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Summary· 

On the basis of the· Dyson-Jost-Lchmann representation 

the connection between the automodel behaviour in deep-

inelastic scattering region and on-shell high-energy 

asymptotics is investigated. 

';/eight 'functions are given which lead to automodel 

behaviour for deep .inelastic e-p scattering and to a, · 

constant total cross section.~or real Compton scattering. 
' ": . ~ 

In general1he corresponding weight functions 'tw,,.,t.> 
"" . have singularities at \.\ -:0 (in the sense of gene-

ralized functions) which determine the high energy 

behaviour 'on the mass shell, whereas the automodel 

behavi'our.depends on the ).I. asymptotics of.'lt(~)>..,.J 
' _-;; ~· J • 

Examples of causal structurefunctions exhibit 

the importance of the time-like region. ' q~ > o · for 

the'determim.tion of the leading light cone singularity 

of the current commutator. 

.. 
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In the e -approximation the cross section of deep 

inelastic e-p scat±'ering is given by the :i.raaginary 

part Wr.,·lq,PJ 

(1.1) 

of the forward scattering amplitude for the virtual 

Cor.tpton process. Here ~ing the notations of /2/ ~r~·). 

are the electromagnetic current components, ., 

is the four momentum of a virtual photon;· 'll.,;o, 

and the matrix elements arc taken between identical 

one nucleon states I f,r> with the four momentUr.t. 

p of mass 1 ( r"-=1) and spin a- (IT:. t 1,) 

We use here the usual relativistic normalization. of 

the nucleon state 

(1. 2) 

We represent the tensor . :Y~"'" (~,f) in the conventional 

forms 

or 
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Wp.. (~1,,: (" ~/'""' '\~T'Ir'\~) v1.-;:'; ... (1.4) 

i- L l',..r~11 " (P,.I\~_+~rf'~)V +9r~ Cl\d}V2 __ ,-
~- j 

., ~~· 

r1here- th~ struct!J,I' _e functions· ~;e connected by 
.; . .• 

V -= ~ L w -+ '"r/w} V -= 
W.,_ - .. (1.5) I '\3. 1 q~ Z. ) 1. ~1. . 

'. ( ~ 

.on the other hand-. V· • and \W· can be expressed 
~ ~ ) 

:·by the components of the tensor w,.. 

'vJ:: 
F •. + i F l. 2. I . 2(H ~) 

. 1\ - [l' " w .. ':: - . - . 1.- u )F, + (~ t- ~ )t. ] 
''2.(1+~)\· 1~ '1~&. . ~~~ . ,. 

v : 
I 

t - l l· 1 +~ F,-t- ~], 
" '1\( '11- ~) 

V,:. = V, 
1\ F, 

v" (At ~) ' 
1 

where 
F", = ~~rr'}vv r,.r. Wr-v-.: -r"'rvW,.._v·;~ 

F.,_ -=- F, - "i.. ~rr ""rr 
v "' 'l~p J ~ " - ~ ~ <10 :: t 1. • 

4. 

'-

(1.6) 

(1. 7) 

·-
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in the: as 

the follo 

funotions 

'W,t• 

where ~i 

For th_e ·o 

behaviour 

V,r 

F.t· 

and espec 

\=L 

If one 'fu: 

{ 



(1.4) 

lJ . } ·V . 
2.' 

by ' 

c ~~pressed 

. •. 

,(1.6) 

· .. .-

'.· 

" .... , 

.~' 

,":' . 

~ .. 

:, 

From experiments on deep inelastic e-p scattering 

in the asymptotic region (Bjo~ken region) 

v '>0 (1.8) 

fixed 

the following automodel behaviour for tho structure 

funotions· W· L is derived 

W 4' 
:.. • ~.') ~ 0 { '-l -v·ho, 

(1.9) 

where ~i and t~, . are different' from zero. 

For th.e other structure functions the ;resulting 

behaviour is (compare equs. (L 5) and (1. 7) ) 

and especially 

If one furthermore assumes 

(l.lo) 

(1.11) 

(1.12) 



~" 

.,;--- ·:: .. ' ~· 
~ . 

;, 

· .. 

,. 

.. ,. 

~ ". 

then instead/of''(l.lo) we. have· 
l ,, "•; 

' 

•'. ~~. 
• .. 

tll111J) "'-~1lt} F~.t.,,ij =-~dO (1-:lJ) '' 

and 

'•", 

V,tv:)) ,.., i. . yl 
1. 
vl . (1;14) vll".~> 

·. 
The relation~: (1.12.- 1.14) are characteristic for the 

free field case /l,J/; 

Let us now·· ;express the total cross section of real · · :. 

. Compto!l scattering (i.e. · ·~"'=o· ). with the help of 

already introduced structure functions ·. 

0"'~ '") .,. 4C. \V . v 1 G'r -~t.-\l"l s C.v ~ -~ . . . . , ... ..,0 ~, .. 
(1.15) 

IT~tYJ .,. - Cv v2. I cr~ .. 1 .,. ~-lF,-t=,) 

.. 
ConseqUIUltly a c?.nstant total cross section requires the 

follov1ine on shell limits (Regg.e limits) for the structure 

function 

vv. l "'• n \ ..... v 
• . ,~cO 

\ «0 

v1 t",l > 1 .1. 
v 

....... 1•• 

.I r~lYo\) - tol\11j) 1 ...., V , ... 
\•0 

6 

. (1.16) 

(1.17) 

(:f;.l8) 

.. · 

:, :~ : 
\ . 

,1: .... 

<~ 

.. 

.•. 

... , ' 

·:. ,~ ... 

. -"'···· ' It is. interes.til 

Local Quantum. F: 

a) to '~e autom1 
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b) to the· 11Regg1 

For -this purpos1 
. .. 
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the causality. o": 
' . ·- .. 
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oU:antum Fi~ld _'1:1 

is. studied on tl 
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is given in ,tl: 
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It is interesting to understand in the framework of 

Local Quantum Fi~l·d Th_eory th'e '~echani~~ · v;hich leads 
,, . . .. 

a) to ·the automod'el asymptotic in the deep inelastic 

regi. on and . 
.. 

b) to the. 11Regge asymptotics". on the mass shell. 
. ' 

For this purpose we f~llow the methods of. former 

investigations of U.N.Bogolubov et.al. /1,2/. In/2/ 

the caus~ity of. the .structure functfc)ns yv~ an~ v~ .· 
has beim deduced from general principles of Local 

Quantum Field Theory and the automodel asymptotics 
~ • • ~. . : ••• * - ~ . . •• 

is studied on the basis of.the Dyson-Jost-Lehmann 

'representation+). : ... 

(1.19) 

Here l=c'\1 denotes ·any .. of the functions \.'~ 

and v~ ·intherest system of th~ proton 

(p=-t>). 
·.·-_· 

.. 
'· 

In the fcillo.wing we investigate additional conditions 

for the weight functions ::.~:~~-·~\.; leading to,the 

. ~' . -

+)A heuristic deriv;tion .of the results found in /1,2/ 

is given in the'lectures, by_A.A.Logunov a,t·the Grado 

Summer School, May 1971 • 
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·"Regge asymptotios" tak:ini into account the restrictions 

/2/ which are srlfioierit for the automodel ba'lui.viour in 

deep inelastic region. We give exaniples for weight 

functions with suitable )..1. as~ptotios and ·singularities 
~ 

at · .v.. :O (in the sense of generalized ·functions) · 

such that the resultiDg structure funotio~s show·automodel 

behaviour (l.lo) in deep inel~stio region (1.8) and 

'the 11Regge limit" (1.17, 1.18) for real Compton. soatt~ring. 
Whereas the large >-."1. -behaviour of ~,:~,..~) determines· 

the automodel as1roptotios the on mass shell high energy 

limit depends on the character of the singularities 

at ~ :&0 This is in accordance with the fact 

the leading light cone singularity must not determine 
. ' 

the on shell limit (see w.nUh! /4/)• 

Using the generalization to non forward scattering 

/5/ we see that by this mechanism a t-dependent Regge 

asymptotios can be realiaed. 

Finally on the basis_ of the DJL representation we 

study the question whether the experimentally known 

structure functions in the space-like region determine 

.the leading light cone singularity uniquely.For this . " . 
reason we give some examples where the space-like region 

of. the s_caling function does not determine the_ leading 

Ught-c~~~~~~~i~arity. The structure functions ~aiculated 
with the·-~~1-;~:~!-~su~t~b~ ohoosen weight functions show 

different scaling behaViour for space-like and time-like 

.. regions respectively. In one example the space-like 

8 
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behaviour ii 

behavio~r m< 

the leading 

·and spectra: 

So 'we ·concli 
' . "' : . ·alone do noi 

2. 

In·thefollc 

causal invai 

scatter'irig. 

result- for t 

1f ~ 
)..~...,C» 

"'t"ClL . f ( 

. ( I<.'> -:-1 

Let us· as sum 

. gives both t. 

Regge;limit 

is convergen 
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~estrictions 

ahaviour in 

If eight 

i'singularities 

functions) ·· 

slicNi·automodel 

• a) and 

ton-scattering. 

~' determines· · 

high energy 

.arities · 

ri th .·the fact 

determine 

scattering 

ident Regge 

tJ.tation we 

Ly _known· 

n determine 
. . 

.For this 

e-like region 

the leading .· ... 

'ions cB.lciulated · 

:·dons ·show· 

~d time-like 

1ace-l1ke · 

I· 
J 

·1 

I 
I I ; . 
J 
'.I 

~·. ~-

'.•. 

behaviour is the canonical onewhercas the time-like 

behaviour may be a· quite different ()ne· determining 

the leading light cone ningularity. Hemarl( that causality 

and spectral conditions are fulfilled in-these examples. 

·so-._!'le conclude that·causality and spectral conditions· 

'alone do not exclude such an unexpected behaviour • 

In the following we consider the absorptive part of c. 
.. 

causal invariant amplitude in the case of :forwarc1 

scatter'ing. From the representation (1.19) the f.ollovtinr.: . ~ . . 
result· for the automodel limit has been· obtained /2/: 

1f 
(2.1) 

1 
1:" '2:11 K ( .1 .'11. KH. · 
l(v1\) ~ .-.- V ) ~~~~ ~ IOl \JI) \f-j) 

Kt1 f · , . ( 2. 2) 

. ( I<,') -1 ' lfl11 

Let us· assume that o,ne and the same. term in ~l"'"''l.' 

gives both the· automodel limit· ( i>o) and the 

Regge limit t ~ "'o) 

is convergent at J::.:O· 

• If the integral in eq • (2. 2) 

the Regge limit is simply 

. '·" 



~ 

t:' ln " \ J '\!. · lt.:'"' 
l l"•""~J <::~ -

11 lllj ~ loli'J ~ • 
~., ' 

0 

. (2.J) 

The question arises h~w to get the'difference between 

the o.utomodel behaviour "(1.11) for . ~ > o and.~C/,/' 
For tl1s,purpose Ilcm~e Ur,1it (1.18) :for \:0 

,. ' 

we consider vteight functions fulfilling condition (2.1) · 

with a singularity at s ":: 0 such that expression 

(2.J) doca not c:;=ist. Typical examples are the generali_: 

~ed functions 

-r. 
'1-o '2 ! t-

' _.. ""' 
"t. = v.. eo) ~ I "Itt -:= ti dt'Jj 

(2.4) 

( T non-integer. Remark that the generalized.function 

S ;"" in J dimensions has simple poles at 

a-::: 3rll.
1 

(1uo
1
1,"l.r·) with residua proportional to 

A K C' .., . •CF" 
!..l o~~.o) , Ythich may interpolate if !..,.. is 

suitablY normed.) 

In this case we turn back to the DJL representation 

(1.19) and obtain the follCNring expression for the on 

shell amplitude 

lU•"-"·f~, 

F,v,n-.L1 = ~; )cAn ) d,..~. 'lttr,>-,_J 

•1\~ .... ...,".s" (2.5) 

q:: \'\,,~) 
1 
\ql=~ ,'\"":~'-I Y,. 2..,,.,.l$(H0{1•)). 

Let us evaluate the contribution from the special weight 

fUnction 

10 

/ .. /'/ 

_/ 

\H,'~~, ,.,;· g 

·. r 1' '~ ,._ ._. -: _ , , , , ... : 
.to the Regge'lirili 

;· ~ ~-- ·~ ; 

f!c~'"'"> ;.,. 'Z.T ~ 
.~, ~ 

Taking into acco~ 
i ~-. ! • : ,. ' < ! 

)\'I. 

.,-'·-· 
.:..-··l 

""" 

the function . 

1H"-,_· 

~t'l 1v)• ~ \ I 

·le-t..,; 

·turns out to be ru: 

it go.es aorer cont.i: 

asymptotically as 



(2.J) 

~ence between 

a.nd·the 

u1~ ptirpose 

Jondition.(2.1) 

:J.t expression 

re the generali-

(2.4) 

lized function 

poles at 

ortiono.l to 

is 

representation 

on for the on 

(2~5) 

1$(~-t 0( ~~)), . 
. " 

Le ·special weight 

1 

:, '" 

Taking into account the support restrictions (see !ig.l) 
•• (J '. ,·- '. ~ • :" : •• ~ : .~ • t • 

the function . 

(2.8) 

turns out to 'J?e analytic in the interval o ~ 'ic '-~"' "11cl"~ x•.,..1. 

it go.es OV'er cont.inuous],.y into a function which behaves 

asymptotically as x k • ··These properties guarantte 

II 



l. 

that the usual subtructions defining the eeneralised 
-r 

function g+ /6/ nny be performed. Therefore we 

have no convergence difficulties. Using homogeneity 

property c:r 
-r 

~t (compare /6/) we·write 

" . a-'•3 ( 1.-0" .1.. 
fcv,'l\o\~) ~ '2.11 " l ~:It x,_- 'r(~t,VJ 

0 

(2.9) 

Depending on the convergence properties of this integral 

for v ~ oo 

. \=I. v,w..") "" 

we have 

OD 

\ 

Vo--~ ~ "~ X~-r~l">""l 

..,~~. ~v 

v~ 

K4-~-t:r£o 

><.-1-l·IT,. 0 

\<.t}·'T >o (2.lo) 

As it could be ·expected the Regge behaviour dominates 

in general the automodel behaviour f= rcv vK 

Special considerations needs the case ~t. ... 'h\t.:: o 

From l~ig.l. it is obvious that in the region s :::.o 

.also. the )..,_ -behaviour at ... ). = 0 becomes important. 

Therefore we must take into accoun.t special properties 

of '\- lf,,. .. > at >.1.:0 too. 

·For simplicity we choose 

l.( oc+o<.') 

't~,~ .. , .(f' 

== ~~-
A K

1
>0 (2.11) "+ )..J.II..' 

12 

. : For'the aut 

is. again.ap 

·1= (v,n 

For· the de.t 

calculatioD 

of formula 

~C)(,V) 

which behav 

choose_ a st: 

.1-tT+K-TI<. 

with the c< 

So we cibttd 

case.· 

Now we 

such tnat 1 

i·espect to 

this case 

F (v 

' 
f ·-



~eneralised 

rherefore we 

!lomogeneity 

"rite 

(2.9) 

f this integral 

~t3 ·IT >o (2.lo) 

lllr dominates 

3 ~1.-)\o\t. :=: 0 

~ion 3 :::.o 

becomes important. 

1.a1.properties 

(2.11) 

1· 

For the automodel behaviour the analysis of' /2/ 

is again applicable with the result 

(2.12)_ 

For· the determination of the Regge limit we do :the same 

calculations as in the case. ,._1. #O 

of formula ~2.B)·.we.::have .. to use 

... 1. 
)\•~:t. 

~()(JV) = ~. ~ ~).~ 
(\-1\-J')~ 

. ,. 

which behaves near x = o as 

• However instead 

(2.13) 

• Let us 

choose a suitable 141 . fulfilling· the condition 

then there are no difficulties 

with the c'onvergence of the integral (2.9) at x .... o 

So we obtain the result (2.lo)· also in the mass-leas 

case. 

Now we consider the case of w~ight functions 't 11,>. ... ) 

such that their a-primitive "lttu u;""J ls>·1) with 

r'espect to . ').l. is integrable over ')'. 
1 

• In 

this case the automcidel behaviour is /2/ 

(2.14) 

13 



I 
1 
~,· 

'~' ' ... 

with 

co 

~ "\-u) \!,>-"') t\1-1. = ~olJ) ·. (2.15) 
c· • 

In most cases this formula is not applicable at f=- o 

Therefore we aeain start from formula (2.5) and use the 

special weieht function 

' ... ~~O"~o.")'~(""-('\-i\-,tl-1 )\) 
(2.16) 

.,. -S·I·£ 
\ ~,.~ ~tr1 l~Li <.a~ and \ \.(,., ... , \ i \)~. ... ) t>o . ,. .. .,. 

If furthermore continuity of ft,..'J 'at *=I> is 

imposed then .the function 

.· 1<+ .... \-J;~ 

~tl!.,vJ.':a ~ ~ (;\,.1. ec.,.,'"-l'- I 'l•.tL')~) ~().") 
•K•"''I._JS.'-

V" 

(2.17) 

is continuous at ~=0 (for both cases ~\ -jo 

and """"' .:o ) and vanishes for x ~co as x-s-•· t • 
If 

-1 <; 2.-(7" 5 s (2.18) 

then the integral(2.9) converc;es and we obtain 

~ <3"-3 
I (YJ""-') ,..,_ V 

(2.19) 

14 

,(, . ,, 

:~ 

The .condition 

equal.s .or dom 

(2.14) ). In o 

one must impos 

Let tis fin 

structure furic 

The properties 

~z.- F, '% 

can be realize 

'lttJJ>"). I ,...:_,I 

(This correspo 

To the structu 

V1 t v,s,: 

corresponds a · 

rable 1-primit 

sinc;ularity 

in eq. (2~16) 



(2.15) 

at f""O ·~~t md use the 

'll 
... , 

(2.16) 

1•£ 
l>O 

! 
~-o is ! : 

(2.17) ' 

:' lS ."\'11"-:fo 
;...! 

)C.-S·I· t 

Ci.la) 

. n 

(2.19) 

The condition (2.18) means that the Regge behaviour 

equal.s or dominates the automodel behaviour (sec· eq. 

(2.14) ). In order to get a growing Hegge asymptotics 

one must impose further conditions on ~l~~) 

Let us finally apply these considerations to the 

structure functions t%.-F, · 

The properties of Fz..- F, 

and 

namely 

v2. 

can be realized with a weight function. "'t u,~o"J 

'lttt,r-"J 'tolSJ 
), .... .., 00 

.· .. (2.2o) · 

(2.21) 

(This corresponds lt-::.o, IT~'t · .1.n eq. (2.11) ) • 

To the structure function V1 with 

(2.22) 

corresponds a weight function ~ tJ,~"J with·an integ-

rable l-primitivc with respect to ~ l. and a. 

sinGUlarity 'ltolSJ "'5' -1. ( S -: 1. j o- :r 2. 

in eq. (2.16) ) • 

15 
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J •. 

For elastic non-forward·. scatterin·g. ~orne non 

e:;scntial complications occur·~ F~llowin:g ./5/ we 

specialize the kinematical variables in the Breit

system (see F1g.2.). 

p = P,tr~ :. ( E P, O)- ("t¥'""f1i"',o} 
1.. . ,. . 

r1 lj_ 

F:).g.2. 

-~:s ~~-
z. 

A= '\z.-'\• == (o, ~;tJ 

v :: 2.PQ = 2.E, Qo 

..l. AL . u -'"1. 
~.,.._::.u -=--•r 

~~ 

S ~ lA Q = - \i Q f"' 

'1 t. •J. ..... 
The mass. shell constraints· q,.,. '\z. ,..,... lead to Q r .vO I. 

'1. 'L ~ 1. . 
Q -= ~ -"~'WI 1:. • The DJL representation for 

this.case reads 

Fc-~:no.~t} ... ~~~\a~ ~cn.)~C Q:- t i -~l'l.~,...,_).'t c\1, r:, ~J 

[<.:,~")! ·IJ16'Er 
1 

li.1 ':}(E,'-IJ:,.L~~~·)t..,. )..z.] 
(J.l) 

16 

I 
I 

.... 
We choose _f( 

and \/rite the: 

"" ., ~ 
"' .,. r:..,.y 

Q. ""' ll. -e,f1 v 

' ·" 
Fi.v,~ ... > :~: s; ~AJ 

h 

Performing_th 

. . E l 
l=p .. ,~ ... , ~.::! 

v 

The contrib,ut 

function 

'1\ : "\t_ (S I~ 

with 'Ito 

l= tv 1l»"1 ~) ~ 

which coincid 

/5/ oWe ~OVI c 

singular at 

of the singul 



ering.some non 
'. t, 

lowing /5/ we 

es.in.the B:reit-

PQ = ll:, ~o 

'z. . u .>o1. 
~. ""- ·"',. 

-;) .. 
AQ=-\\Qt. 

•1. ..... 
'"-· lead to Qr ... o J. 

'L representation for 

(J.i) 

Y/e choose 

and write therefore ~; = nf\:ii:' t.c» ~-. IntroducinG 

. and taking into account the relation 

we have finally 

.11 tl Z11 . 

r=(v,~"">=~:nAu'"~J,.~ A!; ~t .... ~-E~t~.~~~~V!) !~~ "'tt~,!.,q,\,>-~>. CJ. 2) 

Performing the z-integration v1e get 

fYI-"1~-~~'- 2.1\ 

P( ... ,t\\ ... ) ~ '!.J.1 f~u ~ a )o.l. \ ~ ~ 1h J,i,t\J t,,.L) 

v o -.rv~r>~~·l1.,'s'" o 
(J.J) 

1: .,. ~ t .,. .. + e~ , .. _....,'t.l 

The contribution to. the on shell limit from the weiGht 

function 

is 

(J.5) 

which coincides with the automodel behaviour found in 

/5/. We novr consider generalized functions 'to 
singular at·. ~=o allowing a t...:deiJendent pov1er 

of the singularity. As an example we take 

17 



,. 

Lt = .Y;"'xio)'~(,·; ,~~~r~·~~·~e (>.,_~~~/:. ''·i): 
~ ~ :.i "f!LJ,"''"··J::J .. I ~.' '=·"::~,:' (t·~·.:·;; .... ,., m :t r: 

(J~6) :\. 

"./.:.. ~ ~ ·~ .! i 

Similar ;argtime~ts as' in the :ic'ase' o:f :forward scatterili'g ~· 
lead to . \~~ L · :! _; l.- : . ...-..· ;~,_;~ ::·') t .~ : r 1 ':; ~~) r:i 

"' t= . .. . fT,t;'}·l ( t\ z.-.,.,t~. 1.. • ; r. 

(.. . 
'· •• '!: -~ 

(VJ.._",t) ~ y ~l,i 1 ,,l,,~.)C't,r.:;:!.,,('I<J.~I~) :/: ,•.) ... r , -~-- I 1 ~ 'i\ 5 ~ ·;; . ~ . i , . o , ~-- : .. ,- .. - .~ _, ; ~ f) \ t •..• ~ . ' (J. 7) "1 .· 

where :for regular~ : 
. ~+l>l""-~'" 

~' v:t. ···: .. :!<• .' ' : '• .;: 

"- t 11 v ~, ,.. :1. ( J. ~,_ >.,_., Gt~'"- ;,z."- h-~~'l1.) • 'f ) J )( J \, "' 
-x+,.,~-~'l ,.. . . . va. , ....... 

(J.a) 

• sl.llaf ~·r·)l.l.+'£,.~,.•.,-1_,..;- .+,-t>' 
0 \ . >C I 

has the same properties as expression (2.a).C.onsequently 

analogous results (see eq.(2.lo) ) are obtained. We 

.: :~ 

conclude that ;such: a property of the weight :function seems 

to be .a suitable mechanism to get t dependent on 
shell asymptotics without a variable light. cone singu

larity. BY this way one COuld const~uot a Regge behaved 

scattering amplitude which is causal and has furthermore 

an acceptable off-shell extrapolation. 

4. 

For the .determination of the leading light cone singu

larity the full SUpport of the struo~ure'functions haS· 

to be taken into account./7/ For causal theories under 

certain conditions the.automodel behaviour for J >O 
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~~ 

.. j:1 .•..• (J.;6) ~\.' 

scatteril:ig:- ; 

(J.B) 

:_olisequently 

1ed. we 

~unction seems 

Ldent on 

1ne· aingu-

:ge behaved 

furthermore 

ne·aingu

tions·ba.s. · 

ies under·· 

r 

1 

j 

.I 

I 

/ 

/ 

( ~~- space-like) determines the current commutator 

on the light cone. Here we will give examples were 

the light cone singularity in an essential way depends · 

on the behaviour of the structure functions in the 

time-like region • 

The common proper~ies .· of these and other possible 

examples are that the conditions given in/2/ (eqs. 

(2.12)>·r (2.28) ) are not fulfilled and therefore their 

analysis is not applicable •. From the DJL represent~tion 

we obtain 

•\ V(f•i) .•J.t 

'Fc,,l)-= ~ ~~f! ~ rA,. ... "t(f-"\.) 
I. I 

o . -"ts-n-x, (4.1) 

~ 11'\..., Y'l.t-~vd 1~~
1

-t). 

~or large v taking into account that }. remains 

bounded we may write 
. .. V(J-l) 

l=<v,11 ~~\'tAB t'elf·neut.l> ~ t\,. .... "tlf,~>~> + 
0 \ 0 

v(f•S) 

. t 9t-J-H ~ !A,., ,hr,,.") 1. 
-"tJ•11 } 

(4.2) 

which is our starting point for the treatment of the 

following examples. lf condition (2.1) is fulfilled the 
. ~" . 

results of /21 may be reproduced from eq.(4~2). 
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.... .,· 
.~ 

' .. '-;l-

Example 1 

Y/c choose as. weit;ht function 

'"'II .,. .,_ ' 
· -r = -- & (. -i> e c>-... -1, . 

., ~M.,\1+1 

";', 

·.' 

(4.J) 

. . . . -}' . 

:l!'or ;v. '>,. 3 · the function "1\-Hi)=·~~-= ~ 6(•"1> is not 

integrable, i.e~ condition (2.1) is n_ot fulfilled. Let 
(1 . 

us determine the limit v ~ oo, i ~ · in the space-. . 

like nnd· time-like regions and the · .. leading light cone. 
. . 

singularity. In the space-lilte ·region, i~e. i > o 

we find 
1 "{f'l) . ': 

l='(v1l) ::: ~) ~B ~ IA>-1. G(*·1J ~. 
v_ -~ · · \.0 f",..'"+l · 

~ 

~ 'J.n ) ~ f g ~-r- [ y.:..l - ~ - ~ e., Hv1
14
(f-iJ J . 

S+~ " ~TfJ.o (4.4) 

\ 

:loS 111 ~ dt ~ 4~1" (~·!> :+. _o t ~) 
J . \ 

which is just .eq.(2.25) of /2f. Iri the time-like region, 

i.e. for r..:.o the'fil:-st ·term from eq.(4.2) may be 

evaluated like expression.(4.4). However the second 

term turns out. to .be the leading one. · 
· -j "tHJ 

r:n. 'l.l!r.l ( "-1.9(1. "l. 
r tv 1~) ~ v ) 111H } >. ).; -\) ..:..;_"-.,.--

0 -V(J+J} f.).; t1 

~ "ft:J r "-a ~ ~ 
0 

(4.5) 
fl 

"- 2. -it,. J~ ) 
f>3 

(for details see Appendix). 
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The light'· 

the Fourier tr: 

,.. ~ 

_'F('I4) ~ (._'2.11) 

'=< -~ 
l. 

where ~ (l< 1 ).1.} 

function and 

l::l ( ,., l-... ) 

We now use ·on1 

If /).c.T,~"-) "-) 
).'L~f/0 . 

To evaluate 

AtT, ~)' 



.. -, 

(4.J) 

-~ . . . 
r-=~.G(•-J) is not 

t fulfilled~ :Let 

i·n. the' space

:ling light .cone . 

i~e. ! > 0 

~-1~ .. 1~(1'-i} J . 
. . ~t9"'. (4.4) 

time-like region, 

eq.(4.2) may be 

:r the second 

\::.·· .. 
\ ·.· 

·: .. 

The light cone singUlarity can be determined .. frotl 

the Fourier transform of rC'\) 

... \ -'ti\X 
Fe.~> = ~)'' ~ cA'\ .e. . Fe'\) 

Q> 

-- -~ t d. .. "1.?Jcx 1*Jb..C-:f,>-1.J, 
2.n ) 

0 

(4.6) 

where ~ (.7< 1 -,..''"} 

function and 

is the wellknown free field commutation 

II • 

D. c,-,J~.") ..,. ~u ~au ~"1 't_u.>-'1 
0 

We now use one of the results of /21: 

'l)( 

If l::J,.(.TIJI,._) "'~ G.e,T') then 
).~.:.,f/0 

To evaluate b.ctr, >-,;.1 for large >.'-

21 

(4. 7) 

we write 



). 

~ 

such that the. firs't -integral converges 'in the limit 
• ' • • ' • l"~. -· .. 

. . : )..l. .....:, DO . . • The remainin~ integral's. haye the behavi-

our 

.~ .,. >..l.. 
~ \ dJ ~ c~,.> s~' ... 'l.+t-• 

l\··1.,. F ~~z.· : 1) 
T >..• · ( "!zL i1-'!,;! -'l' 

- -- 7.1."'~ -J ,., 
' ~~~ . . 

.. "' 'r "-,~ f.::(,- ~1.) J . (4.16) 

:>o· i'inally we _find, (from the term Yl = ~ )· 

~ (r,l\.t.J "" ~ ,..~ (4:11) 

which yi.:lds the leading li~ht cone singularity 

F' ll<) 

.... -l 

(-0):;: r~~~l (4.!2) 

i/e sec that the leading light cone singularity (4.12). 

is dcteruined by the behaviour of ft'tl in. the 

tine..:.lil•c region. 

Example 2 

Here we consider an example where:a canonical behaviour 

expected from the space-like .region is essentially 

modified by the behaviour in the time-like region. 

'./e choose 

22 
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... 

·, 

f '· 

t 
! 

... ,, 

~ .. : 

•'' 

•, 

"lfl s:,.'"~ = 

Because of 

.. 
• Or> -

) a).'L 'ltu, 
0 

condition (2;2S) 

From'eq.(4.2) we 

F . ' ''2. 
. (VJl}:::O -

~~ 

For ~ ~{) . we 

Pt~.~, ~ ~ -~ 
.I 

(see Appendix) • 



he limit 

ve . the behavi-
~ < •• 

,, .. , 
(4.16) 

. C~_~u)·· 

'.l.rity 

(4~~2) . 

· . . : . . ·, 

Lty (4~12). 

in. the 

l.l behaviour 

li;ial1y 

~egion. 
',.· .... 

'< .·-. ~ ...: 

I ··, . 
i ,· 

: '\' 
: ,.1. 

l 
. · .. , 

i 

I 
I 

I 

: '• 

.. 

· G c~:..Jl eo .... _,, .. ' "l¥ql,.\.) = _______ __;_ __ (4.lJ) 

(£'f' >.l.,H)l. 

Because of 

(4.14) 

· .. 
condition (2;28) in /2/ is not fullfilled for /"" ~ 3 

From ·eq. (4. 2) we have for f> o 

For 

1 "\J-j/ 

Fcvj\) :::. 2.~ ( ds,y ( d >o.l.. - 11.:._-
) j ~~.l<~l.·H)" . \ 

we get from the second term 

&l~l.-1/. 

(~l'.,._l.+A)'-

(see Appendix). 
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:1..11 o.nc.loc;ous calculation of the light cone singularity 

gives 

F (X) 

-\;. 
~ (-0) · .f 2cl( 1DJ J 

' l x.• (4.17) 

It is interesting to note that the contributions from 

the· leading light cone singularities to the space-like 

scaling region may compensate each other as these examp~es 

show. 

In tllis sense we have n9 one to one correspondence 

bctrreen space-like scaling beha•/l.our and the leading light 

cone singularity (see Ref. /7/), despite_the fact that 

causality and spectral conditions are fulfilled. 

l<'or interesting conservations stimulating the 

present investigations we are indebted to·A.A. Logunov 

and L1.A.I.festvirishy1li. ile gratefully acknowledge 

useful discussions with H.N.Bogolubov, P.N. Bogolubov, 

H. !.1. l.iuradian, D. V. Shirkov. and V. S'. Vladim.irov~ 
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:one singularity· 

(4.17) 
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Appendix 

For .the first example., we have to ·a~aluate ( i_...o 1 It~-=~) 
:· ·l: vl'HJ) • 

plr -, ~ ( d;, ( ch ... -.. · e(,.;.-1) ~': - '·. 
l"\ n - v } ~~ > ,. .. 

,. . - 0 . Vllo•J) .· ! ).; +1 . 
' . 

'The seoond·_term is negligible 

''\ ,.., -v 

Therefore · 

. . . l: ': . ' .. 

~ -x 1.-r \ a 4-tr r. Atr L r 
. r \.Vo\) ~ v) H \.tvy - ...... 1\\+ 

0 . . . 

'l+f' ] lvr. ) 

11;. ... 1,. c~-11 ·• 

·~ 
with the substitution ':)::;l,'r\lj,... we get 

~'It t~ ~ ~t:-.v~f4 , ~- l;J1 2 ,. • v ,. · n . .-.t• , tJr t ;:. ~t ~ :.. 
V ' ) . 0\~ 'a I" l I ·y. 

. 0 . 

. '· -v?-. e.) [ '\;- ~t. ~(~+-l-'ttrt~-2.·. ~r l~)~J ~;~Y1.]J 

~: : 

" •" ' ,_ A-
Dividing the integration int~rval {o,tv): ~o,v •v-)ttv••r1 t") 

such that in the first integral we.may perform the limit 
':t. 

under .the integral sign, therefore 

,. 



This leads to Eq. (4.5). The second integral vanishes 

if we take into account the convergence properties 
2.-ll' 

due to the factor ~-:or 

.For the second example we have to evaluate expression 

(4.16) 

Vl'totJ) 

•. F'lv,~~ ~ 1:;' rdSJ ~ . ~,. ... 6t*-v 

(t".>.~H) 1 ' 0 '<l'to•J) 

() function neglecting terms Again we suppress the 
p.... -t of order ~11 v ·V • Therefore we have to consider 

only 

1: 

Ftv,1) ·~ 'h1 \ ~U ... (\T-vJ"l'l-tJJHH·".f""l!:~.f>) 

The contribution from oc.~ ~f'-t behaves asymptoti -

cally as ~v v"
1 

VIc substitute '< 2 ~" f"" 

~" 

• In the remaining integra~ 

so that 

"';. -"'' -\. \ 
Ftv,l.)"" (i!ll) I': o ch ('\-t-x \'\n_,.~ (~)};..)\"+XtJ!-7:'·~(~)~)) 

The integral converges for v...,. e~o 
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