

~a~ sl. "'t.lr> ~in J..VM~, ~If I hd: l"'~t\~~~ . ·' (5_ • .3)' 

t.-

In/2/it has been shown. :for. two typical examples that the 

absorptive parts :for· &pace -like and time:Like . ~ 1. behave 

differently in the automodel r_egion. Especially, the space-like 

bekaviour do_es not oo;rresporid to the leading li~t cone 

·singularity (i.e.· measurements of the absorptive part 1n the 

spaoe-like region cannot deter'mirie . the leading light cone: 

aingulari try • · · 
As we shall' see, the real part behaves. quite. differently; 

por t~s purpose we discuss the folloWing ~xample·, 

')!.. -~ ~ • ~l\•j) eo .. l.-\) . 
·1\.1-\,!.:);o ··. J'M>3 

( ~,. Al.1't)'. I 

A detailed investigat1o_n in Append~_III gives 

•·:_. .• "r I:;_'!- ;.._r 

R~'T (v1 ~) "' 'V "'" -00 ... s <>1. 
. . .; . ·I 

.·:. 

~ ;...,.-1. 

·J~ \(.V,~J '·"' l" v-~ · 

() (. fi. 1 

j.:. 0 ' 

' 15 

(5.4) 

(5.5) 
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and correspondingly 

-r . . . . Y.-2. 
I l'IC

1
p! ...., l "X'--•l) /" ' · 

(5.6) 

we are quite sure that the foregoing example shows the typical . ~ ·- .• 

features a.f the anomalous cases' i.e. fo).• tbe class of ape otral 

functions considered there is a one-to-one correspondence 

between the leading light cone· singularit;r and the autcmcdel 

behaviour a.f the real. part of the scattering amplitude. 

6• 
In the oases discussed up to now it has been assumed that 

either. for· lt\s->.~) ·or for its ~-derivative 
I 

)\.1. 

'U. (ell " r ' . ~.. . . -el-l. P ' \~ ~~) ~ -r. .. )~)( 'tw ~\.J t~->l .. :>. ~ t-o( .)1.'1\-u:>-l.J 
. I :l·d.) I)· I ,,· - _.' 

. (6.1) 

the limit ;..'1.-":> '». exists in. the _classical sense. 

Quite reoently/6/ the class of spectral funotio~.s 

has been enlarged by_demanding t~e existence of a so-called 

quasi-limit ( q~limit~. only 

'\-~ "f<C:)C.S',~l.J ·-:. ~~ ~ (1r t.>.I.J ~ "'tot~) e ().1.) 
-\;_..,0> I <> 

(6.2) 

(convergence in tbe sense of funotionals).' 

The corresponding a.utomodel
1 
behaviour of tbe absorptive part 

. ol 
of the amplitude turns out to be V 

Therefore tbe experimental automodel behaviour for 

VI and vl could be described in prino'iple also by spectral 

functions which have a q-limit. of, degree « :. -2. :-

Let us now oon~ider the construction of the nJL representa-
• - . - . 

tion for the T-produot for this general class of test functions. 

For values .>( '> o obviously subtractions hav·e to be taken 

into account. The cases more interesting for applications are 

o{4 0 • 

In this case we have at first to discuss the existence 

of an unsubtracted·DJL representation~This means, the 

functional 
. 1 .;., ... "'· ' 

( I T ( ~ 't j ,_( I 'tCP,).") ~(i) 
)"·5~\j) llV10 =2:nJdll)h.)(ll.t-)t11}. { , . . 

, -1 o -oo " f~-~,_.~. ·f"t2.n-A H~ 

'I +I' "' ~ 
""21'1\t\sl\"'c)ch\l~ '+li',vq tu,. . 

". ..;., ·, -o. S'&-i·t."t~t..,. 'l.u.A-sl.' 
. . v 

(b. ... i 1+ ~~ 
1 

~{iJ -t~t ~U.~c:\:lon) 
has to be finite. This expression contains the convolution 

of distributions where for "+lt,A.'I.) we allow a nonclassical 

(6.J) 

behaviour for large ;.7.. A sufficient condition for convergence 

is the existence of some e(<o such that 

·\a§' t1 ~\1.~> \~\>-1.'\f~~i',~z.:t> ~'l.t>-\.> <: Q:) 

..4. .1.. test functions 'f 'l 'f't 

fort...,<» ( APpendix IV). 

This condition may be more restrictive than.· the existence of 

the q":'limit 

(6.4) 
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\ . (6o5) 
.e.;..._ ~ O._r 'j,_ ~,IJl )t\~"'\-l~tf 1ti-~ ~~l)."J = ~cAu'l.~,l.f) "'tcl.f) ~(:\,\'-~l().t.; e().~) • . 
t~ao , . ·. . . . . ···'··· ., . ' 

on the other hand all known examples having a q-limit fulfil ihe. 

condition (6.4)~ This is valid . for examples of .the ty-pe 

'"IL \. )..l.. 
.,--= e 

0<> 

"t : L ~ t>-'1.-l\.> 
't\0:.'\ • 

Let us now turn to the question of the aut~model behaviour 

of expression (6.)) for spe otr&l func.tioris fulfilling both · 

conditions (62) ~d. (6.4). Knowing the convergence of the 

function_al we omit the test function ,f.( \J ~ we apply the q-

limit in the following fo~ 

')\ . "' 
0 \ 9 1V1:) ___,;;-- -u. .:t + 

(6.6) 
. . --r ••l.!') --

vwt.. V"'>lll> rl'\tlltl 

which is equiTalent to condition (6. 2) /
6

/ &Di1 obtain 

- . " +\ (XI •• 

T~ v,~) ~ l.1t v~ \ d.J.~,_ \lAc ) d~ "tu·~~> . .., .• 
o :-• c v ~~--s-~ H~ (6.7) 

""' ..... 
% 1.'J('vll(, )"au\"tc.lf) \tA"! ~ch. -c .. ;·· 

Cl -1 \l t'(H-<,1 

1 

ti·i-'t.T~t 

Using 

~ oC. 

~ ) tl"t- "t-;- = (Hot)·rt-'-"') ti~jc-loo(. 
rt-.<~-cC.) ~ ~l-Vtt'i.t 

(6oS) 

II 

i. •.· 

. and performing the z-integration· we arrive at 

. . ·. . • ·1 .•. . .•• 
T 2. «. r [ t\ 'll. [· ' .X-tl . ' . .,.,., J 
llV,\)~ :nv (1-ol>} H•~li> lf+.f·H.) -~i'-f-l{) .. 

. . 0 

(6~9) . 

One should note that the former result (3.17) appears as a special 

case of eq. (6.9)~ 

It is interesting to remark that the anomalous case 

discuSsed in the foregoing section belongs to the class of 

spectral functions having a q-limit. For· our previous example 

1.\-.,. -"- e l,.,t._,) 
\~" ,., ... 't1)l. • 

we have 

., 1'\ 
~ ...:....:... __ 1. 

t"' (S"-l>-L1l) 

~ ·-'> '- ... 
-----? c. c l\1) l),. .. ) 
t_,. .. 

ov= - '! 
r 

(6.10) 

Obviously the int reduction of the q-11mit is very powerfUl . 

mathematical tool. Howaver, it seems to be not yet understood 

what a manifold of spectral functions has been allowed by this 

·condition. Furthermore it would be very important to-know if 

condition (6.4) is generally valid within this enlarged class 

of spectral functions. This should be clarified in order to know 

if the off-shell Compton amplitude ~uuld be given by an un

subtracted DJL representation for any. spectral function which 

reproduces the observed ·behaviour -in·deep inelastic scattering. 

we are very indebted ~o N•N•Bogolubov and A.N.Tavkhelidze 
for stimulating conversations and their steady interest in 
this work. 'we great~fully aokliowledge us~ful discussions with 
I'.N.Bogolubov, A.V.Efremov, R.N.Faustov, H.J.Kaiser, Z.Kunszt, 
R.M.Muradian and B•I·Zavialov. 
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APPENDIX I 

To get formula (2.7) (.28) we have to perform the Fourier 
:integral of express:lon (2.6). Us:lng equat:lon 

T,.." cq er= zl.. . \ c\.l<e~lt"'rda•zlcl'"l(r .:ta 1,~>-l.Sl '1•-lq-a,·-,.•J · 
! ' ( 1.1\) "1 ~ ~ ., .\ J . . 0 ) . (1.1 

• ( f' . [\ , . e . n 1 )(,0\\1 ·. l1. . 1"1lLl , '\L \ 
\;"( '·-) \;(~~) ~ l-\~) ~~.) \: rv l·•\') I I ..., '-'rv l•l1'J T:t) 

with 
( · ';.('\-~'r" 1 , e ) J~"' t t et"·' b~!> "'"e(-'X) l.-i:> 

and 

~~~~ 

we get 

==\tn)J;: h ~ -q'J ~ ecq~J. _ ec-11:! . 1 
ltt.-i_!-Tl\. ,,-i:-\t) 

~cq::.c.~-i1)l.-)."'">8c,-~.>tec"~1 -~ )l.'if~~-J · a al • • "C."' . -..-~.t\1. '\0-1: -I~ -., ,, 
~: ,:, 

~\~) ) 
'\~ ~' 

1. l. ........ ,_ '\,-t'l. - l'\ 7~') _,.1.) 
== 1 \ 

\. --~~1..~~ 
qv-1..'\-U) -~ .,.lt 

Tf'"\~,r> = -~ \A~~a.._t. ,~~lq-l:)t.-,..L-t-"it 
\ \ l\l l~i 

. t c.l'l" 1-t-, ~ cr .. t-·,,> 'ltz.) 

- ~ t ~r -~r ~vo) \~ ~··h,_ '4-,t ~,).~> 

(1.2) 

(I.J) 

(Io4) 

- ~ (-r~r .. 1" <r~~vc-. r ... ~rc )r~~- ~r"r,t.\ai:~,.~."'tz. 
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Jl':PENDIX II ..• 

FOr :integer 1<. we have · i<-:: -n ;..1 • Using. the LaUrent 
ser:les .for l\--n~I{-TI} and l,.,._ \l/' 

r·,'l· "' · 11 t.· o"""r " · 1. • ·-1.--...· \.~-\.~) -:-\- L.: CCx>-----+ ('<-lE.} +"~ 
4,..""'\ rl"til'll) AtHl'f\ F.t> 

(II.1). 

we have from equation (4.9) 

L )"' \\o .I ~ 1.l~<-hJ '), -cD . . 111)1. >.. · .Vc (.)(,>-~J::: 
Q . (II.2) 

·-=-
t-D)""'-' fo,, 
-1(.-t-"1-1. 

· )i\-1 r . -L-'<. 
_,. ~.(-0 O(l<.) t()t'l~lvF.l" +·•• 

and from equat1on (4.10) 

\
A · · · -~r 

(_ t-\"\t\. .I t 'Lli<.-\\) !).. . \.-tl) Hll) . <>(. • It (-D""'-~ (II.)) 
\_·U_l Cl;.)... -""ctX\).1.):- .,..___,,"'"I" IJ 4(x)f-• .. 

ll . -~t>l-1. x.t.-H. 

Therefore the.po1e terms compensate each other. The essential 

new term 1s 

"' r z. I\. 
·- ,.. \l. ( )C,) . -- ~H 
1 ( ~,rJ- (.X1.-tt7 F.P. 

(II.4) 

'' 
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APPENDIX III 

We have to· evaluate 

. '1\-t~,>..l.) 

Tl'\1r> = \ ~'-~ ~~~ ~'1. · <\ 1._ (~.it )~->-'+~t. 
u 

'+tV.,,.,,, -= 
e(-1-.fJ eo,l.-1) 
( y/" >.L+\) l.. 

i f''»'3 

(111.1) 

(Ill.2) 

After having performed integrations over angles and Y~ we arrive 

at 

where 

Tlv,\) = J!. ~·1~s tlr~ ~ -.L- ~ e.."t\ <h (':l 
~ 0 ~ ~:~_ • ~ r . ~; . ~ ,.. J 6 

t to.~. -rr 
' 

- \ ..i_ 
l li\.- .s·r 

+ ~ ~ ph (., ~£\tl ., .,. ~ r) ~o · 

'+ J_ 1 ·~ (" t "-) 
\'t rr) 

o. 1 :: -~,_ ~1'\~ + l-i.'t ==-1'\,l(-;y) -t-J"1l.U ..,iE.; 
... v '\- -= I q I ·:::. ~. = l: , 

(III.J) 

(III.4) 

.lt first we remark that for all values of S the contribution 

from ~ ) <. '> ll is nonleading 

(III.5) 
1 (~ ~ 
~ ) "~ ... ...., -; 

c. 
!rhe region C~Jt;.C has to be studied in detail. Let us consider 

for example the case c !i! ~ c. After the substitution x~ ~dr-

22 

we have ( neglecting terms of.· l.ower order in· Cl~ ) 
l. q t~'" " 

._ '1l - - ( ' • l. -t s ( ., . -'1 • . ') ' .. . 
\ -= r '\,I'~ t.\x X r . t 'hl~-J)~L ~;,.l~7jH Q..} {'1 ~ ~) 

(III.6) · 

i- ( lJC l~-j) _: + _-1_ ) t_.,.. ~1+2a \~·j) -it), 1.,. ~ ·4 lo 

'\, . . . ' . . - . . . ( " ,. _._, -· r ~ ( Jlt2q
0 
(Hj)-i.l) 

\ tx \S + .u -1 1 + .!. .,, . 
For the moment we restrict the integration:'fro'!l 0 to· A~· 

}. 
Writ1ng~the-1ogar1thms-as~-------------------------------------

t.~ t·h·~)··= e.1~.·~ ~ l~ + ~) ~ .~ ~· +~,~ 
(III.7) 

~ t1-tl~o~h1\)"'l,~,;- ~ \~0:;_1(f't3)):::. ~"Jq~ + ~ (2.0 !J)) 

and performing the limit on the "integrand we get 

T _ l\ll - ~ r~ x 3-f..-1. fu 1:'){s- t1.x~-\) 
- - O.o L. '· .. ··· ·· · l.-r 11. . ~2x)-1) 

(Ill.B) 

q,(" 
For a discussion of the int,egm.l ,_ ) we change the 

variable b7 ~; ~ in expra·ssion and obtain terms of the type 

~ 
A 

-~ ~ a v · 
~~ ~":, •" ~~t(~ 1 ~o)· 

...1--
q.tr 

(III.9) 

Here the integral is finite in the limit ~.-> 01 • conseq~~ntly 

its contribution is negligible because A can be ,chosen 

arbi trarll7 large. 
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APEENDIX iv 

We have to iDYestigate 
. '1 a. ~ 

" ' "1" c \ •\(T\..-,\, ~l~\·=1.-n\~H,_\~~\~-c)Jj 
-1.>0 ~ .. _, t ' ·-:• 

cr -::_yc- T ----.:. .. 
v 

"t \1', vtJ { i ~ii 
i -1: +ITt- \.t 

In the fo~owingwe discuss the convolution 

I 

., ... 
\ ~,.h 'lt~,.-·o, VC;-O"+ ·~l ~ * "t (f.~ f) 

i+tr,.·\~ 

-= -""- ~ t. "" L ... '!k "r.l~."i> 
~,. o;r.,:\€ ' 

-:::. 
I) ' 'b. \ill) ' 

vd... ~- !i-t<~. ~- •' u • .-n 
~'T'Ty\.'t, 

leading to 

~ th )~\ 'tU,II'tl ~-HI 
~ ~-"tt(f"t•'t. 

-= ~"ct~thv ),h "'t \7~/l"ttwJ ic-·n 
. t«--\ II 

. \ ~t 2......;_ --. . ) r[~' v-:r-t--1;.,-0_ 

'lf v'i.. ~~ . . tx-1.5' .l"'l p ·= _ -- ~'"" \W-~-\l) t\"t. 't {1 v(,;;;w)>-ti.-'t:) 

(!Vol) 

(IV.2) 

(IV.J ) 

rcd.)"><Miih,.-t> , • 
The rules for handling convolutions of the generalized function 

-L. may be found in/7/. · 

If there exists some ~~t such that 

- t-4) . 

\ dB'l. ~lSI \ch "t U,V\."t-t w)) ~i.-1:) '~ 

( ~ lf! 
1 

~i.-'t) test function ) (rv.4 ) 

.,. 24 

for W'-?"" then the w-integml oonv:erges •. 

So we write expr. (IV.l) 

s~~l"tv;1;t(~)~_ . 

' ' • r~. ~~W ~~rda"t (w -rt-t<)•-L'\-:;: ... ~) ,~<c'> . 
_, ,, . . ' '' . ' 

(IV.'5') -

Note that the ~ - · convolution .exists because of the compact 

support of "tl.t) ( with respect to j ) ~d does not. 

disturb ·the aa:ymptotic b~haviour far,"'_, co ( "!hic~ is 

needed for the convergence !If th~ w integration). Obviously. ~ 
test function in j is not needed. 

From this we conclude that the integral (IV.'t) converges. 
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