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1. Introduction

In this paper we shall discuss the question of the existence
and uniqueness of the solutions of a certain problem from
$ -matrix theory. The problem is to find ~ functions #¢/:/
a =1,2... N (the partial scattering amplitudes) of the complex
variable z = x+iy which satisfy the following conditions: a) real
analyticity in some sub-region of the plane b) unitarity;
¢) crossing symmetry; d)A“ (zj=ha (z*; e) a condition of
behaviour at infinity. This problem a), b), ¢), d), e) which will
be formulated more precisely below, is called Low’s problem
in this paper. It is a generalization of t?e problem solved by
means /of the int grf'll equations of Low/’ Chew and Mandel-
stam 72/, Shirkov/7*/ and the like.

We shall make use of the fact that the problem a), b), ¢),
d), e) can be re-formulated as the algebraic system (4). Although
this system is nonlinear and infinite it is in some respect
sufficiently simple zyxd can be investigated by means of the
fixed-point theorems 5’6/. Following this method we shall prove,
with the help of Schauder’s theorem, the existence of solutions
of (4).

Recently several authors have shown interest in similar
quest'on;. For instance, Warnock /’/ and MacDaniel and War-
nock’%°’ have studied the conditions under which there exist
solutions of Low’s integral equation, while in Refs. 10 and 1l
Atkinson has made a detailed mathematical analysis of the
integral equation of Chew and Mandelstam, and of Shirkov et al.,
respectively.

These authors examine the question of the existence and
uniqueness of the solutions #%(z) of the integral eqiations with
the assumtpion that h%(z) have at most one pole in the cut
plane z.

Some of the results they obtained are less general than
those obtained in the present work, because here it is supposed
that A ¥z) may have not only poles but also more complicated
singularities, e.g., cuts.



The approach in this work differs from the usual approach,
by the way, in which the analytical functions are represented.
For instance, in the integral equation of Low, the functions
h%(z) are represented through the Cauchy integral, while here
Laurent’s series are being used.

The algebraic approach has some peculiarities which manifest
themselves both in the theoretical studies and in the numerical
calculations (Refs. 12, 13, 21).

Because of the specific features of the algebraic system
(4) it is appropriate to use the conventional methods of nonlinear
functional analysis, suc? as Newton’s method and the principle
of contraction mappin 5,6/ as, for example, applied in the Low
amplitude method /73/.On the other hand, the integral equations
of dispersive type are solved numerically exclusively by m/eﬁns
of the N/D method or the inverse Low amplitude method’? s
which techniques are specific for that class of problems. The
theorems proved in this work justify the applicability of the
numerical methods of Refs. 12 and 13.

In Section II, the precise formulation of Low’s problem is
given. Besides that, it is shown that under certain conditions it
is equivalent to the algebraic system (4). In Section III, by means
of Schauder’s theorem, the existence of solutions of the system
(4) is proved. In conclusion possible applications are briefly
discussed. It is pointed out that the Low problem, considered
as a model problem can be useful when we are interested in
the investigation of general 2 particle-2 particle reactions/22,23/
or in the calculations of pzyr}ial waveamplitudes in the framework
of the Mandelstam theory /%/.

II. Formulation of Low’s Problem

Here we shall give the basic results of Ref. 13. By Low’s
problem we mean the problem in which W functions h“(2) ,
a=12..N of the complex variable z=x +iy are sought to
obey the following conditions:

a) Analyticity: %z) are analytic in p—-SIa where the region
p is the plane z from which the points belonging to the cuts
~e{ x<~1 and I<xI+~ have been taken away, and the closed
region s‘,‘ is a subregion of the region p . '

b) Unitarity: Im h%(x)= f(x) |h %x)|° , 1< x < =~ where
f(x) is a real function, the properties of which are specified

below. N
s caﬁ B

c) Crossing symmetry: b (-z2) "6 h"(z), where the

crossing matrix CqS is equal to the square root of the unit
N -dimensional matrix, but otherwise is arbitrary.

d) 8% * (z) = h (2%
e) Behaviour at infinity: The integrals in (1) converge. The

. h%(z)d
contribution of the contour integrals f——;(ii taken on

a semicircle with an infinite radius in the upper half-plane
is zero. . '

The problem a), b), c¢), d), e) is a generalization of the
problem which is solved by means of Low’s integral equa-
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where C aB, a=1,2,..N is the crossing matrix and A =- 3- CaB?\B
are numbers proportional to the coupling coggtant £2. .

With an appropriate choice of A% and C ope could descrlbe
by means of (1) the partial scatter'?%6 ?;?plltudes of various
processes, e.g., of the n-N scattering/*"%""/.

By the conformal mapping

z- 22 (2)
1+2°2 ‘
where Z=X +1iY = Re'¢, the cut plane p goes over into_the
interior P of the unit circle C, of the Z plane, the functl_ons
h%z)are transformed into the functions H%?2),theregions s/ into
regions § ¢ .
the Thi regioln's S,a contain all,singularitiesa ofHa(Z) which. lie
insidec®.By analogy we shall denote by S closgd r%glons
which contain all singularities of H*(Z) lying out51deCa- (All
singularities in S, were situated on the second sheet of he (2)
before the conformal mapping.Some of them correspond to the
nces, if any). .
res?ﬁ; cthe cur\fe)as dS,a and dSj denotg the boundaries of
S/%and Sj7, respectively. The functions H “(Z) are ar.lalytlc in
the annular regions D¢ which are bounded from thea1n51de by the
curves dS7 and from the outside by the curves Sy .
For several purposes instead of regions D the¥r subreg!ons
D%are preferred. The D are defined as the cilrcular rings
R® <|Z|<R& , Ri<l , Rg» 1 the Ry being the radii

i
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(g"theth(;ird%s”lzf' =t§,?’ which are tangent to the curves ds? and
e * radii o e cir = i
irves osh cles | Z| R2 which are tangent to the
After the conformal transformati
. ation the problem a), b) ¢
d), e) turns into a problem for the transformed function)s, H)a,(Z)),

This problem, after some generalizati i g
the following v,vay. generalization, will be formulated in

Find the functions H% - : )
conditions: SH(Z) y a=1L,2,, N which satlsfy the

A) Analyticity: H%2) | Zc D are analvti
: i , ytic.
B) Unitarity: InH%(Z) = F(¢) |H%¢)|’ where F(p)=f(-L._)
- . ) cos ’
‘2—'S¢:—2ﬂ HE( ¢)=Hafel;¢ ). o
C) Crossi : )
) Ing symmetry: H“(¢+n)=B=LICaBHB(¢)»-n_<¢>5n.

D)H*"(Z)=H % (z*),
Further on we shall suppose that HY $) are Holder-con-

tinuous: under this notion we sh i i
satioy the oor his n all mean flfnctlons H%($) which

HUS,)-H B ) 1<K Ig -4 I €)

where K>0 is a suitable co <
e nstant and 0<e<1 and —77—71:_5(;/)1,
" Under the hypothesis the functi @ “
: 10ns ReH (¢)and ImH
Holder-continuous and coincide with their F‘::lrier Serie(f.)T?xgs

is sufficient to assert that H@
Laurent aom ¢ H%Z) ,|Z|=1 can be expanded in

H(z)- & nozr, jz).1.
s 4
?

Taking into account the conditions B), C) and D), one can

derive the following al i i
gebraic. syste i isfi
by the unknown coefficients H? ySiem Which ig to be satistied

a a ] a
H - .
v }4/ +m,E=NF(V,k)EV(Hm’Iin+ 1()7 a:I,?,...N; V= 1;2,--.00 » (5)
where

7
LA
F(V,k):% [dvsinvg coske F(ep) )
and T2
a N
E (H B )=HER® 4 (-1)) PR by b

The system (5) has ‘been derived in Ref. 13.

The following theorem which is based on the corresponding
theorem in Ref. 13 has a more precise formulation that the
latter. It clarifies the equivalence between the analytical formu-
lation of Low’s problem through the conditions A), B), C), D) and
its algebraic formulation given by the system (5).

Theorem 1. Let the functions Ha(oS) y a=12,... N satisfy
the conditions (3), B), C), and D) and let F(¢) satisfy the
condition ¢
IF(¢2)—F(¢1)|SKI |¢2—¢1| ’
where K,>0 is a suitable constantand 0<e; <!
F(+-1)-o. (M

Then the coefficients of the series (4) HY , a=1,2,.. N
n=0,%1, ¥2,..% «» will satisfy the algebraic system (5).
With certain modifications of the theorem the opposite assertion
is also true:

Let the system (5) have real roots

satisfying the following conditions:

The series I H%sinng and 3 H® sinné
n=1 1 n=l —n

converge on the whole interval -n< ¢ <7 to (8)

certain functions V%), and V%), respectively, .
which are known to satisfy the Holder-condition with the

exponent ¢, 0 <e<! on the interval [ -7 -5, r+91,
where 7 is some positive number

N
a
H, = (=1) z caﬁﬂf, a=1,20N; n=0=1 =2 = (9)

- A

and let F(¢) satisfy the condition (7).
Then the series (4) converge to the functions
H%Z),a= 1,2,...N which satisfy the conditions

(3), B), C), D).
If besides that, the roots of (5) satisfy

the conditions

‘Han ‘SH(Ria)r: a=1,2,---N, n=0,1,2,...°0,

~n (10)
| H1< H(R2), a=102u.N, n=1,2u. o,
s



where H is a positive constant and RY and RS

are the inner and the outer radii of the annual

region, then the functions H%Z) , zepl are analytic and
satisfy the conditions B), C), D).

Remark 1. Using the result of Ref. 19, Chapter II, §3 we
1
{al(1+e)

conclude that if IH;zl < const the condition (8) is

automatically fulfilled.

Remark 2. Condition (10) induces the analyticity of Ha(Z) in
the region D& which is a subregion of D* . This condition
is introduced because it is convenient for the proof of the
existence of theorems in Sec. 3.

If however, we are interested only in numerical investigation

of Low’s problem then condition (10) is superfluous. In this -

case the determination of the roots of (5) permits one to obtain
numerically the Holder-continuous functions H%Z) on the unit
circle Co.After that the H%Z) can be calculated in principle
in all points of D® through analytic continuation. The analytic
continuation can actually be performed by a slight modification
of the procedure used successfully in Ref. 14, where numerical
values of H*(Z) were obtained in a region which is larger than
D¢

In what follows it is advisable instead of system (5) to investi-
gate its equivalent system /13

t=A(t), : a1

where t—rt:,z,a =1,2,0..N ; v =1,2,...0 is an element of the
metric space, and the operator A is defined by the right-hand
side of the system:

a
S Fu, A\-w)E%(t ;t )42 S F(v;A—p)E N1 ; t)+
Yoo v A A vip' oA

a
+2 § F(V,-§+)\)E:(R_§ pty) +2§,EAF(V;§+)\)EV(R_§ T (12)

14

+2F(Ap)E(r;r)4EF(V§n)E (R +
A,“V A & f-’l

a
+ R® -
-3/ 1%

In (12), as well as below ¢ , n , A , g v and a are
indices. Furthermore, ¢ and 5 take the values 0,1, 2,. ;
A, pn, v take thevaluesl, 2,... « and a= 1,2,... N, unless
states otherwise. In (12) the values R and - are known,
and the values tlf‘ are soaught Moreover, R ef denotes H % and
oo+ tf is equal to H, . The values HZ are consi-
dered to be known. For example, R% =)g/ w_l';ere Ay is the
baryon pole residue, which is written explicitly in (1).

It is supposed that approximate values are known for H“
which are denoted by 7,¢ . Therefore, in (12) the small correc-

1%
tions t to the approximate values r,, are sought.

III. Application of Schauder’s Theorem for Proving
the Existence of Solutions of Low’s Problem

System (12) is very convenient for numerical determination
of the solutions of Low’s problem 13/ In the present paragraph
we shall ‘use it in order to prove the existence of such solutions.
For this purpose, we shall make use of one of the fixed-point
theorems - Shauder’s theorem.

Schauder’s theorem is formulated in the following way /s/ :

Let the operator A from (l11) have the properties:

1) A maps the bounded, closed convex set ¥ belonging to the

Banach space B into itself, i.e., if t €M then A(t)c M.

2) A is a completely continuous operator.

Then at least one element of the set ¥ exists which
is a solution of (11).

The application of Schauder’s theorem to Low’s problem is

facilitated by making use of the function

xk(n)=x(jk;n)=|n|~jk,n=i‘1, +2,.. to
X (0 =x(j, :0)=1. .
In our case,j, , k=1,2,34, are numbers larger than 1.

The sets M: , M, and Mr which we use below are defined
respectively by the inequalities

|t:ISt*X(j1)A)’ a=1,2)-"N; A= 1,2,... o, ’ (13)
Ir#a|5r*x (jzyll), a=1,2,--.N,‘ #:1,2,.;.m. : (14)

: ‘lR_agSR*X(jsyf))a =1,2,lc.N;§=0’1’2;.o.w- (15)
9



In (13), (14) and (15), t* , r* and R* are positive numbers. The
function x is also convenient for the estimation of F(v; &*) .
This expression is defined by the integral (6), which in this
case is conveniently put down in the form

1 +7T/2
F(v; &%) = [ do lsin(v+&*)p+sin(v-E*)p IF ().

T _n/2

Further on we shall suppose that

|F (6, )=F (¢, ) |<const|p, - |’ - 5<d .8,

)=F(xZ)-0 Fr-9F_

F( =g

[

Let us consider the auxiliary function

F - - _"
F(¢)=F(¢) Z<bs

~ ) - i
F()=0 - <¢< 3 5

It is obvious that F’(¢), -n< ¢<n is Holder-continuous
with an exponent ¢, 0 <e< I. This means that the Fourier
coefficients of the function F(¢) obey condition

. 1

F =0 [——-—-n T ]
(for proof, see Sec. III in Ref. 20).

Hence F(v,¢ *) can be majorized by the inequality

F(v; &*) <constl(v+&* )-j4+(v¥f*)—j4], j4>1'ifu TEXLO
F(v;&*) =const, if v &*=0

Using the function x(ig,n) introduced above,at n-v+¢*and
n=v-{*, and choosing an appropriate positive constant F  we
obtain the inequality

Fv;g%)g Flx, (v+&*) + x (v=¢*)). an

By means of (13), (14), (15) and (17), the equation (12) is
majorized by inequalities containingy. In order to simplify
these inequalities it is convenient to use the formula

nf._ozq(n)x2 (n+m) <K, x, (m)+K

21X2(m)’ (18)

10

)

where ; .
1 . 12 ,
K =27 +1)C(iy)+1; K=" +DC (i, )+1
and {(j, ) and {(j )
theory of numbers.

When proving (18) it is convenient to proceed from the
expression

x s (n-m)

are the Riemann ¢ -functions from the

which is numerically equal to the expression
W 22X, (n)x, (n4m).
The inequality (18) is proved by majorizing for m > 2 the
right-hand side of the equality
S x,(n)x, (n=m)=5 +x, O)x , (=m) +S ;+S +x, (W)X, (@ + S,
where

—j . =1 —j

-1 —-j 2 - 1
S;= X |n| ‘ln-ml <m 23 k| =x,(m){(i,)
N=w=00

k=—00

n’ -z —-J —-j, =1 it .
S =S n Ja-ml ‘<m 2% k| =x_(m)(i, )
2 n=1 K==m00 2 2
-1 j iq m—1 —-j
S =% a Nn-m| %<2 m 1E |n-m| <
3 n=n n=n
e IV .
<2tm 15 kTR 2"y (m)LGy)
k=
n’'=0,5m

if m isevenand n’= 05(m +1) if .m is uneven

) —j —-i —-J, > —~j
S, =3 a7 m=m) Cem BT VK] Tex, (m) GGy
k=

4 n=m+1

For m =0 and m=1 the fulfilment of (18) is proved directly.
For m< 0 the proofs are analogous.

In order to satisfy the first condition for the operator A we
substitute in (12) ¢t2 , r* | R% and F(v; £*) with the expres-
sions from (13), (14), (15Y'and ).

. Having the inequality (18) we can easily apply the Schauder’s
theorem to Low’s problem.

For this purpose we choose the Banach space to be a subspace
of the space of the bounded sequences of numbers/5/. More



precisely, we use a space Y, theelements of which are the se-:
quences of numbers f' | Y§ < Ax (i, &) E==s e =1,0,1,uc. 005> 1 the

norm being definéd by equality [|¥ || = szp
As (18) holds only for j>1 further>we shall suppose in (13),
(14), (15) and (A7), j,>1, j,>1, j;>1 and j,> I, respectively.
To satisfy the condltion A(t) ct it is enough to put down

(1 + NC)F t* I [’x4(v+)t—u)+x4 (V—A+u)]x1 ()t)xl(u)+
Ap

+2(1+NC)F t¥rv' T [x (V+)t ;L)+x (v- )t+u)]x (p)x (A) +
Ap

+2(1+NC)Ft*R* Ef[x4 (versé) + X, (v=A< rf)]x3 (¢) X, (A) +
A,

+2(1+NC)Fr*R* Ef [x4 (v+&+r )+ x4(V—§-)\)]X3 (¢) X, (A)+

’

(I+NC)Fr* 3 [x (v+A=-p) + X, (V—-)tﬂi)]x (u)x (A)+
Au

+(I+NC)FR¥ S [x (v+& - f/)+x (v-§+n)]x (f)x (n)+
&n 4

+R*x (v)+r*y (v)<t*y (v),
3 2 1

where C=maxC; a , B=12,.. N. When deducing the latter
meguahty it is advisable to suppose at first that N =1, and

In this case in the inequality we would have 1 instead
of the factors I+ NC. In the last expression NC accounts for
the contribution of the term ‘

(-1)¥ ﬁ’ CaBHBH /3

in the formula which defmes E®
" Summing over all indices from -~ 'to = and using (18),
we obtain

2 2 i - ' :
2(1+NC)Ft* [K - (K K 2K K ); 1.+
( * ) [ 41 X4 (V)-i ( 41 14f 14 ,II)XI (V) ’

N

; 21y 2
+2(1+NC)Fr [K42x4 (u)+(1<421< +2K24K22)x (v)l+

*
+2(1+NC)FR [K 3 X4 (v) + (K43K34+2K3 K33) X, w)l +

* gk
+4(I+NC)F ¢t*7*[K K  x, (V)+(K43K24+K34K23) X, (V)+

(v)+(K _ K+

* R ¥
+K Kypxy(v) 1 +4(14NC)F 1*R*[K K, X, 03 Koy

+K K Ix,(v) + K x(V)]+ 4(1+NC)FR*t*[K K, x,m+

34 23 34 32

+(Ky3 Ky + K Ky )xs3(v) + KK (v)]+rx (v)+

34 31 XI
+R*X3(V) < t*XI(V); V = 1,2,-.. o0

We suppose that j,>j, ; j; >j, and j, 2j, . Under this
assumption x ,(v) <x,(v) ; x;3v) <x,; (v) and x,,(v) <xgp (v)If
we put r*= pt* and R*=qt* and suppose that p+q < I, the
above inequality is transformed into the inequality

l-p-gq
(o th < P - . Q9)
2(1+NC)F (U, +pU, +qU, +p°U, +a°U, +pqU, )

where

U1=K + K K + 2K, Ky s

]
i

2(K_ K +K K +K24K21+K24K12);

2 42 a1 4214

Uy=2(K K, + K, K+ K Ky + K K )
2

Up= Ky + Ky Kpy +2K3,Kp,

2
Us= K3 2+K43 K34 +2K34 K33,
Ug=2(K 341K 3Ky + Ky Koy + Kyy Kgp)-

Let us suppose that ¢* is so chosen that inequality (19)
is satisfied. In respect to (13) that means that the absolute
values of the left-hand sides of the system (12) are less than
the absolute values of those on the right-hand side. In other
words, if inequality (19) is satisfied, the set ¥; = M, is such
that A(M;) ¢ M, . And because by (13) ¥; is a bounded and
convex set, it follows that condition 1 of Schauder’s theorem
has been satisfied. The second condition of Schauder’s theorem
demands that A should be a completely continuous operator.

13



Let us recall the definiion of a completely continuous opera-
tor /5# The operator4 is'completely continuous on the set M1 T

if it is continuous on M; and compact on M:, i.e. when A maps
every bounded subset of Mz into a compact one. The operator

A is continuous on M, . This is easily proved wi_th regard
to formula (15) from /21/The compactness of M, is proved
when taking into consideration that according to its definition
M, is compact /18/. o .
Therefore, if condition (19) is satisfied, which with an
appropriate choice of the parameters ¢t , p and ¢ car} always
be achieved, then all the requirements for the applicability
of Schauder’s theorem are also satisfied. This resultis expressed

in the following theorem:

Theorem 2. Let (16) be satisfied. Let sequences of numbers
R_ff ya=1,2,.. N; €=0,1,.. - beknown such that

| R:f]iconstx(jj;f). (20)

Then the algebraic system (12) has at least one solution
t5, sa=b2uN;v=12. = suchthat (Za0[-L 1, >1,
¥ lv| 't ‘
Let in addition the condition (.9) be satisfied. Then the ser@es
(4) converge to the functions #%(Z) , @ = 1,2,.. N, which
satisfy the conditions (3), B), C), D). In the particular case
when the sequences Ha n=a0 s -1,—2,.&. are finite, the
functions H(2) , ZeD@ (1=R_>|Z|x R, =0) are analyti-

cal.

Remark 1. Conditdon (16) can be replaced by the stronger

condition. i ‘
The function F *(¢), - -g- <¢ < 5 s bounded and
lim [F(¢)(22--¢)”*"]<m. ‘ (16)
¢ »n/2

Proof. In addidon to the above motivation in proving the
theorem we remark that ig>1 and j4_> 1, firstly because

of (20), and secondly because F, =0[|—I—(f—+T] , 0<e< 1
n S

Then choosing j,2j, and j,>! we can write j, >j, and
J2 2j1, which was supposed in deriving (19). So we complete
the proof of the first part of Theorem 2.

14

To prove the second part of the theorem, it is sufficient
to demonstrate that the conditions of the inverse part of
Theorem 1 are satisfied:

Condition (8) is indeed fulfilled. This is a consequence of
the fact that according to the first part of Theorem 2
|Ha'l < constx (j i), n=1,23.. . Condition (20) means that
[HZ | < consty (i;>n). From here, in connection with a theorem
of Ref. 19, Chapt. II 3, it follows that VAé) and V % ¢) exist
and satisfy the Holder condition with exponent ¢, 0 <e< ! on
the interval {-7-5,7+9], where 5 is some positive number.

Condition (19) of Theorem 1 is also fulfilled because it
figures in Theorem 2 as well.

Condition (7) of Theorem 1 is satisfied because it is a con-
sequence of condition (16) of Theorem 2.

With this the proof of Theorem 2 is completed.

This theorem is an improved version of Theorem 2 in Ref. 21.

Let us consider the application of this theorem in two
special cases.

a) Suppose that R%= 0 , ¢£-2,3,.. = and R_j= S

With these assumptions and the appropriate choice of ¢c%
Low’s problem corresponds to the problem resolved by means of
the integral equation of Chew and Low. The existence of solution
to this problem depends mainly on the properties of the cut-off
function.

So in the case of the G.Salzman and F.Salzman’s choice of

3/2

cut-off function {(x):Q‘_‘.’_)_ exp _ﬁ), where m is the
127 4m77 m

meson mass, passing from /(x)to F($), we conclude that the
condition of Remark 1 to Theorem 2 is satisfied. Hence the
problem has at least one solutiom H ¥Z), which is analytic
at least in region o<z |<1. The existence of at least one
soluition to (1) was proved by Warnock/’ through its direct
investigation.

b) Suppose that R% -0 ,é€=1,2,3, ey, a=1,2,...N,1i.e. the
partial scattering amplitudes have no pole at the origin. For
¥=3 and with the appropriate choice of c B this problem
is equivalent to the integral equation of Shirkov et al.”?*/  for
the 7 -7 scattering in the low-energy region. If instead of the

—kx
function 7/(x) from Ref. 10 we use the function f(x)e , k-0
the results of Theorem 2 could be transferred directly to that
case. If we conjecture that, we can put in the solution 4=0 , we
may conclude that the Shirkov equation has at least one solution.

15



In particular cases as, for instance, in the case of the
applications a) and b) of Theorem 2, the condition of analyticity
A) is satisfied. But in general Theorem 2 does not guarantee the
fulfilment of this condition.

As is seen from Remark 2 to Theorem 1 the conventional
approach of simultaneous fulfilment of the conditions of analy-
ticity, unitarity, crossing symmetry and of the condition D)
can be abandoned. This is just the case with Theorem 2 in its
general formulation, where the last three conditions are consi-
dered to define one problem while the fulfilment of condition
A) must be regarded as a second problem. (The second problem
can be attacked differently, for example, by the Padde approxi-
mation or by other methods for analytical continuation/!4/ ).

Such an approach may be fruitful, especially when numerical
investigation is intended, because it provides regions D¢, which
are larger than the region of analyticity resulting from the direct
consideration of the integral equation (1).

As far as the proof of the existence of functions H%(Z) which
fulfil all conditions of the problem A), B), C), D) is concerned,
it is given in particular cases in Theorem 2. More general
conditions assuring the fulfilment of the four conditions are defi-
ned in the next theorem.

Theorem 3. Let (16) be satisfied. Let sequence of numbers
R:lf ya= L2 N, &£= 012 .. o be known such that
IRZ A< canst (R§ ), where I>R{> 0
are constants. (21
Then the algebraic system (12) has at least one solution
t? ,a=1,2,. N; v=1,2,0. = such that
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t“:O[—fl_—],j>1. ) . -

v 1 1 Let in addition condition (92 be
satisfied. Then the series (4) converge for I>]Z |>R; to
the functions H® (Z), a=1,2,..N, which are analytic for
zcD%(1-R&>|z | > R?)  and satisfy the conditions B),

C), D).

Proof. Having in view condition (21) we introduce instead
of x(j;,n) the function (Rj')~"l .~ We remark that the
relations (13) and (14) hold also for Theorem 3 if relation
(15) is substituted by (15") :

REIRT (RS, am 120l £ 012 . 15)
The proof of Theorem 3 can be carried out merely as
a literal repetition of the proof of the Theorem 2. For this

purpose the relation (18) must be substituted with an analogous

-elati : -« a -|nm|
relation for the expression = Xl(n)(Ri) . This is

easily achieved, observing that for K - large enough (R a)-lrél
<Kx (j, n) sO that we get the relation =

a —|n+m . ,
,,_ZMXI (n)(R%) | SKLX(m)+ KS o, (m),

where | :
Ky =KK;5 K§1= KK3; .

Wit!l (157 and (18) instead of (15) and (18) we repeat the
reasoning leading to the proof of Theorem 2 and get the proof
of Theorem 3. In Theorem 3 an extra moment is the proof of the
analyticity of H%Z), which is trivial. '

IV. Conclusion

.In the conclusion we would like to stress the following
points.

1)_ Theorem 2 concerning the existence of at least one
solution of Ref. 21 was splittereu here into Theorem 2 and
Theorem 3, differing in the properties of the solution. While
in Theorem 2 the solution H%(z) is supposed to be Holder-
continuous on CO, in the next theorem H%Z) is proved to be
analytic in an annular region. In the equal way Theorem 3
of Rgf. 21, guaranteeing the existence and uniqueness of the
so}utlon, could be splittered into theorems 4 and 5, the first
being connected with the appurtenance of H%Z) to the class of

Holder-continuous functions and the second wit ici
of ferm, h the analyticity

"

2) In the Bros-Epstein-Glaser theory it is proyed that
eventually there can exist a finite non-analytical domain/?2:23/
The present investigation allows us to give an semiempiric
answer to the question whether a domain where H%(Z) is non-
analytical really exists or not. For this purpose we must
consider ReHa(qS) and ImH %($) as known by the measurements.
In this condition the coefficients §¢% and C% in the Fourier
series Y

mH%$)= 3 S sinve
pw=! YV

ReH%¢) = £ C%cosvg
v=0 VY :



are known. Therefore the coefficients Hf , n=0,1,2,000
related to 5§, and C9, by the equalities Ha-n 2 =52 and
H® t H%-ce can be determined.

YBut "H2 -RS%  must obey (9). Because among the eigen-
values of C% there exist the eigenvalue +I with the eigen-
vector Ef and the eigenvalue -1 with the eigenvector E ¢ ,

a=12,.. N, (9) could be rewritten in the following way:
R® =t”EZ, v odd
-+ v
R® =g2Ea, v even
1 4

Clearly, if the suggestion of H%2),being nonanalytical in the
vicinity of Z-0, is true then some f? and g; will be not
zero. Moreover the components Rfu , a=12,.. N should
be proportional to the components of EZ2 or EZ if the
condition C) would hold for the whole interval -z<¢<7.

Another example for partial amplitudes with restricted
domain of analyticity are the partial scatt7r/ing amplitudes
derived from the Mandelstam representation’? . This question
also may be of interest for the application of some of the results
obtained here.

The author is indebted to Prof. I.Todorov and Prof. V.Mesh-
cheryakov for valuable consultations.
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