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Pion scattering on 4
He is a very 'good test for basic problems 

which appear in the simplest case of the scattering of zero spin 
on zero spin .. One of the most interesting problems-is the 
construction of the scattering amplitude from exact knowledge· 
of -the differential cross section and the total cross section at 

·a givenenergy, which in fact, is a nontrivialproblem. 
Ambiguities in the case 9f elastic spin-zero scattering were 

first considered by Crichton' 1 I in a numerical example. · 
The existence arid· the uniqueness theorems for the solutions 

of the nonlinear integral e9uation ~Of the phase ~)he scattering 
amplitude were obtained by Newton 2

· and Martin 3 
:. _ . . 

. Some improvements of the Newton-Martin results were made 
together with the treatment of YJ~ case of the inelastic spin-zero 
scattering by Atkinson e't al.' 4

'. Above the inelastic threshold 
. there is a "continuum am,bizuity", a fact that has been illustrated 
by Bowcock and Hodgson· 5 

i in a specifical example. 
·On the other hand, the ambiguities in the comple_x phase shift 

analysis (inelastic scattering) with a truncated series for amplitude 
were treated by Gersten/6 / in a different way. For. the case of 
the scattering of spinless particles he has found 2 Lnontrivial 
sets of co-mplex phase shifts ( L is maximal partia.l ·wave), which 
correspond to the same number of the partial waves (note that 
in the Gersten's treatment there is a finite number of the partial 
waves). The scattering amplitude is given by_ 

L 
f(x)" I(Y) 1l (x-x_ )/(1-x. ), (1) 

j",J I I . , 
' L . . 2iOf .. 
f(x)= !_ 11 (2f +l)P (x)(T/n e -1)/2i, (1') 
. k ~0 · p L 

where X=cose. Each setof the phase shifts was found by replace:
ment of one or more zeros ( x;) of the amplitude by their complex 
conjugates. For instance for Chrichton example. we have found 
two zeros: x 1 .and x 2 with the first set of S,P,D waves and 
x *1 (complex conjugates of x 1 ) and the same x 2 with the 

second set 'of phase shifts. 
There ·is another ambiguity (trivial) which corresponds to 
oe -> -«l' or f(x) -> -f*(x) (2) 
Tf e ... Tfe L+t 

and therefore there are 2 ~solutions. 
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By checking the unitarity condition one can eliminate the 
unacceptable sets and in fact the ·real number of the.different 
solutions which correspond to the same physical observable 
will be ~2L+l • + 

4 In the pracr,tical case of the 17- scattering on He for one set 
of ph:v.sical observables only two sets of the phase shifts were 
found "/7/. With one solution for the phase· shifts we can find a set 
of zeros of the complex amplitude (in the complex cosO plane) 

L L . 
l(x)=L ~ (2f +1)Tf Pf (x)= .~a ;cos'·(OJ 

k bo ~o . (3) 

and with (1) we can find another 2L -1 amplitudes from different 
combinations . of zeros and . their complex conjugates. For 
17± 

4 He elastic scattering Coulomb interference has a strong 
influence and therefore the trivial ambiguity (2) is simple to 
remove. In all these calculations the unitarity conditions were 
imposed. With these sets of phase shifts the experimental data 
were fitted once more. 

The final result is that the only two solutions are compatible 
with the input conditions. The difference between them is such 
that the first zero of one of the solutions is roughly the complex 
conjugated of the first zero of the other solution. For both 
solutions the second zero is roughly in the .same position 

X ::: 0.27 -·i 0.18 
2· (4) 

This stable zero for which /mx 2 is not too large is a consequence 
of the dip in the differential cross section around (J!! 74 °. 

The scattering amplitude from Block, Crowe, and Matter
head /sf phase shift analysis has the first zero in the lower half 
plane (Im x 1 <0) and in our work/7b/ the first zero is in the 
upper half plane (lmx 1>0). From the phase-shift point of view 
the large difference between solution I (with .lmx 1 ·>0 ) and 
solution II (with lmx 1·<0 ) is in the s and· P waves for the 
kinetic energy larger than 60 MeV. (See table 1 for example of 
51.3MeV and 67.6 MeV- Crowe experiment). · 
- It is possible to resolve this kind of ambiguity by using the 
shortest path method ·for zeros and obtaing continuous trajectories 

·of zeros""· · 

--*--s~~--R~i.79T[~;-;~ example of such kind of analysis for 
K+P'scattering. 
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Figure 1 shows the ltril(x) and Ref(x) for·solutiori I and II 

for 59.7 MeV (Crowe experiment). In physical region the real 
part of scattering amplitudeis practically the same. Iml(x) for 
solution I and II have the same optical point (x=l) but large 
difference appears in backward direction. The backward disper
sion relation calculations 'may help to discriminate this ambigui
.ty, but for thatpurposes·is necessary; of course, a good set of 
experimental data at 180 ° . 

Unfortunately, the continuity in ze'ros··a is impossible to do 
at present because the total cross section is not known well 
enough and this experimental information turns out to be impor-
tant in such kind of analysis. . 

Following the ·same procedure for finding the zeros of the 
scattering amplitude in the complex ~os(J plane (via phase shift 
analysis); but with different imput for the total cross section, 
a dependence of these zeros upon total cross section was.found. 

Figure 2 shows the dependence of the fir sf zero for each 
solution upon .the total cross section (these results are for the 
average between 17 + and 17 - .. differential cross section of the 
Crowe experiment). All zeros .. are inside an ellipse with foci -1 
and-tl; and semi-major axix Xo =1+.4m?./(2k) 2 (Lehmann-Martin 
ellipse where the scattering amplitUde is analytic) but for 
51.3 MeV only for atat> 60 mb. - · 

The second zero has a/ h)gh stability upon the total cross 
section and for all energies 7

b is inside the circle: 

I x-x2 I< 0.05. (5) 

The zeros which are independent of total cross section are 
obtained from a fit of experimental data with eq. 1 for scattering 
amplitude (Fig. 2). It is impossible to use the shortest path 
method for this kind of zeros (the first one) because they are 
exact complex conjugates to each other (the second zero is inside 

· the circle (5)). In . the same figure is shown the first zero of 
scattering amplitude for- 97; ,llO, 153 MeV calculated from phase 
shift analysis f7b/.In table 2 we present like an example two sets of 
phase shifts for . each solution · and for d-ifferent total cross 
sections (75 MeV,). · 

For very
1 
~w-_ene.rgy - 24 .MeV; the Nordberg and Kinsey 

experiment ,0 only the s and P waves are enough. The zero 
of this amplitude is situated iri 0.37-!i0.35 stable upon total cross 
section. Additional D wave introduces· another zero with high 
sensibility to the total cross· section. but very far from the 
convergence ellipse. (This is the so-called "statistical 
zero" /12/ ). 
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. But even with only. one zero for· scattering amplitude ( s and ·. 
P waves) there is another important quantity which is sensitive 

to ~e total cross section ;.. the scattering length. FigUre 3 shows 
this dependence for the average between rr+ and rr- . differential 
cross section. The arrows in fig. 3 indicate the value of scattering. 
length calculated from Norberg and Kinsey phase shift analysis and 
used in new forward dispersion relation for " 4He /II~ . · ·. . 

In conclusion, in the practical case for analysis of scattering 
of zero spin on zero spin (rr ± 4He-rr:!: 4He)with a finite number of 
partial waves and taking irito account unitarity conditions and the 
total cross section (and of ·course x 2 criterium) we obtain only 
two solutions for phase shifis. 

The · pr,~;li~inary phase shift analysis ·for ·" 4 He elastic 
scattering' 7b has shown that with the "chain method" and 
X= a /a ratiO COnstraint, the first SOlUtiOn iS preferable at 

. leasf ffCJm 6.0 !'4eV up to 153 MeV. For the low energy interval 
(<60 .MeV) the difference in phase shifts between solution I and II 
is smaller than at larger energy and therefore is simple to 
confuse tlie first solution with the second one. 

The total cross section information is very important (even 
at very low energy) for a good continuity of zeros traje"ctories and 
therefore for removing ambiguities in. the phase shifts. 
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TABLE 1 

T~5UMeV T •67.6MeV T·67.6MeV 
SOLUTION !f SOLUTioN I SoLUTioN I 

-8.31 t 0.12 - ffltB t 0.69 . ·Z94 .. 0.13 

0837!: 0.03 0733! 0.022 100 ! 005 

8.43 1006 11.19 t 032 12.65 t0.09 

100 !O()!J {()()! 009 . ()JJI6 !0.04 

0.98 t 004 183 !: 0.06 2.24 :!:0.06 

0984 !.002 0.940 t O.O.f4 f.OO t OO!l 

286mb 59.3mb 59.5mb 

65.!l mb 992mb 976mb 

·3.530 - i•OB21 -l765 +.i•f.209 -2.117- t" {087 

0308 -i•Of98 0284 - i·01B3 0.282- i•O.f84. 

.23.04-3 24.r48 25.490 

TABLE 2 

SOLUTiONZ SOLUTioN I SOLUtiON :IC 

-8.79.t 0.(7 -1UOt0.28 -869!: o.n 
0.927 ~ oo-u O.fi62 t 00£8 lOb ! 00£ 

(468!: 006 ffl!l.f ~0.28 .U.t3 tOft 

0859 t0{}f6 0979 "0016 0739 ~0005 

2.76 "fJ06 t.29 !: O.f!l £72 t Q{}(J 

UJO t:0Df6 089!1 :t OlXJ5 0.971 :!:OJKJI,. 

4-5.( mb 45.8mb 4!i.l mh 

92.8mh f30.0mb (f6.7mh . 
-2.092- i•O'Il* -(.291 + i. {059 -2flllt-i•0185 

0.211- i•Of87 02.79- i•Qf90 O.!l1#- i •0. #87 

. 69.839 . 4+.513 . n1.138 
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Fig. 3. Real and imaginary part of scattering length calculated 
for different total cross section (24 MeV Nordberg .and Kinsey 
experiment). 
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