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I. Introduction 

In recent paper of I.V.Falo:mk:in et al.11/ the authors 

were discussing the inconsistency of the dispersion relation 

prediction/2/ for the real part of tho forward 5'r H; scatter­

ing amplitude with new experimental data~ In this work we ana­

lyse in detail the calculation of the real part of the forward 

e.aplitude from FDR and show that it is possible to obtain the 

qualitative _agreement with the new experimental data when we 

shift the resonance peak in the total cross section to the lower 

energiu and to higher values. 

'J!he precise form. of_ the FDR is given 1n section 2. We 

shall not derive that relation from an analytical assumption 

(no formal proof of J!'DR exists so far for our case) because 

it is discussed in review paper of Ericson and Locharf21. Sub­

traction constant ,J?.e_,f!O Blld the contribution from. the unphy­

sical region are evaluated in section ,. In sections 4 and 5 -

the contributions fro• the asyaptotical and physical regions, 

respectiTely, are calculated. Finally, conclusions are given 

in aectian 6. 

2. Dispersion. Relation. 

Owing to the fac"t tha"t the spin and isospin of 1-1~ is 

zero, there is only one amplitude completely describing the 
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Cfl: H~ scattering. The once-subtracted FDR for the real part 

o:f this amplitude in the l.aboratory system takes the forrl2/ 

(units ,I;_ = C = f e: ~ are used; f' is the pion mass). 

A H.Alf oo 

Re f<u.•l= Re f<◄)+H~-O -n( J + f tf } w' J,.,.... f<w'i -dw' (1) 
·Jt f (w'~--o(w';.wi., 

wr,. ~ n.~~ . 

where u) is the incident pion laboratory total energy and 

w,,.-::::: o.143 [ f J is the threshold of the inelastic process 

'ifH~ -;;,, TN ( T means threenucleon) starting below the 

elastic threshold w = ~ Cf J • There are present no poles, since 

the '.it H~ system has isospin unity and·no bound toumucleon 

state of this isospin exists. The integrals in (1), which we 

denote by J,,_ , J1 , i I are contributions to :Re f<w) 
from the unphysical, physical and asymptotical regions res­

pectively. Such a decomposition of the integrals is appropriate 

since the main source of our information about the behaviour 

of 'Ref cw) is in the total cross section (through optical 

theorem) and this is known only for ,f ~ w ~ 17.14 CfJ 

There is no experimental information about G'ToT for w >17.14[fl 

and no in.formation on the ),.,.. {(cJJ) can be obtained :from direct 

measurements in. unphysical region. Therefore Jl"M f Cw) must 

be calculated from some models in these energy intervals. 

To find the 'Re f(w) means to evaluate the subtraction 

constant 'Re fW and the contributions from the integrals 

J4 1 ),. and J3 • 
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3. !!!he Unphysical. Region ~QontributiQll. 

Before the evaluation of the unphysical region contribu ~ 

tion to the Re f<w) we say a few words about the subtrac­

tion constant. This is taken as a val.ue of 'Re f<<.o.>) at the 

elastic threshold and is equal. to the real part of the complel 

S -waTe scattering length. To show it we are in n~ed of the 

forward scattering amplitude (FSA) expanded in terms o:f pal'­

tial. wave aaplitudea. 

where 

00 

f (w) = L ( 2.t + .f) {t<wJ, ( beca.use Jl(1'~o)=4) (
2

) 
(,so 

f ,{ -:.cl; 
It (Wl = .ft, e p1m, cf C:~) 

1 ia c.a. aomentwa and .. c{ are complex <fC H~ phase shifta, 

Defining the '1f HJ complex scattering lengths by 

o1l+4 . ,( i. A , . 
ti cotq cf;_ == - + B,'--:::: - , A,==a"hb, (4) 

4 
f At A, 

and taking into account the threshold behaviour of the partia: 

wave amplitudea 
r u 
J((wJ = A, l (5) 

the· FSA in (2) JU:7 be written in the following form 

f 
1 ,, 

(wl = Ao + 3 A1 t + s A1 { + · • · (6) 

Th• liait !....,. o in relation (6) gives f<-1) = Ac and from 

here 

'RefW = ao (7) 
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Numerical values of a. 0 and b0 , a,, , b,. (these will 

be useful. for us later) are calcul.ated from the phase-shifts 

of Nordberg and Kmse,/3/ 

ao = -0.133 ± 0.003 c.f 1J 

b0 = +0.081 ± 0.006_ L f 1
1 

-3. 
O. ◄ = +0.265 ± 0.003 Lf" J 

-~ b4 = +0.022 ± 0.022 Cr, J 

(8) 

Now we evaluate the unphysical region contribution to the 

'Re J<w) represented by the integral 

' J. = 2.(c.i-.f) f w' .l"rn. [<w'J · dw' 
• 

4 '1f (w'1-,i)(w' 1-w1) 

(9) 

w 
TN 

where J .. ,.,._ f<1..,:) is found by means of the analytical conti-

nuation of the zero-effective-range amplitude 

oo At ,u 
f(W) = L (il·t-1) --

J - .A glh-4 
.f.=o " 1 t1C. 

obtained from (2) writing (3) in the form 

f<w) = .-. __ 4 __ 
t.,~f3c:!;_ - ilt 

and substituting in the l.ast formula -'. urt7 de 
relation (4). 

(10) 

(11) 

from the 

Further we keep only first two terms in the SUlll of the 

relation (10). The reason of this is following. There are do­

minating only S - and p -waves in the physical region at 

low energies and we hope higher partial waves remain negligible 
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also after the analytical continuation of the :formula (10) 

into the unphysical region. Then (10) takes the form 

few) = Ac + .3 -~~ -l2. J 

.{ - -i A~ft. -f - 'i A4 ft 
(12) 

whe.re .&, as a function of the pion laboratory total energy 

w ~ 

' = k, ( w1_" )"'1 
. w + K2. (13) 

and constants /<4 , 1(
1 

written in terms of the mass of he­

lium mi.t have the form 

K = ( lln,i)'tl 
' 1 , 

1 
I< = tn'l.,._ + ,t l -------

1 il'n,1. 

(14) 

Having in mind that .ft in (12) for ct.1 ..::. ,f is complex 

0 _ • - ( ,/ - W 
1 )-f/1. 

-it-'1.k4 --.--
f<t ... w 

(15) 

for the imaginary part of the FSA in unphysical region we . 
obtain 4 

be 
'1'n\. f<w) -::::< (" -w1 )~'1 2. 2. 1 (~) 

..f + 2ao k. ICa,+W + (Cl~+ b.>K. K,♦ C.U 

i .( -o,'I. 

3 b4 l<t ( l<t + ii.,) 
l<l(,f-c."a.)l/1 1. t '(,f-c.o1.)3 ~ - 2.a.. • -K -- t ( a..: + b~) I-<, -· ·-

._ +w l<
1

+cu 

(16) 

This explicit form. of the ':hn f<wJ (with the values of 

the scattering lengths (8)) was used in the dispersion inte­

gral. (9) to calculate the unphysical region contribution to 

the 'Re f<w) which is graphically shown iu fig. 1. 
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4. The Contribution from Asnptotical. Region 

We mentioned in section 2. that we have no information 

about OroT for W > 17.14 Cf'] • To obtain the explicit 

form of 6"ToT in t:he aSJlllPtotical. region we proceed froa two 

assumptions: 

1. for w ~ oo G"fiH~ ~ 6"',_N 
(17) 

2. for Ul > ,n . .4'1 [f-] G°lt"H~(w)!: <.=i,.,JfUlt):5,2itCfi"1J 

~ving in mind as,mptotical. behaviours of 6;0 T of other 

processes (as e.g. ~N , I< N and N N ) we write G;r..,~ 
1n the form 

C1 
G:. ~ c .. + ~ .•OT (18) 

where constants C., [f1
] and Ct [f-41 are determined from as­

sumptions (17). Then we have two extreme forms for ~oT in 

the asymptoticai region 

f,"'IAJ :::: S. 2,J, ( µ1.J 

~ ,9.15" [ -11 
Vl'11W ,:: ,/,1 + -- P, 
. W I (19) 

which when we put through optical. theorem 

" )..,.. f<w> = - h Cw) 
Jt'Ji ~OT 

(20) 

into the integral. oo 

J = 1(w'"-A) J w' J,m, {(CJJ 1
) dw' 

• 3 ~ (w'1
- ,l)(w'2- w') 

.f'J.4', 

(21) 

we obtain the as;ymptotical. region contr+butions (see fig. 1) 

1 iH'-.,, and 'J3."1,. respectiTel.y. 
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5. The Plusical. Region Contribution and 'Re£<"'' 
I 

In this region J,rnfc~> 1a lmown froa the experimental 

va1ues of the. total. croas section, which are shown in fig. 2. 

It is not fJO siaple t~ find oue SJLOoth cune sufficiently 

good interpolating the whole experilllental.ly known region of 

G;.0 T • · ~o &Toid thia difficult,' we decoapoae t:he interral. 
.. , 

A <: o> ~17 .14 [e, J into three parts each of which is inter-

polated b7 means of the functions (see fis. 2); 

~ "·'~ £. ~. = 1or 
. (~-2.4,)1+0.:, · · ,I<: w ~ 3. H ,fl( [f 1 

6'1 =.f,03w
1
-9.f'lw +1.9.0lt for 3,19◄ 1t< w < lt.G119 Cf-] (22) 

~=-0,01t,w1 +./.00.fw+ ◄ .,11 for lt.'1t9<.w<..f'1 . ./J, Cf1 

respectively. lfow using t:he optical. t:heorea (20) (with i · 
given by (1:,)) and {22) we can evaluate the physical. region. 

oontributiOll 

. • u,4~ 4,'119 · -11.,1, } w' 
l,_ = t<;"-,) 'J' {f :r.!,(l"'!~+J3m.fc..JJ+ f :r,.,.Sc"''1 (c,A.4JCw'l:.J, 

4 
3,l941t "·''U' 

dw' (2:,) 

represented b.1 the curre :12. in fie. 1. 

Then the au.a of all contri'butiona giTea 

1le f (OJ) = ao + J-,(w) + 1,.<wJ + j3(0J) (24) 

graphioall.y sho,m in fig.:, where it is also coa.pared with the 

nn experiaental. resulta/41. One can see immediately that the real 

part_ does not agree well with the experillental. data. 'fo know 

9 



the cause let us look on the independent contributions from 

the integrals in (23) shown in_fig.4. We see only that the 

first integral is (comparably also with the unphysical and 

asymptotical region contributions) mainly responsible for the 

shape of the 'Re few) at low a:iergies. In other words, to 

obtain the better behaviour of Jle f (w) we have to change 

the form of the interpo.Lating :function ol: the experimental 

¾-r at the resonant region. If we shift the ma:dmnm of 

the interpolating curve to the lower energies and to the 

higher values (see curves Oi, and °s in fig.2) we obtain 

the qualitatively good agreement of the Re f<w) with the new 

experimental data, as is shown in fig.5. 

6. C ~n c_l us ions 

In this section we summarize what has been learned from 

the analysis of the 'li"U~ FDR. As is possible to see in fig.1, 

the main contribution to the 'Ref(w) at low energies • is fro• 

the pll;ysical region lllhere the total charge independent cross 

section is used as an experimental input in FDR. The unpll;ysical 

region contribution is.for co > 1.46 [f'J - roughly speaking 

cancelled out with the subtraction constant. The contribution 

fromlihe asymptotical region is appearing to be reaarkable 

only for ~ > 3 [,u.] where, as yet, there is no experimental 

information about the · 'Re f<w) • 
We believe that it would be desirable to repeat the 

analy~s when more experimental information about the total 

cross section in resonant region will be available. 
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