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J1ccne!IOB8H8 B03MOlKHOCTb onpeneneHHSI KOHCTSHTbl CBSI3H rr- "He H HB 

OCHOBe SKCnepHMeHTanbHbiX !18HHbiX no !1H¢cjlepeHUHanbHOMY Ce'ieHHIO 1T 
3 He -

pacceSIHHSI np11 100 Maa. MeTon OCHOBbiBaeTCSI Ha SKCTpanonHUHH .da /dO. K 
3H- nonrocy 11 HcnonbaoaaauH Koa¢opMHbiX npeo6paaoaaa11li. To'iHOCTb cymecT­

ayromHx. aKcnepi!MeHTanhHbiX naHHbiX no ynpyn)MY rr+ 3He - pacceHHIIIO aenocTa 

TO'iHS UnSI 113Bne'ieHIISI CBeneaHli CT Benll'ii!He STOli K.OHCTSHTbl CBS13H: 

flpenpHHT OObe,nHHeHHOrO HHCTHTyTa S,ll;epHbiX. HCCJie,II;OBaHHit. 

,izy6Ha, 1973 

Dumbrais o.v., Nichitiu F., Shcherbakov Yu.A., 

On the Possibility of Determination 
of the Coupling Costant·~- 3He 3 H 

E2 • 6962 

The possibility of determination of the rr- 3He 3H coup­
ling constant on the basis of .the existing experimental 
data on the differential cross section of the~3He scat­
tering at 100 MeV has been investigated. The method is 
based on the extrapolation of da/dO. to the 3H- pole 
.exploiting the conformal mapping techniques. The accuracy 
of the existing data is insufficient for the estimation 
of the magnitude of this coupling-constant.· 
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The · question about the magnitude· of the coupling constant 
rr -lie 3 II 3 

•· ·is ·interesting because of the possibility to determine 
it, on the one hand, by means of models and, on the other hand, 
in a phenomenological way on the basis of data on the rr ± II•· 3 inte­
ractions. 

If one considers· the nucleus to consist of an assembly of 
weakly bound nucleons, sufficiently extended that the forward 

rr -nuclear amplitude is simplf the coherent sum of the indivi­
dual. rrN __ . amplitudes., then the nuclear_arialog_ of)he ox:~!nary 

rrN N couplin-g constant should be the same, namely f 2
rro 11 ~3 11 ~3= 

-c2. / I/ · • · . · " ·· .. 
f'rr0 pp • O.OR · M.ore refined estimations based on the 

~~~-~~;y~er- Treiman re~ation lead to the ratio ["
2

- 11 • 111 /f:-,n,. 
. . ....... . . .. • 2 '. . . .. . ' 

How to determine the coupling constant. f rr- 11 e J 11 J dispens-
ing with model-dependent considerations and experimental data 
on other than rr ± 11 .. 3 scattering processes? 
. ·-The most accurate phenomenological determinaW:m of coupl­

ing constantS can be achieved via dispersion relations, Howev'er, 
even the 'use of forward. dispersion relation encou.nters, as' a rule, 
the well cknown diffic\ilty connected with the treatment of the 

. unphysical. cut. and. ·the indispensability ofintr.oducing ·the model 
. describing the. asymptotic. behaviour of the amplitude, InJhe case 

Of the TT ±ff(: J SCatterihg the CalCUlafiOnS,On the baSiS Of forward 
.. dispersion r'elations cannot be carried ·out at allbecause·of.the 
. iack of the data on the total cross sections. On the other hand the 
use of dispersion' reiations .in the~-":' (}variable cannot be expeCted 
to giv'e accurate n!sults for th{pole'iesidues because of the imphy'­
sical cuts. However, in the latter case not everything is lost in the 
sense that the hypothesis about the analytici_ty of the scattering 
amplitude in ,.,,, 11. . can be used• not only for the establishing of 

. dispersion :relatl.Ons but for a more modest ·goal as .well: one can 
assume ·thaf the diffe-rential cross section is an analytic-function 

-in,· ;,,s .'o 'and~'.analytically continuing~ it from a physical region to 
the pole, to dete'rmine the coupling constant ·J'. .. . . . 

3. 



The analytic structure of the differential cross section of the 
" + He3 -scattering in the cos 0 -plane at fixed pion energy 

is shown in Fig. 1, where the scale corresponds to the value of the 
kinetic energy T = 100 MeV. One can see that the conditions for 
extrapolation of the cross section from the physical region -
-_I 5. .. cos 0 5. I to the H 3 -pole at cos 0 11 1 =-19.56 is highly 
unfavourable: first of all the pole is a way off from the physical 
region and, secondly, the presence ofthe nearby right-hand cut * 
deprives us of the possibility to represent the differential cross 
section by the series which would give us hope to be convergent 
at the position of the H 3 -pole. One could expect that the way 
out of such a bad situation might be the use of conf~iinal mappings. 

l~e 

n + d eoccluJ• 

I 
\r-Ue'~ ~ \.....,..,.,.. 

tlireeliOtd 

Fig. 1. The analytic structure of the differential cross section in 
the cos (} -plane. 

- We map the entire cut cos 0 plane onto the unifocal ellipse 
and its interior in the z -plane /4.5/ . In particular the pole is 
transformed to the point z 11 J= - 5.95 . and the cuts on the 
ellipse. The physical region is mapped onto the interval -1 :S z :S 1 . 
The semimajor axis of the ellipse is 6:53 which makes, in fact, 
our ellipse to be very close to the circle .. The resulting analytic 
structure of da I dO in the z -plane is shown in Fig. 2. 

Such a mapping is the optimal one 16.1! with respect to the 
analytic properties of the function. It, on the one hand, makes the 
distance to beextrapolated through significantly smaller and, on 
the other hand, is expected to accelerate as much as 'possible the 

• In the case under consideration, owing to the loosely bound 
structure of lie 3 , the situation beco~es even worse: the so-called, 
anomalous cut emerges (see, e.g. /I: ), which causes the. stretch­
ing of the cutin the· direction of the physical region: the distance 
cos 0 = .!. U . corresponding to the 2" exchange shortens to 
ros 0 = [.QJ. · · 
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conyergence:of the seri_es representing the quantity ( z - z 3 }
2 x 

,II 
da (z} 

X---
dO, 

inside the ellipse even at the position ~f the po]e,. 

n+d excha'Yl! 
~ 

.... / 
~· 

~ 

~anomalous 
thf'eshotd · 

Fig. 2. The analytic structure of the differential cross section in 
the z -plane: · ·" ·· · · 

Therefore, if we write down the expression 

. 2 d a(z} 
(z- z 3 ) --

11 • dO 

. then the· value 
,,, 

2 
B.·""- lim (z - z 

11
3) 

·z+:z;HJ . 

}; 
n=O 

a z 
n 

da(z) 

dO 

n 

n 
.}; anzHJ 

.•n= 0 . 

·~ ' 

(1) 

(2) 
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with an accuracy to the coefficient will represent the coupling 

2 . /s.9/* 
COnstant { 

17 
- 11 e 3 11 3 : 

6 2 2 2 2 2 

4 JrM [4M (w+tp/4H )+tp(P. -w -stP/4M )] 
n = r - 3 }----------------------

" II e H S k 4 p. 4( 4 M 2- t P} 

d;; ,2 
(--, , 

dcos{) z=zlil 

{3) 

Here fL and M denote pion and 1/e 
3 

masses respectively, 
t = M 2 1 2 fL 2 - s. s is ems energy squared, k is ems mo-
rri'entum and c11 is pion laboratory energy. 

Fitting the right-hand side of Eq. (1) to the experimental data 
on d a (::)I d n one can determine a few coefficients a 0 , ..•• u N· 

and after inserting them into Eq. (2) and truncating the series at 
.n ~ N. to estimate the value of [ 4

17 - 11 , 1 11 1 · 

We used for this purpose the only available experimental da­
ta /Io/ on the differential cross section of the elastic rr 

1 
lie 

3 

scattering. These data consist of 14 points at pion kinetic lab. 
energy 100 MeV covering the range J2 o ~ 0 em ;'; 16:! o It 
turned out that the x 2 arguments indicated that it was sufficient 
to retain five terr~s inthe ~eries (1) to obtain a good fit "'*. This 
gave the value f :....

11 
3 J= 19± :!6. These numbers, however, have 

1T e H . 

not very much to do with the actual value of the coupling constant 
because the check showed that the series (1) with five terms di­
v_erge at the position of the H 3 pole. In the table we give the 
values of the individual terms .of the power series (1) for the 
5-parameter fit at various values of = . 

*Due to the
3 

equivalent spin and isospin structure of proton, 
neutron and He , 1J3 , +one can make use of the expression for 
the pole term of the " · p scattering replacing the proton mass 
bythatofthe He 3

• 

**The value of x 2 is 18.6 for 9 degrees of freedom. ·This 
points to the insufficient accuracy of the experimental data. 
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.. 2 a z3 a z4 
z a· a1z .. ~z 0 3 4 

-0.2 15.8 -5 17.4 -4.4 0.3 
-0.4 15.8. -10 70 -35 5 
-0.6 15.8 -15 157 ... 119 24 

. -0.8 15.8" -20 278 -283 . 77 

-1.0 15.8 -25 435 -553 187 

-2.0 15.8 -50 1740 -4423 2995 

-3.0 15.8 -75 3914 -14928 15162 

-4.0 15.8 -100 6959 -35386 47918 

-5.0 15.8 -125 10874 -69114 116989 

Zg3 15.8 -148 15650 -119400 242550 

One can see that the convergence of the series (1), being sa­
tisfactory in the physical r·egion, becomes worse with _::. increas...; 
ing and already at :: =-:f. the value of the last term is larger 

.._ 'f . . 

than that of, the preceding term. Hence, it is obvious that one 
cannot truncate the series (1) at N= 1 if one wants to continue 
analytically to the pale. On the other hand, we are unable todeter­
mone more terms in the series (1) due to the .insufficient accuracy 
of the experimental data which exist at. the present time. How to 
estimate the error of the value of the coupling constant under. such 
circumstances?· 

No simple answer exists to this question *, therefore, we 
merely· indicate that with six terms in the series (1) the valti_e of 

2 . . . . . x remains the same but that of the coupling constant becomes 
quite different f\ 4 

_ 
3 3 = -91 ± 342 . 

1T lie II 

-------------------------· * In much broader sense this question can be. put in the follow­
ing way: "What is the relation between the analytical and statis­
tical miture of the experimental data?" This probleni in particu- · 
lar is· discussed in details ·in the review article of one of 
the authors .: ll'. devoted to the analysis of the analytic continua­
tion in physics of strong. interactions. 
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For the purpose of checking the obtained .numbers and with 
the vague hope to improve them we investigated also. the following 
relation /14/: · · 

(z- z )[ da(z) 
H3 ----

B(z) 
- ] 

(z-z 11 3)2 

N 

~ an p n (z) . 
n=O (4) 

Here P n {z) are the Legendre polynomials. In this representati­
on the pole term is subtracted from the differential cross section 
and the remainder * is expanded in the series. Due to the condi­
tion that the remainder is an analytic function in the whole ellipse 
only in the case when the pole term has beeri subtracted correctly, 

i.e. when the parameter f :- 11 ,3 11 3 in eq. (3) coincides with 

the actual value of the coupling ~onstant~ one expects the series 
(4) with the fixed number of terms to represent the remainder the 
better the closer is the chosen value of. f 4

17 - 11 , 3 11 3 to the 
actual value of the coupling constant. In other words, if one con:.: 
structs the curve x 2

([ 17
4

- 11 , 3 
11 3 ) then the minimum of if 

will correspond to the searched value of the coupling constant and 
the values for which ~ x 2 = ± 1 should be taken as the upper 
and lower limits of the coupling constant. · 

Unfortunately,, in our ·case this representation produced impro­
vements neither in the values of x 2 nor [ 4

17 - 11 , 3 11 3 ; 

Therefore our final conclusion consists of the statement that 
in spite of the principal possibility of the determination of the 
coupling constant [ 4

17 .:.. 11 ~ 3 11 J usirig the method discussed above 
its practical determination· cannot be carried out on the basis of 
the existing experimental data. It is nec"essary -to improve signi­
ficantly the accuracy of measurements of the differential cross 
section of the rr +He 3 scattering·. ·. · 

However, the calculations which have been done allow us to 
make some significant conclusions with respectto the future mea­
surements ** . First of all, it is necessary to cover the region 

* It is expected th,at the additional factor ( z - z 11 !) will cause 
the decrease of N I 4 .• 

*~The detailed discussion ahoi.lt the requirerri:~nts to the expe­
rimental data on the differential cross section in order to extract 
the values of the coupling constant may be found, e.g. in / Ji,13/. 

8 

of large angles completely and accurately as much as possible 
because the pole is situated to the left from the physical region. 
Even the mere information about the backward scattering would 
help very much * 

· The socond remark is connected with the choice of the optimal 
energy at which the measurements should be performed. It can be 
seen in Fig. 3 that with the increasing energy the · · H 3 pole appro-

(Z} 

II;) 

-5. 

-10. 

L l - J __ _L_--L__jl-_ _.____.__-..1 
.f .2. .3 .4 .5 .6 .7 .8 .9 

7; (Gev) 

Fig. 3. The distance o of the pole of the differential cross 
section from the origin in the cos () -plane and in the z -plane 
as a function of the pion kinetic energy. 

-* It turned out that the mean val ties of f 4
17 - 11 e 3 ti J · are quite 

sensitive with respect to the assumed artificial· experimental 
value of du ( 180°) I dO . · 

9' 



aches the physical region, therefore' one -inight 'thirik that the 
energy should be 'as large as possible.~However, it is not so due · 
to two-factors: the larger the-energy, the larger is the number ·of 
waves which must be taken into account arid consequently, more 
terms one will need in the series to describe the exP.erim~ntal 
data. '!'his wlll lead unevitably to the increase of the errors. Se­
condly, in Fig. 4 one can see .that with energy 'incr'easing· the dis..: . .: - .... _. . .· 

tance between the cut and the pole decreases or, in other words, 
the position of the pole approaches the edge of. the ellipse and that 
worsens the convergence of the serie's (1) or (4). 

.. 

•• I 

' , 
I 

II" , 
e , 
I 

l 

' I ' j j j ~ ~ _., ' 1 .J .t T (&.f) .J .. 

Fig. 4. The distance TJ between the pole and the cut in the ros 0 -
plane and the :: -plane as a function of the pion kinetic energy~ 

··:..: 

To summarize what has been said above we .thin~ that the 
existence of accurate and.dense measurements of the differential 
CrOSS ·SeCtiQnS 0'r the ·TT +)fe3 SCattering at ·large angleS and at • ' 
energies of the order of 200 - 500 MeV should make it possible 

10 

to ,determine the coupling constant f 4 r,- He JH 3 with a r·eason-
able accuracy * . ·- _ "___ . 

2 
Th~ determination of the coupling constants. g He 3 He 3"o 

and g He 3dp on the basis of the existing much better data on 
differential cross· section of the __ pHe 3 scattering is in progress. 

We express our gratitude to Drs. P.S.Isaev,,Yu.M.Kazarinov, 
L.I.Lapidus; · Y.A.Mescheryakov and A:A .. Tyapkin'for discussions 
and valuable remarks. · · · · · · ·· 
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* In any_ case this method allows to extract the value of this 
coupling constants from any theoretical model for the differential 
cross section of the TT +fi e--:3 scattering, where the Coulomb correc­
tions (being ignored in present analysis because of the hirge 
angles. at which the. data exist) should. be taken into account 
properly. .· · · 
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