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06 aneKTpOMarHHTHOM pa~HyCe nHOHB H3 9KCnepHMeHTOB 
no "± He4-pacce51HHJO 

AaanaaapyeTCSI BnHSIHHe aeonpe~eneaaocTelt B lflaaoaoM ananaae, · ana­
qeaalt .. nonHbiX ceqenalt H aneprHH nyqKa nnonoa aa onpe~eneane aneKTpo­
MaraHTHoro pa~ayca naoaa H3 aKcnepaMeHTOB no 11± He 4 ynpyroMY pa~ceg­
HHJO. noK838H01 qTo H3 HMeiOIIIHXCSI SKCnepHMeHTOB nonyqaeTCSI <r;> = 
0,80 ±. 0,40 · lflepMJi. · 
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. · 0!1- _the Electrc;rna,?netic 'Pion Radius Corning 
. ·from rr -He Scattering 

The. influence ·o.f ambiguity in phase shift analysis, 
of the total cross s~ction and the beam enefgy on~the 
electromagnetic pion radius, derived from "- He 

4 elastic· 
scattering:rneasurernents, is analysed. It is shown that 
the P.ion radius· ·obtained from existing experiments is 

2 ~ . . . . . 
<r

11
> =0.80 ±_·0.40 frn. 

· Preprint. Joint Institute for Nuclear Research. 
Dubna, 1973 

1. Introduction 
. I I 

Hofstadter and Sternhein origimilly proposed 
1

• to obtain 
the pion charge form factor from the analysis of elastic scattering 
of rr ± meson~ on zero~isospi~ /uclei. The most appropriate 
nucleus for th1s purpose 1s He

4 2 
• 

.If one assumes that the scattering amplitude for this process 
is given by the sum of the nuclear amplitude and the Coulomb 
amplitude in the Born approximation 

+ 
f-,.,1 +I F F 

N-Carr 
(1) 

then the averaged value between the differential cross sections 
for rr t and rr- will be connected only to the pure nuclear am­
plitude and the difference between rr- and rr t with the Coulomb 
interference term, linear in the pion form factor · 

d 
- +'. 

a da / 1 2 A=(--+--) 2=11 1 • 
dfl dfl ' N ' 

D = ( cla­
dfl 

da+)/2=:..2Re(l* IFF·). 
d{! N C a TT 

(2a) 

(2b) 

The problem is to find a correct· amplitude for n·uclear 
interactions and to introdyce all other Coulomb corrections - the 
distortion amplitude I ± 13 • 4~ or inner and outer Coulomb cor-
rections /s.'. D 

Up. to now · the~e have been made so~, experiments and 
analyses of the ~r-ue 4 elastic scattering 61 which ·parame­
trized the nuclear amplitude in different ways (via the optical 
model, like tlie Kisslinger model or simple with phase shifts): 
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The common feature is that all other Coulomb corrections are 
small and do not introduce a drastic change in the electromagne­
tic pion radius which still remains much larger than 2.0 fm. 
However, in the relativistic treatment of this process the pion 
radius turns out to be much smaller: r < 1.0 fm/7/. 

Is this a "good" result due to the Feiativistic terms? Below 
we want to show that this is not the case. 

2. Ambiguities in Phase Shifts 

It is .well known that in the. complex phas;; Jhif~analysi~ the 
number or solutions may be up to 2L+1 8 ,where L is .the 
number of partiaL.waves (for 50:-}53

1 
MeV epergy ·in-terval are 

present only s , P , and D waves to, and thereforeL=2 ). Tpe 
presence of Coulomb -interaction reduces the number of solu­
tions. to 4, leaving only those with a proper sign of interference. 
The difference between them is thaflh~ ,scattering amplitud(has 
zeros in the col]lplex cosO plane which are complex conjugates 
to each other 7 B~ • . 

But in the particular case of the rr He 4 phase shift analysis 
it has ~e,en shown that only two solutions are in the unitarity 
circles 

9
' for which the first zero ( the scattering amplitude 

has two , zeros) has roughly symme~rical positions. in COJllplex 
cosO plane ' · · 

. I ll 
Rez :: Rez 

·Imz r. = - Imzu, lptz1 > o, 
where z I and zll represent the first zero of the scattering 
amplitude for the solutions 1 and 11 , respectively. 

The existence of these two solutions turns out to be important 
in electromagnetic pion radius_ calculations. The real part of 
scattering amplitude which gives a large contribution to the 
D (eq. 2b) fitting has different values particularly at large 
scattering angles. For example in the simplest method with 
the Coulomb amplitude fn the Born approximation and without 
any distortion amplitudes (eq. 2) the results are r 2 = 0.75 fm2 

for the first solution and r 2 = 1.35 fnf for the se"cond solution 
(75 MeV_,Cr~we experimenl). Figure 1 shows the· real part of 
the nuclear amplitude for .. the first and the second solutions 
obtained from our fit of the Crowe data (75' MeV) at. atot = wo;mb. 

Now let. us returri to. the former question, From the point of 
view of. the- zeros we. find that all the other phase shift analyses 
(Block, Crowe, Mottershead/6/) correspon~ to the.second solu­
tion (with a large value. for r" · ); but .Christensen's ;~.mplitu!ie 

4 

has exactly the zeros which correspond to our first solution 
(with a small value for r ) *. " . . 

To summarise the ambiguity in the nuclear amplitude is very 
important and has much larger effects on the pion radius than 
all other Coulomb corrections. The problem isto find the "good" 
solution from the "nuclear" point of view. The preliminary phase 
shift analysis /to/ shows that with the "chain method" and the 
ratio x = ae1 I a tot constraints, the first solution is a good 
one at least from 60 MeV up to 153 MeV. The same conclusion 
appears from the ACE method for rr He 4 phase shift analysis of 
the same data/11/. · · 

3~ The Total Cross Section and the Kinetic 
Energy in r" Determination 

But unfortunately, the ambiguity is not simply a ''large 
correction" (aside from small corrections like a distortion am­
plitude). The general opinion that the pion radius is essentially 
independent of the values chosen for the imaginary parts of the 
amplitude in the forward direction turns out to be not correct. 
The total cross section has a large influence on the real part 
of the amplitude and ther,efore on the pion radius. Figures 2a and 
2b' show the pion radius dependence on the total cross section 
for both solutions. Only from the differential elastic cross 
section it is not always possible to find the true value for the 
total cross section. (Don't forget that in our case there are no 
·measurements of differential cross section at very small angles). 
The total cross section is an independent physical observable 
and therefore it is necessary to find it in a special experiment. 

The next problem is connected with pion radius sensitivity.to. 
the incident energy. This dependence is roughly linear and the 
exact value of the beam energy becomes much more important 
with decreasing energy (Figs. 3a and 3b). Figures 4 (a, band c) 
show the dependence of x2 /NDF for A and D at different incident 
energies: From these figures it is possible to conclude that the 
pion beam energy plays a very important role ·in pion radius 
calculations. · 

* This is not valid for 51.3 MeV. F'or this energy Christensen 
used solution II, but at this energy the difference betweep two 
solutic;ms is. smaller than. at higher energies. (see Ref. /9/ )~ 
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4. Non-Point Coulomb Phase Shifts 

All these calculations were made in a simple Born approxima­
tion, but it is well known that the nonrelativistic scattering ampli­
tude for· zero-spin on. zero-spin in the presence of Coulomb. 
interaction is given by · 

. c + . 
± 1 H~e- . pt± 

·I =- ~ (2E +1)e Te Pe(cos(J) ± lc , 
. k . (3) 

where 

f pt ± f pt • + • + (J 
c = c (BORN)XP (2ll; ~ -1 n C Yn (sin 

2 T )), 

-~y±=argl'(Y +1+·in~) Coulomb phase shift, 

Zt Z2ma 
n =----c k Coulomb parameter, 

a,. 1 I 137.036. 

This is correct for a point charge 
formally it is possible to write that 

interacting particle, but 

lpt _ 21t;o 
c.£ e t. -1 

and, therefore for particles with spatial structure 
. • .• pt ·. 2;.q . . '2i' 

·.!c.£= {;(~F"- e. -1 =(e f' ·-1)F F 
• . . 7T 

' 2i(/_ 2i{f ' ·-.~. 
and for .Fa F

77 
= 1 • e · · = e · , 

~:;{f>~-

'.:.~\~/ 
·-~ 

/ 

,.,.e•t:;:<6.~. 

where ~-'r -non:...point Coulomb phase shifts. Now the scattering 

amplitude is given by: 

. . +. . . : 2~i ± . . . . pt + . ' ± ±' 
C~ i:~(2f'+1)e 1£ Pf' (cos(J).±Ic,-.FaF

77
clN+fD±fC, (:4) 

where f N = ·t' ~ (2E +1) Te If ( cose ), 

± 1 2i(.; . .. . . 
·" ... In _::: k: ~ (4E +1.) (e · :.· ~n Fat;, TePe (cose). 

The average cross· section' taken from experiment was fitted by 

6' 

'l 
\ 
t, 

J 

A= c1 n 2 
+ 1 1 + '

2 ;J 2 . . with r7T fix-~d. (53.) 

The phase shifts are introduced in D/ A (which is more sen_sitive 
to r than D ) to fit only r . 

7T • 7T 

DIA=(!i- (.:If +"12)/(ll-12+11+12)' (5b) 

. and the whole procedure is 'repeated with new r 
77 

for the A fit. 
After 3 iteractions the value of r 77 • is. completely ·stabilized. 
The pion radius ,value calculated with the above procedure (eq. 5) 
is shown in Fig. 3b (for 75 M.eV experiment). . 

This more ·exact form for the scattering amplitude (eq. 4) 
shows that Coulomb corrections to point· charge particles have 
a much smaller influence on r than all other effects mentioned 

. 7T 
above in this paper. 

The pion radius results calculated with this procedure 
* ' (Fig. 5) are shown in the form of an ideogram. The average 

value of the electroma~n~ic pion radius calculated from the 
Crowe experiment is <r

77 
>'

2
= 0.80 ± 0.40 fm.(theerrorcontains 

the uncertainty in the x ratio and therefore in the total cross 
section). This result shows that a proper choice of the scattering 
amplitude even without relativistic corrections gives a reasonable 
value for the electromagnetic pion radius. 

To 'obtain a more accurate value of the electromagnetic 
pion radius new·"± He 4 elastic scattering experiments are needed 
together with an accurate estimate of the total cross section 
and new estimates of relativistic corrections. 

We express our gratitude to O.V.Dumbrais, V.P:Dzhelepov, .y· 
Yu.M.Kasarinov, L.I.Lapidus for valuable discussions~ 
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Fig. 1. Real part of scattering amplitude for solutions I and II 
of the phase shift analysis (Crowe et al. experiment at 75 MeV). 
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Fig. 5. Ideogram of electromagnetic pion radius results for. 
Crowe· et al. experiment (51.3, 59.7, 67.6 and 75.0 MeV) with 
solution I of the phase shift analysis. 
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